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A CLASS OF STARLIKE FUNCTIONS OF COMPLEX ORDER

DEFINED BY q−DIFFERENCE OPERATOR

A. O. MOSTAFA AND Z. M. SALEH

Abstract. Utilizing the theory of quantum calculus, we define a q−difference

operator and used it to define a class of univalent functions and obtained
Fekete-Szego inequality for functions in this class.

1. Introduction

Let S be the family of functions:

F(ς) = ς +
∞∑
k=2

dkς
k, ς ∈ E ={ς ∈ C : |ς| < 1}, (1)

which are univalent in E .
It is known that the calculus without the notion of limits is called q−calculus

which has influenced many scientific fields due to its important applications. The
generalization of derivative in q−calculus that is q−derivative was defined and stud-
ied by Jackson [13] as:

for F ∈ S, 0 < q < 1, the q−derivative operator ∇q is given by:

∇qF(ς) =


F(ς)−F(qς)

(1− q)ς
,ς ̸=0

F ′ (0) ,ς=0
,

that is

∇qF(ς) = 1 +

∞∑
k=2

[k]qdkς
k−1, (2)

where

[j]q =
1− qj

1− q
, [0]q = 0. (3)

As q → 1−, [j]q = j and ∇qF(ς) = F ′
(ς). For more studies of q−derivative

operators one refer for example to [2, 3, 4, 5, 6, 8, 11, 21, 22, 23].
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Using the q−derivative operator, we define the following operator. For λ ≥ µ ≥
0, 0 < q < 1, let

H0
λ,µ,qF(ς) = F(ς),

H1
λ,µ,qF(ς) = Hλ,µ,qF(ς) = (1− λ+ µ)F(ς) + (λ− µ)ς∇qF(ς) + λµς2∇q(∇qF(ς)),

H2
λ,µ,qF(ς) = Hλ,µ,q(Hλ,µ,qF(ς)),

and

Hm
λ,µ,qF(ς) = Hλ,µ,q(Hm−1

λ,µ,qF(ς))

= ς +
∞∑
k=2

[1− λ+ µ+ [k]q (λ− µ+ λµ[k − 1]q)]
mdkς

k,m ∈ N

= ς +
∞∑
k=2

Φm
q,k(λ, µ)dkς

k. (4)

Note that
(i) limq→1− Hm

λ,µ,qF(ς) = Hm
λ,µF(ς) see Orhan et al. [16] (see also [9], [15] and

Răducanu and Orhan [19] );
(ii) Hm

1,0,qF(ς) = Dm
q F(ς)(see [12], [24] and [6] );

(iii) Hm
λ,0,qF(ς) = Dm

λ,qF(ς) (see Aouf et al. [7] );

(iv) limq→1− Hm
λ,0,qF(ς) = Dm

λ F(ς) (see Al-Oboudi [1] ).
Now, by making use of the operator Hm

λ,µ,q, we have the following definition.

Definition 1. Let τ ∈ C∗ = C/{0}, λ ≥ µ ≥ 0, 0 < q < 1, m ∈ N0 and F ∈ A,
such that Hm

λ,µ,qF(ς) ̸= 0 for ς ∈ E/{0}. We say that F ∈ Km
q (τ, λ, µ) if

Re{1 + 1

τ
(
ς∇q(Hm

λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

− 1)} > 0. (5)

Note that:
(i) limq→1− K0

q(τ, 1, 0) = K∗(τ) (Nasr and Aouf ([14]));
(ii) limq→1− Km

q (1− α, 1, 0) = Km(α) (Sălăgean ([20]));

(iii) limq→1− Km
q (τ, λ, µ) = Km(τ, λ, µ) =

{
F(ς) :

∣∣∣∣1 + 1
τ (

ς(Hm
λ,µF(ς))

′

Hm
λ,µF(ς) − 1)

∣∣∣∣ > 0

}
;

(iv) Km
q (τ, λ, 0) = Km

q (τ, λ) =
{
F(ς) :

∣∣∣1 + 1
τ (

ς∇q(Hm
λ,qF(ς))

Hm
λ,qF(ς) − 1)

∣∣∣ > 0
}
;

(v) Km
q (τ, 1, 0) = Km

q (τ) =
{
F(ς) :

∣∣∣1 + 1
τ (

ς∇q(Hm
q F(ς))

Hm
q F(ς) − 1)

∣∣∣ > 0
}
.

