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CERTAIN UNIFIED RECURRENCE RELATIONS ASSOCIATED
WITH SPECIAL FUNCTIONS

DHEERANDRA SHANKER SACHAN, SHAILESH JALOREE

ABSTRACT. The principal aim of this paper is to investigate certain recurrence
relations for H-function. On account of general nature of H-function, we
have also obtained recurrence relations of H-function and Wright generalized
hypergeometric function as special cases of our main findings.

1. INTRODUCTION AND PRELIMINARIES

In an attempt to achieve certain Feynman integrals in two different ways
which arises in perturbation calculations of the equilibrium properties of a magnetic
model of phase transitions, Inayat-Hussain [1, 2] investigated H-function, which is
defined as
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which contains fractional powers of some of the gamma functions. L = L ;o is

a contour starting at the point 7 — woo, terminating at the point 7 + woo with

7 € R = (—00,00). Here z may be real or complex but is not equal to zero and an

empty product is interpreted as unity.

m, n, p, q are integerssuchthat 1 <m < ¢, 0<n <p; A; >0(j =1,...,p), B; >
0(j=1,..,9),a;(j=1,..,p) and b; (j =1, ..., q) are complex numbers. The expo-
nents o (j =1,...,n) and B; (j = m + 1, ...,q) may take non-integer values.

Also, from Inayat-Hussain [2], it follows that
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for small values of z

Hyy' 2] = o(]2"), 3)
where
. b;
=i (3)) @
and for large values of z
Hy, 2] =o(2"), ()

where

_ (a1
v = 1rgnjannRe {a] ( yy >} . (6)

The sufficient condition for absolute convergence of the contour integral (1) is
given by Buschman and Srivastava [3] as

Q= Z|B|+Z|%A|— Z 1B;B;| — > 14,1 >0 (7)

j=m-+1 j=n+1
and

1
|arg z| < 5779. (8)
When the exponents o (j = 1,...,n) = B (m + 1,...,q) = 1, the H-function

reduces to the familiar Fox’s H-function.
The Fox’s H-function is defined and represented in the following manner [4].
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The nature of contour L of the integral (9), existence conditions of the H-function
defined by (9) and other details can be found in the book Kilbas and Saigo [5].
The generalized Wright hypergeometric function [6, 7, 8] is defined by means of the

series representation in the form
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where z S C7 aj(.] = 172ap)7b](.] = 1a27Q) € C? A](.] = 1727p)3BJ(.] =
1,2,---q) are positive real numbers such that

q p
1+) Bj—> A;>0.
Jj=1 j=1

2. RECURRENCE RELATIONS OF H-FUNCTION

In earlier work, Jain [9], Anandani [10], Goyal [11] and Raina [12] have investi-
gated various recurrence relations of Fox’s H-function, Motivated by those avenues,
we have investigated some recurrence relations of H-function, Due to general nature
of H-function, some new recurrence relations of H-function and Wright generalized
hypergeometric function have also been derived from the recurrence relations of
H-function as special cases from our main findings.

Theorem 1. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,.,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation
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where 1 <n<p—3and 1 <m <gq.

Theorem 2. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B;>00(=1,..,q),a; (=1,..,p) and b; (j = 1, ..., ¢) be complex num-
bers then there hold the following recurrence relation
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where ]l <n<pand1<m<qg-—2.

Theorem 3. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,..,9), a; (j =1,..,p) and b; (j = 1,...,¢q) be complex num-
bers then there hold the following recurrence relation
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where 1 <n<p—1land1<m<gq.

Theorem 4. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,.,p),B; >00(=1,..,q),a;(j=1,.,p) and b; (j = 1, ..., ¢) be complex num-
bers then there hold the following recurrence relation

H
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where 1 <n<pandl1<m<qg—2.

Theorem 5. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation
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where 1 <n<p—1land1<m<gq.
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Theorem 6. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation

ST H (L=p5:1) (a5, Aji )y 0 (ag, Ag)y gy g (L=, 5) }
pa (055 Bj) 1 s (03 Bs B) i g
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where 1 <n<p—1land1<m<gq.

