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ON CERTAIN SUBCLASSES OF PASCU TYPE ALPHA
CLOSE-TO-STAR FUNCTIONS

GAGANDEEP SINGH, GURCHARANJIT SINGH

ABSTRACT. In this paper, certain generalized subclasses of analytic functions
are introduced by unifying the close-to-star and close-to-convex functions in
the open unit disc E = {z : |z] < 1}. We establish the coefficient estimates,
distortion theorems, growth theorems, argument theorems and radius of star-
likeness for the functions belonging to these classes. Various known results are
shown to follow upon specializing the parameters involved in the results of this

paper.

1. INTRODUCTION

Let U denote the class of Schwarzian functions of the form w(z) = Y 2, cx2",
that are analytic in the open unit disc £ = {z : |z| < 1} and with the conditions
w(0) = 0, |w(z)| < 1. By A, we denote the class of functions f which are analytic
in E, normalized by f(0) = f’(0) — 1 = 0 and having the Taylor series expansion
of the form

f(z) :z—i—Zakzk. (1)
k=2

The well known classes of univalent, starlike and convex functions are denoted by
S, S* and K respectively. For two analytic functions f and g in E, we say that
f is subordinate to g, if there exists a Schwarzian function w(z) € U such that
f(z) = g(w(z)), denoted by f < g. If g is univalent in E, then f < g is equivalent
to f(0) = ¢(0) and f(F) C g(E). The concept of subordination was introduced by
Littlewood [9] and Reade [19].

The class consisting of the functions p(z) analytic in E with p(0) = 1 and sub-

1
ordinate to %, (-1 < D < C < 1), is denoted by P[C,D]. This class was
z

established by Janowski [6] and so the functions in this class are known as Janowski-
type functions.
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A function f € A is said to be close-to-convex function if there exists a starlike

I
function g such that Re (Zf((j)
g(z
tions is denoted by C and was introduced by Kaplan [7]. Subsequently, Reade [19]
introduced the class C'S* of close-to-star functions consisting of the functions f € A

and satisfying the condition that Re <f(z)> >0,9g€ S*,z€ E.

9(2)

Subclasses of close-to-convex and close-to-star functions were extensively studied
by various authors. We choose to recall here the following classes:
(1))CS*(A, B; C, D), the subclass of close-to-star functions studied by Mehrok and
Singh [13].
(ii) CS*(C, D), a subclass of close-to-star functions introduced and studied by
Mehrok et al. [14].
(iii) CST(C, D), the subclass of close-to-star functions introduced and studied by
Mehrok et al. [15].
(iv) C(A, B;C, D) and C;(A, B; C, D), the subclasses of close-to-convex functions
studied by Singh and Mehrok [21].
(v) C(C, D), the subclass of close-to-convex functions introduced and studied by
Mehrok [11].
(vi) C1(C, D), a subclass of close-to-convex functions introduced and studied by
Mehrok and Singh [12].
(vii) C1, the subclass of close-to-convex functions studied by Abdel Gawad and
Thomas [1].

) > 0,z € E. The class of close-to-convex func-

Mocanu [16], established the class M, (0 < a < 1) of alpha-convex functions
f € Awith f(2)f'(z) # 0 and satisfying the condition

2f'(2) (Zf’(Z))’}
Re< (1 —« + « >0,z€ F.
(- + et
Obviously My = S* and M; = K. The class M, unify the classes S* and K and it
was shown in [10], that all alpha-convex functions are univalent

By considering the concept of alpha-convex functions, Paravatham and Srini-
vasan [18] introduced the class C'S(a)(0 < « < 1) consisting of functions f € A
with the condition that

fz) | 2f'(2)

Re (1—0[)@ + o 0

It is obvious that C'S(0) = C'S* and CS(1) = C. Clearly C'S(«) is a linear combi-
nation of the classes C'S* and C.

>0,ge S*,2z€ FE.

Further, Singh [20] introduced the class C'S(«; C, D) which was studied further
recently by Altintas and Kilic [2]. CS(;C,D)(0 < a < 1,-1 <D < C <1)
consisting of the functions f € A and satisfying the condition

fla) | 2f'(x)  14C2

U= T “ ¥

geS*,zeE.
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In particular, CS(a;1,—1) = CS(«), CS(0;C,D) = CS*(C,D), CS(0;1,—-1) =
CcS*, CS(1;C,D) =C(C,D) and CS(1;1,—-1) =C.