It is well-known that for F ∈ S,
∣∣d3 − d22

∣∣ ≤ 1. Fekete and Szego ([10]) proved
that for F ∈ S,

∣∣d3 − ηd22
∣∣ ≤


3− 4η , η ≤ 0

1 + 2 exp(−2η
1−η ) , 0 ≤ η ≤ 1

4η − 3 , η ≥ 1

,

and the inequality is sharp in the sense that for each real η there exists a function
in S such that equality holds. Later, for η complex, Pfluger ([17]) proved that∣∣d3 − ηd22

∣∣ ≤ 1 + 2

∣∣∣∣exp( −2η

1− η
)

∣∣∣∣ .
After this several authors extended the above inequality to more general classes of
analytic functions.
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2. Main Results

Unless indicated, let τ ∈ C∗, η ∈ C, λ ≥ µ ≥ 0, 0 < q < 1, m ∈ N0, F(ς) given
by (1) and P be the class of analytic functions with positive real part in E with
p(0) = 1.

To derive our results, we recall the following lemma due to [18].[18] Let p ∈ P
with p(ς) = 1 + c1ς + c2ς

2 + ..., then

|cn| ≤ 2, for n ≥ 1.

Lemma 1. If |c1| = 2, then p(ς) ≡ p1(ς) = (1 + e1ς)/(1 − e1ς) with e1 = c1/2.
Conversely, if p(ς) ≡ p1(ς) for some |e1| = 1, then c1 = 2e1, |c1| = 2 and∣∣∣∣c2 − c21

2

∣∣∣∣ ≤ c2 −
|c1|2

2
.

If |c1| < 2 and
∣∣∣c2 − c21

2

∣∣∣ = c2 − |c1|2
2 , then p(ς) ≡ p2(ς), where

p2(ς) =
1 + ς e2ς+e1

1+ē1e2ς

1− ς e2ς+e1
1+ē1e2ς

,

and e1 = c1/2, e2 =
2c2−c21
4−|c1|2

. Conversely, if p(ς) ≡ p2(ς) for some |e1| < 1 and

|e2| = 1 then e1 = c1/2, e2 =
2c2−c21
4−|c1|2

and
∣∣∣c2 − c21

2

∣∣∣ = c2 − |c1|2
2 .

Theorem 2. Let η ∈ C and F ∈ Km
q (τ, λ, µ), then

|d2| ≤
2 |τ |
qAm

, (6)

|d3| ≤
2 |τ |

Bm([3]q − 1)
max{1; 1 + 1

q
(|1 + 2τ | − 1)}, (7)

and∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
max

{
1; 1 +

1

q

(∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣− 1

)}
,

(8)
where A = [1−λ+µ+[2]q (λ− µ+ λµ) and B = [1−λ+µ+[2]q (λ− µ+ λµ[2]q)].
Consider the functions

ς∇q(Hm
λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

= 1 + τ(p1(ς)− 1), (9)

and
ς∇q(Hm

λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

= 1 + τ(p2(ς)− 1), (10)

where p1(ς), p2(ς) are given in Lemma 1. Equality in (6) holds if (9); in (7) if (9)
and (10); for each η in (8) if (9) and (10).

Proof. Let Hm
λ,µ,qF(ς) = ς + β2ς

2 + β3ς
3 + ..., then

β2 = Amd2, β3 = Bmd3. (11)

By (5), there exists p ∈ P such that

ς∇q(Hm
λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

= 1 + τ(p(ς)− 1), (12)
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so that

1 + β2[2]qς + β3[3]qς
2 + ...

1 + β2ς + β3ς2 + ...
= 1 + τc1ς + τc2ς

2 + ..., (13)

which implies

1 + β2[2]qς + β3[3]qς
2 + ... = 1 + (τc1 + β2)ς + (τc2 + β2τc1 + β3)ς

2 + .... (14)

Equating the coefficients of both sides we have

β2 =
τc1
q

, β3 =
τc2

([3]q − 1)
+

τ2c21
([3]q − 1)q

, (15)

so that, according to (11) and (15),

d2 =
τc1
qAm

, d3 =
τ

Bm([3]q − 1)
(c2 +

τc21
q

). (16)

Taking into account (16) and Lemma 1, we obtain

|d2| =
∣∣∣∣ τc1qAm

∣∣∣∣ ≤ 2 |τ |
qAm

, (17)

and

|d3| =

∣∣∣∣ τ

Bm([3]q − 1)
(c2 −

c21
2q

+
(1 + 2τ)

