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RELATIVE (p,q,t).-TH ORDER AND RELATIVE (p,q,¢)L-TH
LOWER ORDER ORIENTED GROWTH PROPERTIES OF
COMPOSITE ENTIRE FUNCTIONS

TANMAY BISWAS

ABSTRACT. In the paper we study some maximum term and maximum mod-
ulus oriented growth properties of composite entire functions on the basis of
their relative (p, g,t)L-th order and relative (p, q,t)L-th lower order of entire
function with respect to another entire function.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

Let C be the set of all finite complex numbers and f be an entire function

(o]
defined on C. The maximum modulus function and maximum term of f = > a, 2"

"=

on |z| = r are respectively denoted as My(r) and pus(r) and defined as max (

lf(2)] : |z| =) and m%((|an|r”). When f is non-constant, then My (r) is strictly
n=z

increasing and continuous and its inverse My~ : (] f(0)],00) — (0,00) exists and is
such that liI_P M;~!(s) = oo. Analogously, ,u;l(r) is also an increasing function
S§—r+00

of r. For x € [0,00) and k € N, we define exp!* 2 = exp(exp*~ z) and log[k] T =
log(log[]“l] x) where N is the set of all positive integers. We also denote log[O] T =z,
log[fl]m = expz, explf 2z = z and expl~!z = logz. Further we assume that
throughout the present paper p, ¢, m, n, [ always denote positive integers and ¢ €
NU(—1,0). Recently Shen et al.[19] introduce the definitions of the (m,n)-¢ order
and (m, n)-p lower order of a meromorphic function. For detail about meromorphic
function, one may see [11]. Using the inequality T¢(r) < log Ms(r) < 3T%(2r)
{cf.[11]}, for an entire function f, one may easily verify the following definition:

Definition 1 Let ¢ : [0,+00) — (0,400) be a non-decreasing unbounded
function. The (m,n)-¢ order p(™™(f, ¢) and (m,n)-¢ lower order A™™ (£, ) of
an entire function f are defined as:

P (frp) o sup log!™ My(r)
A (f ) ro+oo inf log™ o(r)
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where m > n.
If we take m = p, n = 1 and ¢(r) = log
reduces to the following definition:
Definition 2 The (p, ¢)-th order and (p, g)-th lower order of an entire function
f are defined as:

la=1] r, then the above definition

(p,9) log®! M
pO(f) lim WP u_

A9 (f) r—}—',—oo inf 1Og[q} P

Definition 2 avoids the restriction p > ¢ of the original definition of (p, ¢)-th
order (respectively (p, q)-th lower order) of entire functions introduced by Juneja
et al. [12].

However the above definition is very useful for measuring the growth of
entire functions. If p = [ and ¢ = 1 then we write pV (f) = p®(f) and XED(f) =
AD(f) where pO(f) and AD(f) are respectively known as generalized order and
generalized lower order of entire function f. For details about generalized order
one may see [14]. Also for p = 2 and ¢ = 1, we respectively denote p(>1(f) and
AZD () by p(f) and A(f) which are classical growth indicators such as order and
lower order of entire function f.

With the help of the inequalities pp(r) < My(r) < F-pr(R) (cf. [15]),
for 0 < r < R one may verify that

prO(fy _ o sup log pp(r)

APD(f) T o3 inf T jogldl,

Throughout the present paper we shall fix the function L = L(r) is a pos-

itive continuous function increasing slowly i.e.,L(ar) ~ L(r) as r — 400 for every

LL(EI:)) = 1 where L = L(r) is a positive continuous

positive constant ‘a’ i.e., lim
r—4o0

function increasing slowly. Considering L(r) = logr and a = 10?°, one can easily
i Gy
rasi [13] introduced the notions of L-order and L-lower order for entire functions.
The more generalized concept of L-order and L-lower order for entire function
are (p,q,t)L-th order and (p,q,t)L-th lower order. If we take m = p, n = 1
and o(r) = loglt™% 7. expl™ L(r), then Definition 1 turn into the definitions of
(p, q,t)L-th order and (p, g, t)L-th lower order of an entire function f which are as
follows (see [4, p.4]):

verify that = 1. In this connection, Somasundaram and Thamizha-

F(p,q,t) lim 5P log™ My (r)

T n 11m . f [ ] .

