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EXPONENTIAL GROWTH OF SOLUTION AND ASYMPTOTIC
STABILITY RESULTS FOR HILFER FRACTIONAL WEIGHTED
P-LAPLACIAN INITIAL VALUE PROBLEM WITH
DUFFING-TYPE OSCILLATOR

NADIR BENKACI-ALI

ABSTRACT. In this paper, we give global existence and asymptotic stability
results of positive exponentially growing solutions of the initial value problem
with nonautonomous and variable coefficients Duffing type equation by using
fixed point arguments.

1. INTRODUCTION

In this paper, we consider the following initial value problem with Duffing type
equation with variable coefficients

{ —(103)3“;“’8 (6 (ha)) (£) + DE (6:u) (£) + (1) p(u (£)) + g (£) F(tu(t)) = 0, £ >0,
’ (1)

where ¢ (z) = \m|a_2 2, a > 1, p(u) = u™,m € N* is a polynomial function,
DE#%is the o—Hilfer fractional derivative of order € {a, f} and type 0 < w <1
with 0 < < a<1.

In the past two decades, there has been considerable attention devoted to the
study of solutions of the Duffing equations, see [4, 7, 9, 10, 11, 12, 14, 15], and
references therein. The Duffing oscillator is one of the prototype systems of nonlin-
ear dynamics. It first became popular for studying anharmonic oscillations and,
later, chaotic nonlinear dynamics in the wake of early studies by the engineer
Georg Duffing (1861-1944), it is a non-linear second-order differential equation
used to model certain damped and driven oscillators. The equation is given by
T+ 01 + ax + Ba® = ycos (wt) where the (unknown) function x(t) is the displace-
ment at time ¢, the first derivative z is the velocity, and the second time & derivative
is acceleration.

The equation describes the motion of a damped oscillator with a more complex
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potential than in simple harmonic motion (which corresponds to the case § = 8
= 0), in physical terms, it models, for example, an elastic pendulum whose spring’s
stiffness does not exactly obey Hooke’s law.

The Duffing equation is an example of a dynamical system that exhibits chaotic be-
havior. Moreover, the Duffing system presents in the frequency response the jump
resonance phenomenon that is a sort of frequency hysteresis behaviour, where § con-
trols the amount of damping, « controls the linear stiffness, 8 controls the amount
of non-linearity in the restoring force, « is the amplitude of the periodic driving
force and w is the angular frequency of the periodic driving force.

In most physical oscillation systems, the amplitude of excitation (force or moment)
usually varies over time, and some external and internal excitation impulses can
occur.

In [7] and [12], fractional Duffing’s equations were studied in continuous and dis-
crete cases and in the presence of both harmonic and nonharmonic external per-
turbations. In [14], the existence results for Duffing equations with a p-Laplacian
operator C.

Motivated by the cited papers, in the present article, we discuss the existence and
asymptotic stability of positive and exponentially growing solutions for the problem

(1)

Throughout the article, we assume that o € C! (RT,R") is increasing with o (0) =
0and o’ (t) #0 forallt > 0, p: Rt x R — R is a two variable polynomial function
and f:RT x Rt — R is a continuous function such that f(.,0) does not vanish
identically on any subinterval of Rt, and there exists £ € N*, \,e > 0 and r > 0
such that for all z € [0, 7]

f(.,x) > 0and sup {f(t,e"z),t >0} < Az +e (2)

h,8,m,q : Rt — R* are the measurable functions, where h and ¢ do not vanish
identically on any subinterval of R* and there exists k > 0 such that

+o0

d ~

/ h(s) < 00, 0 € Lg‘_ﬁ (R+,R+) and 7y, gk € LY (R+,R+) (3)
0 S

(a—m—1)ks

where 7, (s) = e~ n(s),de (s) = ¢ (e7%) q(s) and O (s) = e Fa=2sg (g |

and for >0

x

LY (RY,RY) = {u RY — R+,sup/ o' (s) (o (x) — o ()" u(s)ds < oo} .
z>0.J0

In this paper, we present the existence results of nontrivial positive, global and ex-

ponentially growing solution and asymptotic stability of the initial value problem

(1)

For sake of completeness let us recall some basic facts needed in this paper. Let
E be a real Banach space equipped with its norm denoted |.||. A nonempty closed
convex subset P of E is said to be a cone if PN (—P) = 0 and (tP) C P for all
t > 0. It is well known that a cone P induces a partial order in the Banach space
E. We write for all z;y:€ F; e <yify—x € P.
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The mapping L : E — F is said to be positive in P if L(P) C P, and compact
if it is continuous and L (B) is relatively compact in F for all bounded subset B of E.