2q
c21)

∣∣∣∣
≤ |τ |

Bm([3]q − 1)

[
2− |c1|2

2q
+ |1 + 2τ | |c1|

2

2q

]

≤ 2 |τ |
Bm([3]q − 1)

[
1 +

|1 + 2τ | − 1

4q
|c1|2

]
≤ 2 |τ |

Bm([3]q − 1)
max

{
1; 1 +

1

q
(|1 + 2τ | − 1)

}
. (18)

Using Lemma 1, we obtain∣∣d3 − ηd22
∣∣ =

∣∣∣∣ τ

Bm([3]q − 1)
(c2 −

c21
2q

+
(1 + 2τ)

2q
c21)−

τ2c21
A2mq2

η

∣∣∣∣
≤ |τ |

Bm([3]q − 1)

[∣∣∣∣c2 − c21
2q

∣∣∣∣+ |c1|2

2q

∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣
]

≤ |τ |
Bm([3]q − 1)

[
2− |c1|2

2q
+

|c1|2

2q

∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣
]

=
2 |τ |

Bm([3]q − 1)

[
1 +

|c1|2

4q

(∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣− 1

)]

≤ 2 |τ |
Bm([3]q − 1)

max

{
1; 1 +

1

q

(∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣− 1

)}
.

(19)

Now we obtain sharpness of (6), (7) and (8).
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Firstly, in (6) the equality holds if c1 = 2. Equivalently, we have p(ς) ≡ p1(ς) =
(1+ς)
(1−ς) . Therefore, the extremal function in Km

q (τ, λ, µ) is given by

ς∇q(Hm
λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

=
1 + (2τ − 1)ς

1− ς
. (20)

Next, in (7), for first case, the equality holds if c1 = c2 = 2. Therefore, the extremal
functions in Km

q (τ, λ, µ) is given by (20) and for second case, the equality holds if

c1 = 0, c2 = 2. Equivalently, we have p(ς) ≡ p2(ς) =
(1+ς2)
(1−ς2) . Therefore, the extremal

function in Km
q (τ, λ, µ) is given by

ς∇q(Hm
λ,µ,qF(ς))

Hm
λ,µ,qF(ς)

=
1 + (2τ − 1)ς2

1− ς2
. (21)

Finally, in (8), the equality holds. Obtained extremal function for (7) is also valid
for (8).

If η and τ are real, then we have:
Theorem 3. Let τ > 0 and let F ∈ Km

q (τ, λ, µ). Then for η ∈ R, A and B as in
Theorem 2, we have

∣∣d3 − ηd22
∣∣ ≤


2τ

Bm([3]q−1)

[
1 + 2τ

q

(
1− Bm([3]q−1)

qA2m η
)]

, η ≤ qA2m

Bm([3]q−1)

2τ
Bm([3]q−1) , qA2m

Bm([3]q−1) ≤ η ≤ (1+2τ)qA2m

2Bm([3]q−1)τ

2τ
Bm([3]q−1)

[
1 + 2

q

(
Bm([3]q−1)τ

qA2m η − τ − 1
)]

, η ≥ (1+2τ)qA2m

2Bm([3]q−1)τ

,

(22)
For each η, the equality holds for functions in (9) and (10).

Proof. First, let η ≤ qA2m

Bm([3]q−1) ≤ (1+2τ)qA2m

2Bm([3]q−1)τ . In this case (16) and Lemma 1

gives∣∣d3 − ηd22
∣∣ ≤ τ

Bm([3]q − 1)

[
2− |c1|2

2q
+

|c1|2

2q

(
1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

)]

≤ 2τ

Bm([3]q − 1)

[
1− 1

q
+

1

q

(
1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

)]
=

2τ

Bm([3]q − 1)

[
1 +

2τ

q

(
1− Bm([3]q − 1)

qA2m
η

)]
. (23)

Now, let qA2m

Bm([3]q−1) ≤ η ≤ (1+2τ)qA2m

2Bm([3]q−1)τ . Then, using the above calculations, we

obtain ∣∣d3 − ηd22
∣∣ ≤ 2τ

Bm([3]q − 1)
. (24)

Finally, if η ≥ (1+2τ)qA2m

2Bm([3]q−1)τ , then∣∣d3 − ηd22
∣∣ ≤ τ

Bm([3]q − 1)

[
2− |c1|2

2q
+

|c1|2

2q

(
2Bm([3]q − 1)τ

qA2m
η − 1− 2τ

)]