F(pq;t)  rodeo inf aglaly 4 explt) L(r)

Using the inequalities yif(r) < My(r) < 2= ps(R) (cf. [15] ), for0<r < R

one may verify that

pfpat) _ o sup_ log" pug(r)
A7 (p,g;t) — rotoo inf logl®) r + explt) L(r)

Mainly the growth investigation of entire functions has usually been done
through their maximum moduli in comparison with those of exponential function.
But if one is paying attention to evaluate the growth rate of any entire with respect
to a new entire function, the notions of relative growth indicators [1, 2] will come.
Extending this notion, one may introduce the definitions of relative (p,q,t)L-th
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order and relative (p, ¢,t)L-th lower order of an entire function f with respect to
another entire function g in the following way:
Definition 3 [4] Let f and g be entire functions. The relative (p, q,t)L-order

denoted as ps(,p’q’t)L(f) and relative (p, q,t)L-lower order denoted as )\ép’q’t)L(f) of
an entire function f with respect to another entire function g are define by
pgp’q’t)L(f oy sup log[p] Mg_l(Mf(r))
(p.q:t) L T r5%oo inf [q] [t] ’
Ag f) log'? r + explt] L(r)
In [8] an alternative definition of relative (p,q,t)L-th order and relative
(p, q,t) L-th lower order of f with respect to g in terms of their maximum terms is
given in the following way:

Definition 4 [8] The growth indicators pgp’q’t)L(f) and )\gp’q’t)L(f) of an entire
function f(z) with respect to another entire function g(z) are defined as:

pPeIE ey i SUP log? iz ! (s (r))
(p,a,t) L =, O inf [d] 4] ’
Ag (f) log'? r + explt] L(r)
In fact, equivalence of Definition 3 and Definition 4 is established in[8].
However, Song et al. [18] have proved that if f and g are transcendental
entire functions with 0 < A(f) < p(f) < oo, then
im LOg[Q] Myog(r) _
T 0 (2] M -
—+o0 log #(r)
Singh et al. [17] have proved the following theorems:

Theorem A. Let f and g be entire functions of positive lower order and of finite
order, then

im LOgm Moy (r)
r—-+oo log[zl Mf(rA)
for every positive constant A.

Theorem B. Let f and g be entire functions of finite order wit h 0 < p(g) <
p(f) < 0. Then

:+oo

log!?! Myog(r)
roo log? My (expre))

In the paper we extend the above results under some different conditions
and study some maximum term and maximum modulus oriented growth properties
of composite entire functions on the basis of their relative (p, g, ¢)L-th order and
relative (p,q,t)L-th lower order of entire function with respect to another entire
function. In fact some recent works related to the growth of composite entire
functions have also been explored in [3] to [8]. We do not explain the standard
definitions and notations in the theory of entire functions as those are available in
[20].

2. LEMMAS.

In this section we present some lemmas which will be needed in the sequel.
Lemma 1 [15] Let f and g be entire functions. Then for every a > 1 and

0<r<R,

proor) < — g (o0 iy (R)).

a—1
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Lemma 2 [16] If f and g are any two entire functions. Then for all sufficiently

large values of r,
()>1 (1 (f))
Hreolt) = 5l \16"9\1))-

Lemma 3 [9] Let f and g are any two entire functions with g(0) = 0. Also let
2
B satisfy 0 < 8 < 1 and ¢(8) = %. Then for all sufficiently large values of r,

My(e(B)My(Br)) < Myog(r) < My(Mgy(r)).