Theorem 7. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation
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ik
where 1 <n<pandl1<m<qg-—1.
Theorem 8. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =

1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation
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where ]l <n<pand1<m<qg—2.
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Proof: To establish the recurrence relation (12), we have to prove
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Expressing H-function occurring in L.H.S. of (20) in its well known contour
integral form, we have
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now let
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then the above expression can be written as
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X

Alp—1-3) Ap—1—s)
_ ! L(p—s)0{5(1—p+2u+s)} o
RN A T s s e RS S

Hence the recurrence relation (12) is established.

On applying Gamma function formula I'(n 4+ 1) = nI'(n) and following similar
lines of proof of recurrence relation (12), recurrence relations (13) to (19) can easily
be established. We omit the details.

3. SPEcCIAL CASES

The following recurrence relations for the H-function are obtained if we take o
and §; to be equal to unity in recurrence relations (12) to (19) respectively.

Corollary 1. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation
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1
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where 1 <n<p—3and1<m <gq.
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Corollary 2. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation

( 1 1) (ajaAl) a(ajaAj)
92 +1 Hm,n |:Z 2,n n+1,p
DI 2] 000810 00 B) a1 = 503) (4 5.3)
(0 1) (ajaA]) 7(aj7Aj)
=2(u+ 1)H™" [z 2,n n+1,p
VDI ] 0 B), (0B o (1= 5] (G 5)
(0.1). (a7, A7), - (a5, A7), .,
—FZMJIm”l{z m n+lp 22
P31 (g B (b B (83 (O h 4 8, 0) (22)

where 1 <n<pand1<m<qg-—2.

Corollary 3. If z € C, m, n, p, ¢ be non-negative integers, 4; > 0(j =
1,.,p),B; >00(=1,..,q),a;(j=1,..,p) and b; (j = 1, ..., ¢) be complex num-
bers then there hold the following recurrence relation

Hmn|: ’ (1_5’ ) (aJ’ )2,n’(aj7Aj)n+1,p 1,(1+O[—ﬁ71):|
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L 2,m?
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m,n
X an z

m+1,q

where 1 <n<p—1land1<m<gq.

Corollary 4. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,..,9), a; (j =1,..,p) and b; (j = 1,...,¢q) be complex num-
bers then there hold the following recurrence relation

] o e d) e s o s,
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. 4(:“'_1) Hm,n{z’ ( ,LL72p,1),( p,2)7 aj 3n7(aj7A )n+1p }
(2V+M_1) P4 (b B) b B)m+1q 23( 2P7 ) (1_/~L_V( /0),2)
24

lm’(

where ]l <n<pand1<m<qg—2.
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Corollary 5. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation

2 - 2t
MHm,n |:Z ( IQL p’%) 7(aj7Aj)2,n’(a'j’Aj)n-‘rl,p—l’( +g p’%) :|
P (05, Bi)1m (05, Bj) i1 4
29— p— _
_ gmn [Z (5572,%) (a5, 45)s 0 (a5, A5) 1 por > (B2 5) ]
P (ijBj)l,m 3 (ijBj)m+1’q
—u— oy —
L g {Z (52, 5) s (aj, A )y (a5, Ag) gy (525 5) } (25)
P (05, B5)1 > (bjs Bi) i1

where ] <n<p—1land1l<m<yq.

Corollary 6. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,.,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation

,U,Hm’n |:Z (1 - P %) ’ (aj7Aj)2,n ’ (aj’ Aj)n+l,p—1 ’ (1 + K= P %) :|
P (035 Bi)y > (053 Bj) 1 g
— gmn |:Z (1 - P %) ) (aj? Aj)Q,n ’ (aj7Aj)n+1,p71 ? (H - %) :|
Pa (05 Bj)1.m > (03> Bi) i1 4
4 gmn [2 (=pr3) (@5, 43)3 (@55 A5), 101 (L= 3) } (26)
pa (bja Bj)Lm ) (bj7 Bj)m+1,q

where 1 <n<p—1land1l<m<gq.