Throughout this investigation, we assume that
—1<D<B<ALC<L1l,0<a<l,z€eE.

Getting motivated by the above mentioned work, now we are able to define the
classes which are to study in this paper;

Definition 1 CS*(«; A, B; C, D) be the class of functions f € A which satisfy the
condition

1) 25 1403
O TE M e 5

where g(2) =z + > 1o, dp2* € S*(A, B).

The following observations are obvious:

(i) CS*(a;1,-1;C, D) = CS(«; C, D).

(ii) CS*(a;1,-1;1,—-1) = CS(a).

(ii))CS*(0; A, B; C, D) = CS*(A, B; C, D).

(iv) CS*(0;1,—-1;C, D) = CS*(C, D).

(v) CS*(0;1,-1;1,—-1) = CS™.

(vi) CS*(1;A,B;C,D) = C(A,B;C, D).

(vii) CS*(1;1,-1;C, D) = C(C, D).

(viii) CS*(1;1,-1;1,-1) = C.

Definition 2 Let CS}(«; A, B; C, D) denote the class of functions f € A and
satisfying the condition that
!
1
f() | ) 140

=230 T 0 11Dz

where h(z) = z 4+ Y o, biz® € K(A, B).
We have the following observations:

(i) CS7(0;1,-1;C, D) = CSy(C, D).

(ii) CS;(1; A, B;C,D) = C1(A, B; C, D).
(i) CS:(1;1,—1;C, D) = C1(C, D).

(iv) CS7(1;1,-1;1,-1) = Ch.

The present investigation deals with the study of the classes CS*(«; A, B; C, D)
and CST(«; A, B; C, D). We establish the coefficient estimates, distortion theorems,
growth theorems, argument theorems and radius of starlikeness for the functions in
these classes. For particular values of the parameters «, A, B, C and D, the results
of some earlier works follows as special cases.

2. PRELIMINARY RESULTS
1+ Cw(z)
14+ Dw(z)

|pn| S (CiD)JlZ 1.

Lemma 1 [4] If P(z) =142, ppz®, then
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14 Céz"
The bound is sharp for the function P,(z) = JT&Z’ |0] = 1.
Z’rL

Lemma 2 [3] If g(z) € S*(4, B), then for A— (n—1)B > (n—2),n > 3,
H (j—1)B).

Equality sign is attained for go(z) = z(1 + Béz)A_TB, |0] = 1.
Lemma 3 [3] If g(z) € S*(A,B), then for |z| =r < 1,

Idl<

r(1=Br)"5" <|g(z)] <r(1+Br)"5" B #0;

re= A" <|g(2)| < re", B =0.
Equality holds for the function defined as
) 2(1+ Bsz)*5>, i B#0,
zZ) =
o A8z if B=0,]6 = 1.
Lemma 4 [3] If g(z) € S*(A, B), then for |z| =7 < 1,
_(A-B)
- B

arg‘q(z)‘ < Ar,B=0.
z

9(2)

p; sin~'(Br), B # 0;

arg

Lemma 5 [21] If h(z) € K(A, B), then for A — (n—1)B > (n —2),n > 3,

1 n
b| < — —1)
i < 114~ G- 8),
Result is sharp for the function ho(z) = §[(1 + B&z)% —1],10| = 1.
Lemma 6 [21] If h(z) € K(A, B), then for |z =r <1,
1 1

3 [1—(1—Br)%} < |h(z) < 5 [(1+B7‘)%—1},B7§0;

1 , 1
Equality holds for the function given by

[ed" —1],B=0.

L1+ Bsz)s —1], it B#0,
hi(z) = 11pAbz _q] it B=0,[5| =1
A ’ ’ .