In addition if g = %, then for all sufficiently large values of r,

Myog(r) > My (%Mq (g))

Lemma 4 [10] If f is entire and o > 1, 0 < < «, then for all sufficiently large

puglar) = Bug(r).
3. THEOREMS.
In this section we present the main results of the paper.
Theorem 1 Let f, g and h be entire functions such that p% (m,n,t) < /\Ef”q’t)L(f) <
pglp’q’t)L(f) < +00. Then for any 8 > 1,

- og? 1 gy (1)
r—>+oo]og[P+Q*m] Mﬁl(ﬂf(r))

expl! L(pg(Br)) = o(expl™ 4= ((loglt = 1) expltt1] L(r))®) as 7 — +oo and for

some a < )\Elp’q’t)L(f)

and

(4) =0if g+ 1<m and

loglP! ;1 .
rorboelog? ™t gt (g ()
expl L(pug(8r)) = o(((logl?™" ) explt1 L(r))®) as r — 400 and for some a <
APpaL
wo )
Proof Let us consider § > 1, and § > -%;. Now taking R = 8r in Lemma 1
and in view of Lemma 4 we have for all sufficiently large values of r that

realr) < 0y (52 ma(5)

Since y;, '(r) is an increasing function of r, it follows from above that for all suffi-
ciently large values of r we have

log[P] Mﬁl(ﬂfog(T» < log[p] uhl(ﬂf((;éﬂgl)ug(ﬁru)

=0if ¢+ 1>m and

i.e., log?! 1y (Bpog(r)) <

(P11 (F) + ) (1081 11 (Br) + expl L (8r))) +0(1). (1)
Case I. Let ¢+ 1 < m. Then we have from (1) for all sufficiently large values
of r that

108 1 (1509 (1)) < (0D (f) + €)
(exp[m*qfl]((log[”_l] Br) explttl] L(r))(pg(m’"*t)“) +explll L(pg(pr))+0(1)). (2)
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Case II. Let ¢ + 1 > m. Then for all sufficiently large values of  we get from
(1) that

log”! 15, (11704 (1) < (" (f) + )%
- L m,n
(((og =" Br) explH (7)) s (mm0F9) 4 expld Ly (Br)) +O(1)).  (3)
Now we obtain for all sufficiently large values of r that
_ _ _ (Prg, )L oy
log” ™! s, (15 (r) > ((loglt™ r) expl T L))" (D=2) )

i.e., loglPta—ml (g (r)) > exp™ =1 U((loglt = 1) explt+1] L(r))(Agzp’q’t)L(f)*e)_

()

Now from (2) and (5) we get for all sufficiently large values of r that

logh” 1y (pgog () _ (""" (f) + )
Logl” ™) i p17(r)) ™ explna11((log!t~ ) explt 1l L)) (=0

(exp[m_q_l]((log[”fll Br) exp[t“‘” L(r))(pé(m’"’t)”) —&-expm L(pg(Br))+0(1)). (6)

Since pg(m, n,t) < /\ﬁf’q’t)L(f), we can choose £(> 0) in such a way that

pE(m,n,t) +e < APPIE(f) — e (7)
Now let expl®! L(uy(8r)) = o(expl™= 1= ((loglt =1 1) explt+1 L(r))*) as r — 400
and for some o < )\gp’q’t)L(f).
Asa < )\Elp’q’t)L(f) we can choose (> 0) in such a way that
a< AE(f) e (8)

Since expl) L(,(8r)) = o(exp!™=4=1((logl?™ r) explt+1 L(r))®) as r — 400 we
get using (8) that
exp Ly (1))
o= 11((1og" 1 1) expl 1 L(7))
expl'! L(q(Br))
explm—a—1] ((log[qfu r) explt+1] L(T))()‘Slp"q’t)L(f)*a)
Now in view of (6), (7) and (9) we obtain that

—0asr — 400

—0asr—4oo. (9)

i.€.,

lim IOg[p}Mgl(Mfog(r)) _0

roteeloglP T 1 ()

Thus the first part of the theorem is established. Similarly in view of (3) and
(4), one can easily verify the second part of the theorem.
The following theorem can be carried out in the line of Theorem 1 and with
the help of Lemma 3 and therefore its proof is omitted:

Theorem 2 Let f, g and & be entire functions such that p} (m,n,t) < /\gf”q’t)L(f) <
ptPPIE(F) < 400, Then for any 8> 1,
log!?! My (Myog(r))
im
oo loglPt =™l ML (Mg (7))