Definition 1. [13] Let a € R* and o > 0. Also, let o (z) be an increasing and
positive function having a continuous derivative ¢’ (z) on (a,+00). Then the left-

sided fractional integral of a function u with respect to another function o on R*
is defined by

50w = i [ 06 @) -0 0 u(oe

«

In the case o = 0, this integral is interpreted as the identity operator Igfu = u.

Definition 2. [13] Let a € (n—1,n) with n € N, and u, o0 € C" (R*,R) two
functions such that o is increasing and o’ (t) # 0, for all ¢ € RT. The o-Hilfer
fractional derivative D77 of u of order n —1 < o < n and type 0 < w < 1is
defined by

a,w,o w(n—a),o 1 0 l-w)(n—«a),o

Let’s also recall the following important result [13]:

Theorem 1. Ifue C" (R"),n—-1<fB<a<n 0<w<landf=a+w(n—a),
then

n E—k n—k
1 0 W) (n—
Ia,a.Da,w o ( )) i 1(1 w)(n—a),o .
at at ; F g k + 1) 0/(x) 8x at U (CL)
Moreover, IB I B (u) = I e UIB 7 (u) = 127 (u) and D717 (u) = w.

Remark 1.

In this paper, we assume that o (z) is increasing and positive with ¢ (0) = 0, having
a continuous derivative o’ () on RT and o’ (z) # 0, for all x € RT. If « € (0,1),
then n =1 and

0,0 oLW,o (U(x))g_l (1-w)(1—a),0
197 DY (2) = u(z) — (1O+ u) (0).
Moreover, if u : Rt — R is continuous then

GG RIS R
Jim s (4 u) (@) =0
and so 1527 H Dy 7u (x) = u(x).

Definition 3. A positive solution w of problem (1) is said to be exponentially

growing solution, if there exists the constants ¢, cs > 0 and a positive and increas-
ing function v such that

w(z) > ¢y exp(v (z)) for all > co.

For k € N* given in (3), let E be a real Banach space defined as

E= {u € C(RY,R): lim e *u(t) < +oo}

|t] =00
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equipped with the norm ||-||, where for u € E, ||ul| = sup;cp+ (e7* |u(t)]),
K={uecE:u(t)>0foralteR"}
be the cone of E.

Definition 4. Positive solutions of ivp (1) are locally attractive in K if there
exits a nonempty bounded convex and open subset 2 of E such that, for any solu-
tions u,v € K NQ of ivp (1), we can write

lim e~ % (u(z) — v(z)) = 0. (4)

r——+o0

If limit (4) is uniform with respect to K N €2, then the solutions of ivp (1) are said
to be locally asymptotically stable. Moreover, if (4) is verified for all solutions u, v,
(1) is said to be asymptotically stable.

Lemma 2. [3] A non empty subset M of E is relatively compact if the follow-
ing conditions hold :

(1) M is bounded in E,
(2) The set {e‘ktu,u € M} is locally equicontinuous on [0, 4+00), and
(3) The set {e_ktu, u € M} is equiconvergent, that is, for any given ¢ > 0, there
exists A > 0 such that ‘e’“u(x) - lir}rl e Mau(y)| < e, for any z > A,
y—r—+00
u € M.

In what follows, we use of the following Schauder Fixed-Point Theorem [6] :

Theorem 3. Let E be a Banach space, let C be a nonempty bounded convex
and closed subset of E, and let T : C' — C be a compact and continuous map.
Then T has at least one fixed point in C.

2. EXISTENCE AND ASYMPTOTIC STABILITY

We consider the operator T : E — C! (RT) defined by

zm@>Ama5w(§1@%&w+f$%nmw+qfcm»)Mﬁ.
Set
T s (5 () 1 (e (v ) ),

where 7, (s) = e F@=m=Dsp (5) G (s) = ¢ (e‘ks) q(s) and Sk (s) = e k=235 (5),
for s > 0.
Hypothesis (3) gives that that A, < oco.