Corollary 7. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,.,p),B; >0(j=1,...,9), a; (j =1,..,p) and b; (j = 1,...,q) be complex num-
bers then there hold the following recurrence relation

(0,1), (a5, 45),,,» (aj, Aj) i1 }
(bj7Bj)1,7rL ’ (bJ’ Bj)?n-i—l,q—l 4 (7 2+#’ %)

=H™"\z
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(0’ 1) ’ (aj7 Aj)Q,n ) (a’j’ Aj)n+1,p :|
(bj, By) bj, Bj) 5 3)

m+1,g—1" 2 0
where ] <n<pand1<m<qg-—1.
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+
=
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Corollary 8. If z € C, m, n, p, ¢ be non-negative integers, A; > 0(j =
1,..,p),B; >0(j=1,..,9), a; (j =1,..,p) and b; (j = 1,...,¢q) be complex num-
bers then there hold the following recurrence relation

(%7 %) ) (Oa %) a(ajaAj)?, n (ajaAj)n+1’p
PR |

(w—p+1)H, {z (b;. B)

(bj7 Bj)l,m ) m+1,q—2" (

(0,3)(=3:3)(a;,45),

= 2u+1)H]" {z 1 1y ( 1
P4 053 Bj) 1+ b5 B i1 g2 (3 +5+5:3), (-1 -5 +5.3)
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P 5 B (05 Bi)ga g (3 + 5 +5,3) 0 (F5 +5:3)
(28)
where 1 <n<pandl1<m<qg—2

Further on reducing H-function to Wright generalized hypergeometric function
due to the relation

p

H (a; + Ajk)

(alaA1>7' 5(0’ P - j=1 Zk

\\ T 00000

(61731)7' a(bqv Z d ]f”
k=0 H (b; + Bjk)

—H 1,p — 2 (lfal’Al)v"'(lfa%Ap)
P+l (071)7(1_b17B1)

s+ (1= bg; By)
We easily obtain recurrence relations of Wright generalized hypergeometric func-
tion ,U,.
Corollary 9. If z € C, q;(j = 1,2,---p),b;(j = 1,2,---q) € C, A;(j =
1,2,---p),B;(j =1,2,---q) be positive real numbers then there hold the following
recurrence relation

1,0 [ (a1,A41), - ,(ap—27114p—22)7(p7_1),(
PR (b, By), o, (bg—3, Be—s), (S5, -1 (

=0y | e Al
rl (bl’Bl)7." 7(bq—3,Bq_3)7(M

) 2 )
g2 —3). (52, -3) . (5. -3)
(alﬁAl)v"' a(ap—QaAp—Q) (p
+p\I/q |: (b17B1)

Z}
2 )

) _17_1 7(3_P2+2M’%)
7(bq_3’Bq_3)’ (%7 _%) ) (1;;)7 _%) ) (712+p7 %)

Corollary 10. If z € C, a;(j = 1,2,---p),b;(j = 1,2,---q) € C, A;(j =
1,2,---p),B;j(j =1,2,---q) be positive real numbers then there hold the following
recurrence relation

(alaAl)v"' (ap 17A;D 1)7(2
2u+1),¥
( o )p 4 |: (blyBl)7"' 7(bq727qu2) (4+#

=2(p+1),¥, [ (b1, Bl(ahAl)’m

1
3) (55%3)
7(ap— (

1,Ap_1), ].,].) Z:|
) (gma Ba). (F.4) . (552.3)

p—1 1
,(q2 a2 CHE 8 (

z} (30)
Corollary 11. If z € C, a;(j = 1,2,---p),b;(j = 1,2,---q) € C, A;(j =
1,2,---p),B;(j =1,2 ) be positive real numbers then there hold the following
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recurrence relation

(blaBl) . (bq 17B ) (1+C¥—ﬂ7—1)

(alaAl)v"' (ap 27 ) (57 ) (a75+ 371)
:(2M+04—1)p‘1/q[ (b1, By), -+, (b 1,B D, (1+a—ﬁ7—ﬂl) ‘Z:|
(a1, A1), -+, (ap 2, Ap-2),(B,1), (@ = B+p—1,-1)
e e | A e
v [(al,Al),-~- ap—2,Ap_2), (B+1,1), (= B+p—1,-1) H
b (blvBl)v"' ,(bq_th_l),(a—,B,—l)