Lemma 7 [21] If h(z) € K(A, B), then for |z| =7 < 1,

’arghiz)‘ < %sin_l(Br),B # 0;

arghiz)’ < Ar,B=0.
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3. THE crass CS*(a; A, B;C, D)
Theorem 1 If f(z) € CS*(a; A, B;C, D), then for A—(n—1)B > (n—2),n > 2,

n—1 1 k
+(C - D) 1+];(k_1)!j1:[2(,47(jf1)3) } (2)

The bound is sharp.
Proof. By using Principle of subordination in Definition 1, we have

14+ Cw(z)

(1= a)f(2) +azf'(z) = g(2) ( 1+ Dulz)

yw(z) € U. 3)
)

After expanding (3), it yields
(1—a)[z+a22® +az2® + ... + anz™ + ..] + afz + 2a22% + 3a32% + ... + na, 2" + ..
=(z+dez® +d3z® + ..+ dp2" + . )L+ prz+pe2® + b2+ ). (4)
On equating the coefficients of 2™ on both sides of (4), we obtain
1+ (n—1)ala, =dy + prdy—1 + padn_2... + pp_2da + pp_1. (5)
Applying triangle inequality and using Lemma 1 in (5), it gives
1+ (0 = allan] < dal + (C = D) [dn_s| + |dn_ol- + [dal + 1. (6)

On Using Lemma 2 in (6), the result (2) is obvious.
For n = 2, equality sign in (2) holds for the function f,,(z) defined as

(1= a)fn(z) + azf5(2)

-8 (14 Chyz™
=z(1+ B¢ — | ,B 01| =1,|02| = 1.
1480, 7 (1202 ) B A6 = 1 g
Remark 1
(i) For A = 1,B = —1, Theorem 1 agrees with the result due to Altintas and
Kilic [2].

(ii)) For A=1,B = —-1,C =1,D = —1, Theorem 1 agrees with the result due to
Paravatham and Srinivasan [18].

(iii) On putting o = 0, Theorem 1 gives the result due to Mehrok and Singh [13].
(iv) For « = 0, A = 1, B = —1, the result proved by Mehrok at al. [14] is obvious
from Theorem 1.

(v) Takinga =0,A=1,B=—-1,C =1,D = —1, Theorem 1 agrees with the result
given by Reade [19].

(vi) On putting a = 1, the result established by Singh and Mehrok [21] follows from
Theorem 1.

(vii) By considering a = 1, A = 1, B = —1, Theorem 1 gives the result proved by
Mehrok [11].

(viii) Putting « =1,A =1,B = —1,C = 1,D = —1, the result due to Reade [19]
follows from Theorem 1.
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Theorem 2 Let f(z) € CS*(a; A, B; C, D), then for |z| = 7,0 < r < 1, we have
fora =0,B #0,

=m0 (1550 <@l <m0 (FE00): @
fora=0,B=0,
e (o) <Gl < et (1550, )

and for 0 < <1,B # 0,

o (= [ [ (1250

for0<a<1,B=0,

2l (=) Jarsens g [ (Em) ) o

Estimates are sharp.
Proof. From (3), we have

1+ Cw(z)
1_ '(2)] = RURiCICoN 12
(1= @)+ ax1'()| = o) | (12)
It is easy to show that the transformation
(1= 0)f(2) +a2f'(z) _ 14 Cuz)
e 1+ Du(z)
maps |w(z)| < r onto the circle
(1—oz)f(z)—l—ozzf’(z)_1—C’Dr2 (C—D)r 2] =
9(2) 1—D2r2 | = (1 — D2p2)’ a=r
This implies that
1—C’7“S 14+ Cw(z) _1+Cr. (13)
1—-Dr 1+ Dw(z) 1+ Dr

Let F(z) = (1 — a)f(2) + azf'(2).
As g(z) € S*(A, B), so using (13) and Lemma 3 in (12), it yields

Cr 1+Cr .

- < < B .
r(1-Br)*s" (1 ) F(2)] < (1 + Br)*5® <1+Dr)’ B 40
1-Cr 1+Cr )

< _0
" (1—Dr>| <1+Dr)’ ifB=0
(14)
Therefore, we have
an (1-Cr
r(1— Br)*s (1—D7~>
-5 (1+Cr
<|(1- "(2)] < a7 : ,
<|(1—a)f(z) +azf'(2)] < r(l+ Br) (1+Dr , if B+ 0;
1-Cr 14+Cr
—Ar _ < . _
re (1—DT‘> (1 —a)f(z) +azf'(z)| < ret (1+Dr>’ if B=0.

(15)
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For o = 0, the resluts (8) and (9) are obvious from (15).

Also for 0 < a < 1, the results (10) and (11) can be easily obtained on integrating
(15) from 0 to r.

Sharpness follows for the function defined as

—B 1+C(5 z

F)=93 . (1+Cé>
2e702% | ————
1+ Dbz

> if B#0,
if B=0,|01]=1,[6] = 1.