Lemma 4. u € C'(R") is solution of ivp (1) if and only if v is fixed point of
T (i.e Tu=u).

Proof. Let u € E be a fixed point of T, then v € C* (RT), u(0) = 0 and
b (hat) (1) = ISP (ar) + 128 (0:p(0) + 0. 0) (1)
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then it follows from Theorem (1) that

Dgi*7¢ (haa') (8) = Dy Ig7" (8.) (8) + m-p(u) + q.f (-, w) (¢) ()

The boundeness of the function ¢ — § (¢) .u (¢) gives that

lim (Iéi‘“”l‘”” (5.u)> () =0

t—0t

and so

€1
w,o —pP,0 sW,o —pP,0 i w,0o o\ —w —x),0
DI (Su) = DI’ <I§+ D (5.u)+((r()£))(féi S (5-U)) (0)>

D 1570 (107 D37 (6)) = D= 1557 (DY (o))
= DI ()

then equation (5) means that u is solution of ivp (1).
Conversely, it is easily to show, by a direct calculation, that the solution w of the
ivp (1) satisfies the equation u = Tw. This completes the proof. O

Lemma 5. Assume that Hypothesis (2) and (3) hold true.
Then the operator T : K N B (0,r) — K is compact, where r is the constant given
in (2).

Proof. Let M, =T (1), where Q, = KN B(0,r).
It’s clear that the continuity of the functions f and p and the hypothesis (3) make
the operator T : 2, — E continuous.
Now, we show that M, is relatively compact.
In first, we show that the set M, = T (€,) is a subset of.E. For u € Q,, with

o) = (e

e Tun) = et [ oo (15707 00+ 15 () + 0.0 (0

* eikt a—fB,0 a,o
< [ e (1 G+ I (e + ) (0
Hypothesis (2) leads
—kx * L a—B,0 (¢ ~ Q.0 (= [~ \M .~ -«
e Tu(:r) < P IO+ O Uy | + IO+ [(T)k (uk) A Adpur + Eqk)] (t)dt
o h(t)
this is for all x > 0, where iy, (s) = e **u(s) € [0,7]. Then

+o00
ITull <o () A / %

proving the boundeness of M,..
Let by <t <ty < by, by, by € RT and set w(t) = e~ *. For all u € Q, we have

[w(ta)Tu (t2) —w(t)Tu(t1)] < wtz)|Tu(te) — Tu(t1)]
FTu (1) [w(tz) —w(ty)]
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with

w(te) |[Tu(ta) — Tu(t1)] = w(tz) /t 2 %d) (Igfﬁ,a (0.u) + 1577 (n.p(u) + q.f(,7u))> (t)dt
< /tlz %ﬂ) (I(()lrﬁﬂ (5%) + 1527 (- ()™ + Ay, + eqk)]) (t)dt
< w(mAr./t 2 %

Because that w and =z — fO‘T % are uniformly continuous on compact inter-

vals, the above estimates prove that {e’ktu, u € MT} is locally equicontinuous on
[0, +00).

Now, let u € Q,., z € R*. For y > z

e T (u) () — e T (u) (y)]

IN

e |Tu () — Tu(y)|

+Tu (x) ’e‘km — e_k'y’

Yodt
wr)Ar./m i
+OO£

+ (1) Ar./0 Gk |e*’” —e Y

IN

then

+o0
M) (@) — i 6”“’T(u)(y)' < vma- [

y—r—+oo

. T dt
“+e 'l/) (7’) Af,n. \/0 W

with

: e dt : —kx
lim —— = lim e =0,
z—+oo [ h(t) T— 400
S0, the equiconvergence of {e‘ktu, u € MT} holds. By Lemma (2), we deduce that
M, is relatively compact.
Finally, we have from hypothesis (2) and (3) that for u € Q, the functions q.f(.,u),7.p(u)
and d.u are positive, and so T (K N B (0,7)) C K.