=
τ

Bm([3]q − 1)

[
2 +

|c1|2

2q

(
2Bm([3]q − 1)τ

qA2m
η − 2τ − 2

)]

≤ 2τ

Bm([3]q − 1)

[
1 +

2

q

(
Bm([3]q − 1)τ

qA2m
η − τ − 1

)]
. (25)
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Finally, considering the case, when τ ∈ C∗ and η ∈ R. Then we get:
Theorem 4. Let τ ∈ C∗ and F ∈ Km

q (τ, λ, µ). Then for η ∈ R, A and B are as
in Theorem 2, we have

∣∣d3 − ηd22
∣∣ ≤


4|τ |2
A2mq2 [R(K1)− η] + 2|τ |

Bm([3]q−1)

[
1− 1

q (1− |sin θ|)
]

, η ≤ N1

2|τ |
Bm([3]q−1) ,N1 ≤ η ≤ R1

4|τ |2
A2mq2 [η −R(K1)] +

2|τ |
Bm([3]q−1)

[
1− 1

q (1− |sin θ|)
]

, η ≥ R1

,

(26)

where, |τ | = τeiθ, K1 = qA2m

Bm([3]q−1)+
qA2meiθ

2Bm([3]q−1)|τ | , L1 = qA2m

2Bm([3]q−1)|τ | , N1 =

R(K1) − L1(1 − | sin θ|) and R1 = R(K1) + L1(1 − |sin θ|). For each η there is
a function in Km

q (τ, λ, µ) such that the equality holds.
Proof. From (19), we have

∣∣d3 − ηd22
∣∣ ≤ |τ |

Bm([3]q − 1)

[∣∣∣∣c2 − c21
2q

∣∣∣∣+ |c1|2

2q

∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣
]

≤ |τ |
Bm([3]q − 1)

[
2− |c1|2

2q
+

|c1|2

2q

∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣
]

=
|τ |

Bm([3]q − 1)

[
|c1|2

2q

(∣∣∣∣1 + 2τ − 2Bm([3]q − 1)τ

qA2m
η

∣∣∣∣− 1

)
+ 2

]

=
2 |τ |

Bm([3]q − 1)
+

|τ |
2qBm([3]q − 1)

[∣∣∣∣2Bm([3]q − 1)τ

qA2m
η − 2τ − 1

∣∣∣∣− 1

]
|c1|2

=
2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2

 ∣∣∣η − qA2m

Bm([3]q−1) −
qA2m

2Bm([3]q−1)τ

∣∣∣
− qA2m

2Bm([3]q−1)|τ |

 |c1|2 .

(27)

Taking |τ | = τeiθ (or τ = |τ | e−iθ), K1 = qA2m

Bm([3]q−1)+
qA2meiθ

2Bm([3]q−1)|τ | and L1 =

qA2m

2Bm([3]q−1)|τ | in (27), we get

∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2
[|η −K1| − L1] |c1|2

≤ 2 |τ |
Bm([3]q − 1)

+
|τ |2

A2mq2
[|η −R(K1)|+ L1| sin θ| − L1] |c1|2

≤ 2 |τ |
Bm([3]q − 1)

+
|τ |2

A2mq2
[|η −R(K1)| − L1(1− | sin θ|)] |c1|2 .

(28)

We consider the following cases for (28). Suppose η ≤ R(K1). Then∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2
[R(K1)− L1(1− | sin θ|)− η] |c1|2

=
2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2
[N1 − η] |c1|2 . (29)
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Let η ≤ N1 = R(K1)− L1(1− | sin θ|). By using Lemma 1 and L1 = qA2m

2Bm([3]q−1)|τ |
in (29), we get∣∣d3 − ηd22

∣∣ ≤ 2 |τ |
Bm([3]q − 1)

+
4 |τ |2

A2mq2
[R(K1)− η]− 4 |τ |2

A2mq2
qA2m

2Bm([3]q − 1) |τ |
(1− | sin θ|)

=
2 |τ |

Bm([3]q − 1)
+

4 |τ |2

A2mq2
[R(K1)− η]− 2 |τ |

qBm([3]q − 1)
(1− | sin θ|)

=
4 |τ |2

A2mq2
[R(K1)− η] +

2 |τ |
Bm([3]q − 1)

[
1− 1

q
(1− | sin θ|)

]
.

If we take N1 = R(K1)− L1(1− | sin θ|) ≤ η ≤ R(K1), then (29) gives∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
.