(1) =0if¢g+1<mand
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exp[t]L(Mg(r)) = o(exp[m*q*”((log[q_l] r)expTU L(r))*) as 7 — 400 and for
some a < )\Elp’q’t)L(f)

and
log!?! M, N (Mg,
(#3) lim og[ 0 (1fg( ))—Olfq—|—1>mand
rteelog T M, (M ()
exp[t]L(Mg(r)) = 0(((10g[q*1] 7) exp[t+1]L(r))0‘) as r — +oo and for some a <
NP,

Remark 1 Theorem 1 and Theorem 2 remain valid with “limit inferior ” instead
of “limit 7, if we take A}(m,n,t) < )\Elp’q’t)L(f) < pglp’q’t)L(f) < 400 instead of

pE(m,n,t) < )\gf’q’t)L(f) < pﬁlp’q’t)L(f) < 400 and the other conditions remain the
same.
Theorem 3 Let f, g, h and k be entire functions with p(pqt)L(f) < 00,

)\,(cl nt)L( ) >0 and pl(m,n,t) < 400 where ¢ +1 > m. Then for any 5 > 1,
(i) if expl® L(py(8r)) = o(log” ug (g (r))) as r — +00, then

Jim sup lo g[erl] Y pog(r)) < pk(m,n,t)
r——+o00 1Og[l] 'uk (/ig(T)) + exp [t] L( (ﬁT’)) - )\él,n,t)L(g)

and
(1) if expl!] L(M,(r)) = o(log" M (My(r))) as 7 — +o0o, then

lim s loglP+1] M, (Mo (1) pg (m,n,t)
11m su < .
rvo0 logl! My (M, (r)) + expl! L(M, (r)) ~ A% (g)

we have from

. 14expl!] L(ug(ﬁr))JrO(l)) 1texp! L(py(Br)+0(1)
Proof Since log( Togl@ 11, (37) < Togl® 11y (B7)
(1) for all sufficiently large values of r that

Log 1) i (1704 () < log(p" % () +€) + 1ogl )y (8r)
L+ expltl L(p, (Br) + O(1)
15 log¥ 1, (Br) )

i, 10gP* ) 115 (1 pog (1)) < log(pP PV (f) + €) + +loglt™ 1y (87)
n 1+ expm L(ug(ﬂr)) +0(1)
logl? g (Br)

i.e., lo g[pH] Yppog(r)) < log!™ Ng(»BT)

+ log( (p,q;t )L(f) +e)+ 1+ eXp[t (N’g(ﬂr)) O(1)

log[q g (Br)

i.e., ogP™! 1 (1igog (1) < (pE(m,n,t) + €)[log!™ (Br) + exp! L(Br)]
1+ expl L(py(Br)) + O(1)
log!) 11y (Br)
)

i (1509 (1)) < (pf (my 1) + €)[log v+ expl L(r) + O(1)]

+log(pi/ " () + ) +

[p+1]
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1+ explll L(Mg(ﬁr)) +0(1)
logl®! pg(Br)
Again we have for all sufficiently large values of r that
log" 1 11y (r)) = (AL (g) — &) (tog™ r + expl'l L(r))
log" yu; " (p1g (1))
I,n,t)L '
A" (9) — o)

Hence from (10) and (11), it follows for all sufficiently large values of r that

+ log(p,! (p.a.t)L (f)+e)+

(10)

e., log"r + expl L(r) < (11)

pk(m,n,t) +e
l,n,t)L
A (g) — €

1+ expl) L(py (1)) + O(1)
log!?) 11y (Br)

081 1 (11704 (r)) < O(1) + ) <tog i g (1)

+log(p)" " () +2) +

log” ™! 15 (1704 (1)) - o)
" log py; (Mg(r))+exp L(pg(Br)) ~ log! i (11 (r)) + explt) L(puy(Br))
(pé(m» n,t) + 6) . log!"! gy g (r)
MO (g) =/ log! (g (r)) + expld] Lpug(Br))
| loa(pi " (£) + £)log" 1y (Br) + 1 + expl!l L(g(Br)) + O(1)
(log" 11 (129 (1)) + expl?] L(pg(Br))) log'? g (Br)
L(m,n,t)+e
log "t i pigog () - TR ICAE)] (H)

1 [, -1 [l 1, — logl ut (g (7)) explt L(l‘q(ﬂ"’))
o8 it (g(r)) +exp B Llng(Br)) STy +1 14 i Gy

O(1)+1+logl?! ugwr) 1og(p V" (1) +e)
1+ oxpll L1y (1))
+ g . (12)

logl! 1 g (1
(1+ 2 Ay ) 108 1y (8r)
Since expl! L(j,(Br)) = o(log!" i (114(7))) as 7 — 400 and e(> 0) is arbitrary we
obtain from (12) that

i.e.