Remark 2
(i) For « = 0,A = 1, B = —1, the result proved by Mehrok et al. [14] is obvious
from Theorem 2.
(ii) Takinga =0,A =1,B = —1,C = 1,D = —1, Theorem 2 agrees with the result
given by Goel and Sohi [5].
(i) For a = 1, the result due to Singh and Mehrok [21] is obvious from Theorem 2.
(iv) By considering « = 1,A = 1, B = —1, Theorem 2 gives the result proved by
Mehrok [11].

Theorem 3 If f(z) € CS*(o; A, B; C, D) and let F(z) = (1 — ) f(2) + azf'(2),
then

argFiZ)’ < sin~! (EC_C*ZD)z;) + (A;B) sin~'(Br), B # 0; (16)
argF,(ZZ)‘ < sin~? (%) + Ar, B =0. (17)

Proof. (3) can be expressed as

F) =06) (Trped )

argFiZ)’ < ‘arg (m)‘ + ’argg(zz)‘. (18)

Therefore, we have

As in Theorem 2, it is clear that
F(z) 1-CDr?
g(z) 1—D2r2

(C—D)r
~ (1 - D2?r?)’

So, it yields

arg (%) < sin~* (%) : (19)

On using Lemma 4 and inequality (19) in (18), the results (16) and (17) are obvious.

Results are sharp for the function defined in Theorem 3 for which

—(C + D)r +i((1 — C?*r?)(1 — D*r?))3
(14 CDr?)

=1

] , 09 = r [—Dr—i—i(l - DQTQ)% .
z

Remark 3

(i) For « = 0,A = 1, B = —1, the result proved by Mehrok et. al. [14] is obvious
from Theorem 3.

(ii) Takingaa =0,A=1,B = —1,C = 1,D = —1, Theorem 3 agrees with the result
given by Goel and Sohi [5].
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(iii) On putting o = 1, Theorem 3 gives the result due to Singh and Mehrok [21].

(iv) By considering « = 1,A = 1, B = —1, Theorem 3 gives the result proved by
Mehrok [11].

(v) By considering « = 1,4 =1,B = —1,C = 1,D = —1, Theorem 3 gives the
result proved by Ogawa [17] and Krzyz [8].

Theorem 4 Let F(z) = (1—a)f(z)+azf'(z), where f(z) € CS*(a; A, B; C, D),
then F'(z) is starlike in |z| < ro where rg is the smallest positive root of
14+ [2D — Alr +[CD — AC — AD + BC — BD]r* — ACDr* =0 (20)

in the interval (0, 1).
Proof. As f(z) € CS*(«; A, B;C, D), we have
riy 1+ Cw(z)\
(1= @) + a2 () = 902) (15 ) = 9P
Here F(z) = (1 — a)f(2) + azf’'(z). So, we have
F(z) = g(2)P(z).

On differentiating it logarithmically, we get

zF'(z)  z¢'(2)  zP'(2)

_ " . 21

) G) PG 2y

Now for g € S*(4, B), we have

2g'(2) 1—Ar
r(35) > =5 2
Also from (13), we have
1+ Cuw(z)| 1+Cr
‘ 1+ Dw(z)| IP(=)l = 1+ Dr’
which implies
zP'(2) r(C — D)
P(z) |~ (1+Cr)(1+ Dr)
So it gives,
. 2F'(z) . zg'(2)\  |#P'(2)
re () = (55) - o

Therefore, we have

Rg(zF’(z)>>1—Ar_ r(C — D) .
F(z) ) 7 1-Br (1+4+Cr)(1+Dr)
On simplification, the above inequality can be expressed as
Re (zF’(z)) o1 2D — Ajr + [CD — AC — AD + BC — BD]r? — ACD’I“S.
F(z) )~ (1-Br)(1+Cr)(1+ Dr)
Hence F(z) is starlike in |z| < ro where r( is the smallest positive root of
1+ [2D — A]r 4+ [CD — AC — AD + BC — BD]r* — ACDr® =0

in the interval (0,1). Sharpness follows for the function f,(z) defined in (7).
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4. THE crass CSy(a; A, B;C, D)
Theorem 5 If f(z) € CS}(a; A, B;C, D), then for A—(n—1)B > (n—2),n > 2,

ool = o { o et = G- 08)
n—ll k

+(C-D) 1+ZHH(A—(3'—1)B) } (23)
k=2 """ j=2

The bounds are sharp.
Proof. From Definition 2, by Principle of subordination, we have

1+ Cw(z)

(1= ) + 07 (2) = h(:) ()

) ,w(z) € U. (24)

Then following the procedure of Theorem 1, using Lemma 1 and Lemma 5, the
result (23) can be easily obtained from (24).