Let η ≥ R(K1). From (28) we get∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2
[η − (R(K1) + L1(1− | sin θ|))] |c1|2

=
2 |τ |

Bm([3]q − 1)
+

|τ |2

A2mq2
[η −R1] |c1|2 . (30)

Let η ≤ R1 = R(K1) + L1(1− | sin θ|). Applying (30) we obtain∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

Bm([3]q − 1)
.

Let η ≥ R1 = R(K1) + L1(1 − | sin θ|) By using Lemma 1 and L1 = qA2m

2Bm([3]q−1)|τ |
in (30), we get∣∣d3 − ηd22

∣∣ ≤ 2 |τ |
Bm([3]q − 1)

+
4 |τ |2

A2mq2
[η −R(K1)]−

4 |τ |2

A2mq2
qA2m

2Bm([3]q − 1) |τ |
(1− | sin θ|)

=
2 |τ |

Bm([3]q − 1)

[
1− 1

q
(1− | sin θ|)

]
+

4 |τ |2

A2mq2
[η −R(K1)] .

Remark 1. Letting q → 1− in Theorems 2-4, we have the results obtained by
Orhan et al. [16].

Taking λ = 1 and µ = 0 in Theorems 2-4, we obtain the following corollaries
with equalities for λ = 1, µ = 0 of (9) and (10), respectively.

Corollary 5. Let τ ∈ C∗ and F ∈ Km
q (τ, λ, µ). Then for η ∈ C:

|d2| ≤
|τ |

q2m−1
, |d3| ≤

2 |τ |
3m([3]q − 1)

max{1; 1 + 1

q
(|1 + 2τ | − 1)},

and∣∣d3 − ηd22
∣∣ ≤ 2 |τ |

3m([3]q − 1)
max

{
1; 1 +

1

q

(∣∣∣∣1 + 2τ − 2([3]q − 1)τ

q
(
3

4
)mη

∣∣∣∣− 1

)}
.

Corollary 6.Let τ > 0 and F ∈ Km
q (τ, λ, µ). Then for η ∈ R:

∣∣d3 − ηd22
∣∣ ≤


2τ

3m([3]q−1)

[
1 + 2τ

q

(
1− ([3]q−1)

q ( 34 )
mη

)]
, η ≤ q

([3]q−1) (
4
3 )

m

2τ
3m([3]q−1) , q

([3]q−1) (
4
3 )

m ≤ η ≤ (1+2τ)q
2([3]q−1)τ (

4
3 )

m

2τ
3m([3]q−1)

[
1 + 2

q

(
2([3]q−1)τ

q ( 34 )
mη − τ − 1

)]
, η ≥ (1+2τ)q

2([3]q−1)τ (
4
3 )

m

.
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Corollary 7.Let τ ∈ C∗ and F ∈ Km
q (τ, λ, µ). Then for η ∈ R:

∣∣d3 − ηd22
∣∣ ≤


|τ |2

4m−1q2 [R(K1)− η] + 2|τ |
3m([3]q−1)

[
1− 1

q (1− |sin θ|)
]

, η ≤ N1

2|τ |
3m([3]q−1) ,N1 ≤ η ≤ R1

|τ |2
4m−1q2 [η −R(K1)] +

2|τ |
3m([3]q−1)

[
1− 1

q (1− |sin θ|)
]

, η ≥ R1

,

where |τ | = τeiθ, K1 = q
([3]q−1) (

4
3 )

m+ qeiθ

2([3]q−1)|τ | (
4
3 )

m, L1 = q
2([3]q−1)|τ | (

4
3 )

m, N1 =

R(K1)− L1(1− | sin θ|) and R1 = R(K1) + L1(1− |sin θ|).
Taking q → 1− in Corollary 6, we have Corollary 8. Let τ > 0 and F ∈

Km(τ, λ, µ). Then for η ∈ R:

∣∣d3 − ηd22
∣∣ ≤


τ
3m

[
1 + 2τ

(
1− 2η( 34 )

m
)]

, η ≤ 1
2 (

4
3 )

m

τ
3m , 1

2 (
4
3 )

m ≤ η ≤ 1+2τ
4τ ( 43 )

m

τ
3m

[
4τη( 34 )

m − 2τ − 1
]

, η ≥ 1+2τ
4τ ( 43 )

m
.

Remark 2.Note that Corollary 8, modifies the result of [15] Corollary 5 case 2.
Acknowledgement. The authors thanks the referees of the paper for their
valuable comments.
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