+

[p+1]

i.e.,

lim sup log"* ™! fi (B0g(r)) < pﬁ(m,n,t)'
r—-too logl ;7 (g (r)) + explt) Lpg (Br)) — AL™0E(g)

Thus from above, the first part of the theorem is established.

Similarly, the second part of the theorem can be established from Lemma 3 and
therefore their proofs are omitted.

Remark 2 Theorem 3 remains valid with “limit inferior ” instead of “ limit
superior”, if we take /\ELP“L JE(f) < +oo instead of p(p’q’t)L(f) < 400 and the other
conditions remain the same.

Remark 3 In Theorem 3, if we replace either “A g)”, or
“pg(m, n,t)” by “)\5 (m,n,t)”, then Theorem 3 remains valid with “hmit inferior”
replaced by “limit superior”.

Now we state the following theorem without its proof as it can be carried
out in the line of Theorem 3:

»”

(lnt)L( ),, b “ (l n, t)L(
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Theorem 4 Let f, g and h be entire functions with 0 < )\Elp’q’t)L(f) < pzp’q’t)L(f) <
400 and pg(m,mt) < 400 where ¢+ 1 > m and ¢ = n. Then for any 8 > 1,

(i) if expl? L(pg(8r)) = o(log® 17t (us(r))) as 7 — +oo, then

lim sup log"* ™! Q) < pk(m,n,t)
r—s+o00 log[P] ,U/;:l(/sz(T)) + explt] L, (Br)) )\Ef.),q,t)L(f)
and
(i) if expld L(M,(r)) = o(log® M, (M/(r))) as r — 400, then
lim sup log[P+1] M};leog (r) pg (m,n,t) .
r—+oo l()g[P] Mh_l(Mf(r)) + explt] L(M,(r)) = )\Elp,q,t),;(f)

7

Remark 4 Theorem 4 remains valid with “limit inferior ” instead of “limit
superior”, if we take either “0 < )\gf’q’t)L(f) < 400" or “0 < pgp’q’t)L(f) < 400"
instead of “0 < )\glp’q’t)L(f) < pglp"q’t)L(f) < +00” and the other conditions remain
the same.

Remark 5 In Theorem 4, if we replace “pg(m,n,t)" by “)\g(m,n, t)”, then
Theorem 4 remains valid with “limit inferior” replaced by “limit superior”.

Theorem 5 Let f,g and h be any functions such that 0 < )\Ef’q’t)L(f) <
p,(f’q’t)L(f) < 400, pl(m,n,t) > 0 where m > ¢ > n. Then for a real number
x’

[p] ,,—1
lim sup log~ (ufog(r)) =00

r—-+oo (log[p] u;l (,U,f (r))t+=

and
log® MY (M .
lim sup o8 hl (Myoq (1)) =00
rs+oo (logll My (Mj(r))) 4=
Proof If z is such that 1 + x < 0, then the theorem is obvious. So we suppose
that 14+ 2z > 0. Now in view of Lemma 2 and Lemma 4, we have for all sufficiently

large values of r that
fifoq(T) = pif (%ug (2))

Since u;1 (r) is an increasing function, it follows from above for a sequence of values
of r tending to infinity that

o8 1 1500 (1)) > 108 1 (s (s (5)))

ive, 1og i (1o () = (V5 (f) =€) [logm (z5(3)
o))

. _ g, t)L 1 r
e 10 1 (f1g0g(r) = (AP TVE(F) =€) [log[q] (@ug(ﬁ)

o)
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. _ ,q,t)L m— 1 T
e 1087 1 (pgog () = POV (f) — ) [mg[ H(gme(3))

et L))

pé(m,n,t)—e

. — L n— T
ive 108 i 1170y (1)) = VPO (f) = &) [Togl" 1 (7)) expl* L)