0, { (a1, A1), (ap 2, Ap-2),(8,1),(1 + o — B+ p,—1) H

:
(31)

Corollary 12. If z € C, a;(j = 1,2,--
172,]9)73](]: 1323q
recurrence relation

p)vb](j = 1727' : Q) € Cv AJ(] =
) be positive real numbers then there hold the following

2 02
bi,Bi1),--, (bg—2,Bg—2),(1+2p,1), 1+ p+v+p,35)

p\pq{((al,Al)--- c(ap—2, Apa), (L4 p+2p,1), (F522, 1) H
_Aptr—1) \Pq[((al,Al)-~- (ap—2, Ap_2),(2+ pn+2p,1), (352, 3) H

2 72
(2V+M_1)p blvBl),"' (bq Q’B )(3+2P> )(1+ﬂ+y+p7%)
_ 4('”71)— v |:(a1’A1)’“. (GP*QVA )(1+M+2pﬂl)v(¥7l) Z:|
QuAp—1)""" (b1, B1), -+, (bg—2, By-
(32)

2), (34+2p,1), (u+u+p,§)

Corollary 13. If z € C, a;(j = 1,2,--
172,]7)73](]: 1323(]
recurrence relation

'p)abj(j = 1a27’ ' 'Q) € C, AJ(] =
) be positive real numbers then there hold the following

1,0 [ (01,141),"‘ (ap 1,Ap 1)
P (thl)a”' (bfl—lan—l)a(

— U |: (a17A1)a"' (ap 1,Ap 1)7 )
b (blaBl)7"' (bq 17Bq 1)7(;p;_%)
1
2

+ \Ij |: (alaA1)7"' (ap 17Ap 1)7
PR (b, By), oy (bg—1, Bg—1), (B2, —1)

z} . (33)

p),b](j = 1a27' : Q) € (C7 A](j =
) be positive real numbers then there hold the following

]

Corollary 14. If z € C, a;(j = 1,2,--
1,2,])),3](]: 1a25q
recurrence relation

(al,Al)W" (aP 1aA ) (p>2)
,Up\I’q|: (b17Bl)7"' (bq 1, Bq- ) (1_p+:u7 1)

_ (a1, Av), - (ap-1, A1), (p3) |,
=Y, |: (by,B1),- -, (bq 1, By 1), (,U 0. — 1 ]
(a1, A1), (ap 1, Ap 1), (L+ p,
—I-p‘I’q[ (b1, B1), -+, (bg—1, Bg—1), (1‘*(‘/1 Pp,) z] (34)

Corollary 15. If z € C, a;(j = 1,2,---p),b;(j = 1,2,---q) € C, A;(j =
172ap)7BJ(]:1323q

) be positive real numbers then there hold the following
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recurrence relation

(a1, A1), - (ap—1, Ap_1), (1 1)
Mp\I/q |: (blaBl)v"' 7([)(1_17 ( 7%) z
_ (a1, A1), (ap- 1, ),(2 1) .
pq/q[(bl,Bl)’... (bg—1, B ( - ’;) H
(al’Al)"" (ap 1’ )7(17 )
—-2,9, [ (b1, By), -, (bq B (17;4 %) Z:| . (35)

Corollary 16. If z € C, a;(j = 1,2,-- -p),bj(j = 1,2,---q) € C, A;(y
1,2,---p),B;(j =1,2,---q) be positive real numbers then there hold the following
recurrence relation

(CLl,Al),"' 7(0’20—27 ’(%’%)’( %)
o0 |, g B ey [
_ (al, 1)7 : >(ap—27 p—?)a (]-7 %) ; (37 %)
=0 g, g0 ) (e y [

(a1, A1), (ap—2, Ap—
— + v A 2
('u p)p a |: (b17Bl)7"' v(bq—Qan—Q)a(?) g 7%)7(2+2 p’%)
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