For n = 2, equality sign in (23) hold for the functions f,,(z) defined as

(1—a) fu(z)+azf)(z) = L (14 B6,2) % —1] (ii—ggzzz

S

=3 ),B#O,él|:1,|52|:1.

(25)
Remark 4

(i) For « = 0,A = 1, B = —1, the result proved by Mehrok et al. [15] is obvious

from Theorem 5.

(ii) For o = 1, Theorem 5 agrees with the result proved by Singh and Mehrok [21].

(iii) By considering « = 1,A = 1, B = —1, Theorem 5 gives the result proved by

Mehrok and Singh [12].

(iv) Puttinga =1, A=1,B=—1,C = 1,D = —1, the result due to Abdel-Gawad

and Thomas [1] follows from Theorem 5.

Theorem 6 If f(z) € CS}(«a; A, B; C, D), then for |z| = 7,0 <r < 1, we have
fora =0,B #0,

cl-a-m?] (1550 srers g [0t 1) (D7) eo
fora =0,B =0,
N G:g:) <17 < 5 [* 1] (11?;) (27)

and for 0 < o <1,B # 0,

;/OTIL[l(lBt)Q] G_gi)&gf(z)léi/orjt[(l+Bt)g1} <1+C’t

for0<a<1,B=0,

1 /"1 L (1-Ct
S - (=)< e

IA
QI+
:\ﬁ
|-

z
|
A/
= =
+|+
SQ
~ | =
S~
U
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Estimates are sharp.
Proof. From (24), we have
) ’ 14+ Cw(z)

(1 —a)f(2) +azf'(z T Du?) w(z) € U. (30)

On the lines of Theorem 2 and by using Lemma 6 in (30), the resuls (26)-(29) are
obvious.
The results are sharp for the function

1+C6 1 .
TiDos ) a0+ Bt 1] B0
FE =93 14062\1. ;. .
15 Do.» Z[e 22 —1] if B=0,|61]=1,]65] = 1,
Remark 5

(i) For « = 0, A = 1, B = —1, the result proved by Mehrok and Singh [15] is obvious
from Theorem 6.

(ii) On putting § = 1, Theorem 6 gives the result due to Singh and Mehrok [21].
(iil) By considering & = 1, A = 1, B = —1, Theorem 6 gives the result proved by
Mehrok and Singh [12].

(iv) Puttinga =1, A=1,B=—1,C = 1,D = —1, the result due to Abdel-Gawad
and Thomas [1] follows from Theorem 6.

Theorem 7 If f(z) € CST(a; A, B;C,D) and let F(z) = (1 —a)f(z) +azf'(2),
then

F(2) .4 {(C=D)r A
arg— ‘ < sin <1 D2 + —=sin” " (Br),B #0; (31)
F(z) .4 {(C=D)r
| < ~ = =0.
arg p; ’ < sin (1 — D2 +Ar,B=0 (32)

Proof. Following the procedure of Theorem 3 and using Lemma 7, the results (31)
and (32) can be easily obtained.

Remark 6
(i) For « = 0,A = 1, B = —1, the result proved by Mehrok et al. [15] is obvious
from Theorem 7.
(ii) On substituting & = 1 in Theorem 7, the result due to Singh and Mehrok [21]
follows immediately.
(ii) By considering a« = 1,A = 1, B = —1, Theorem 7 gives the result proved by
Mehrok and Singh [12].
(iii) Puttinga =1,A=1,B = —1,C =1, D = —1, the result due to Abdel-Gawad
and Thomas [1] follows from Theorem 7.

Theorem 8 Let F'(z) = (1—a)f(z)+azf'(z), where f(z) € CS}(a; A, B; C, D),
then F'(z) is starlike in |z| < ro where rg is the smallest positive root of
14+2Dr+ (CD + BC — BD)r* =0 (33)

in the interval (0,1).
Proof. Following the procedure of Theorem 4 and using the inequality that

2F'(2) 1
Re< ) ) > 5 h(z) € K(A, B),
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the result (33) can be easily obtained.
Sharpness follows for the function f,(z) defined in (25).
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