+0(1) +exp[tlL(Mg(£)). (13)

where we choose 0 < & < min{/\ép’q’t)L(f), pk(m,n,t)}.
Also for all sufficiently large values of r we get that

log iy (s (1)) < (9 (f) + ) (log?) v + expl® L(r))

ie., (10g® (s (M) < (pPPVE(f) 4 )1 - [logl r + expld L(r)] . (14)
Therefore from (13) and (14), it follows for a sequence of values of r tending to

infinity that

log™ iy (g (r)
(log!®! 1 (s (r)))1+e

pj(m,n,t)—a

0(1) + (AP (1) = ) (108771 (5) ) explt 1 L(r))
(pglp,q»t)L(f) + &)1+ . (logl® r + explt] L(r))1+e

thus the first part of the theorem follows from above.

Since M, *(r) is an increasing function of r, by similar reasoning as above the
second part of the theorem follows from Lemma 3 and therefore the proof is omitted.

Remark 6 The conclusion of Theorem 5 can also be drawn if we take 0 <
pgp’q’t)L(f) < 400 instead of 0 < A;Lp’q’t)L(f) < pzp’q’t)L(f) < +oo and Xl (m,n,t) >
0 > 0 instead of pf(m,n,t) > 0.

Remark 7 The conclusion of Theorem 5 can also be drawn if we take 0 <
)\gp’q’t)L(f) < +oo instead of 0 < )\gf’q’t)L(f) < pglp’q’t)L(f) < +ooand A} (m,n,t) >
0 > 0 instead of pf (m,n,t) > 0.

Using the same technique of Theorem 5 one may easily verify the following
theorem:

Theorem 6 Let f, g, h and k be any four entire functions such that )\gf”q’t)L(f) >

S 0)

7

0, p,(f’n’t)L(g) < +o0, pg(m,n, t) > 0 where m > ¢. Then for a real number z,
logl?! ;=1 R
lim sup gm M,hl (s g(rl)J)r =+
r—+oo (log™ puy ™ (pg(r))) 7
and

log!! M~ (M,
lim sup ogm ,hl( fg(rl)J)r = 400
r—oo (log™ My (My(r))) '+

Remark 8 The conclusion of Theorem 6 can also be drawn if we take “p%p 4L (f) >

0, pg’"’t)L(g) < 400” instead of “Agp’q’t)L(f) >0, p,(f’"’t)L(g) < +00” and A (m, n,t) >

0 instead of pf(m,n,t) > 0.
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Remark 9 The conclusion of Theorem 6 can also be drawn if we take “/\zp’q’t)L (f) >
0, /\](gl’"’t)L(g) < +00” instead of “A;Lp’q’t)L(f) > 0, pg’"’t)L(g) < +00” and X} (m, n,t) >
0 instead of pf(m,n,t) > 0.

Remark 10 Theorem 5 and Theorem 6 remain valid with “limit” instead of “
limit superior”, if we take )\5 (m,n,t) > 0 instead of ng(m,n,t) > 0 and the other
conditions remain the same.

4. CONCLUSION

The main purpose of this paper is to extend and to modify the notion of
(m,n)-p order and (m,n)-¢ lower order to relative (p, q,t)L -th order and relative
(p,q,t)L -th lower order of higher dimentions in case of entire functions. Actually
we are trying to generalize some growth properties of entire functions using the
concept of relative (p, q,t)L -th order and relative (p, q,t)L -th lower order.

The results of this paper in connection with Nevanlinna’s Value Distribution
theory of entire functions on the basis of relative (p,q,t)L -th order and relative
(p, q,t)L -th lower order may have a wide range of applications in Complex Dynam-
ics, Factorization Theory of entire functions of single complex variable, the solution
of complex differential equations etc. In fact, Complex Dynamics is a thrust area in
modern function theory and it is solely based on the study of fixed points of entire
functions as well as the normality of them. Factorization theory of entire functions
is another branch of applications of Nevanlinna’s theory which actually deals how
a given entire function can be factorized into other simpler entire functions in the
sense of composition.
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