Proving our claim. O
kx

Set H (r) = sryima=sy ¥ (fj o' (t) (o (z) — o (1)) P75 (1) ektdt) :

Theorem 6. Assume that Hypothesis (2) and (3) hold true.
If

-1

then ivp (1) admits at least one positive solution growing exponentially.
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Proof. Let uc KN B(0,r), forz >0

R Tun) = et [ (15 )+ I () + () (Ot

(
< /0 ' %w (16727 (B:ie) + 1537 Lo (@)™ + Adiie + edie)]) (2)al

oo at
w(r)AT./O 0] <r

IN

then
[Tull < [lul .

We have that the compact operator T" maps the closed bounded convex set K N
B (0,r) into itself. So, Schauder’s fixed point theorem guarantees existence of a
fixed point u of T, which is a positive solution of ivp (1). Moreover, u is nontrivial
since f(.,0) does not vanish identically on any subinterval of R¥.

Now, we have to prove that the solution u grows exponentially at co. We dis-

tinguish two cases:

Case 1. liril e *y(xr) > 0. As u > 0 on (0,00), then there exists w,L > 0
xr—r+00

such that for all z > w, u(z) > L.ek*.

Case 2. 11141_1 e k*u(xr) = 0. Then there exists A > 0 such that the function
T—r+00

e %y (z) is nonincreasing on [A, +00) and such that for > A,u(z) > 1. Then

L

W) = () (@) = e (155 6 £ 1 () .4 w)) (@)

Z ﬁw (15777 (50)) ()
1 T O'/ ol(x) — o a—fB-1 u
Z W@ T - (/A () (o (@) = @)1 a () <t)dt)
where
_ @_km x 0'/ ol(x) —o a—B-1 ekt
H(z) = h(z)y (T (a — 5))¢ (/A (t) (o (x) — o (1)) §(t) dt)

It follows that there exists ¢ > 0 such that for all x > A,

w(z) > cexp (/:H(t)dt)

which means that v is an exponentially growing solution. [J
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Now, we consider the following hypothesis

There exists # > k and a function p : Rt — R, such that for all ¢ > 0, if z,y € [0,r] then
q (t) (f(t,e"a) — f(t,ey)) < p(t) +n(t). (*y)" and

2—a 2—a
i eh [ (N, ()@ =1 (1577 (200r) 4+ 15 Ger™) ) + (My ()@ = LI (o) (8)| () =0,
(t) ( )((73
. . . N, (t) if I%7 (p)(t) >0
here r is the constant given in hypothesis (2) and M. (t) = " L —
v given in hypothesis (2) ®) {w) if 197 (p) (1) < 0
with
Igfﬁ’g <5k.r) () + 1527 (er™ + (Ar4€).q) (1), if1<a<2
N (1) Lfta’ (s) (o (t) —0o(s))q(s)ds if a>2
I'(—p) "0
ehe (5k.r> (6) + 157 (™ + \r + € .q) (), if  a>2
L, (t) = € t

T(a—73) 00 (8)(a(t)—0a(s))q(s)ds ifl<a<2.

and 0y (z) = €6 () and 7 (s) = eF™n (s).
Theorem 7. Assume that Hypothesis (2), (3) and (7) hold true.
a—2

— —1
IfA, <ra—1 ( 0+°° %) , then the positive solutions of problem (1) are locally
asymptotically stable.

Proof. We have from theorem (6) that 7" admits a fixed point in K N B (0,r),
which is a solution of ivp (1) in B (0,7).

Now, we show that the solutions are locally asymptotically stable. We assume
that u,v € K N B(0,r) are solutions of ivp (1). For x > 0, we have

lu(z) —v(z)| = [Tu(z) — To(z)| =

1
/0 i 0 (Bu) = 0 (B0) (O

where
Bu(t) = 157° (5.0) + 357 (0. ()™ + .f (1))
Then there exists x € [min (Bu, Bv), max (Bu, Bv)] such that for all z > 0

1

(w-v)@) = / % () a1 (18757 (6. (u— ) + 135 (. (0 () —p () (1) |

1

v | O T @ = o) @)
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For w € {u,v} and for ¢ € [0, z]

Bw(t) = I5777 (0w) + 1537 (n. (w)™ + q.f (t,w))
< P (5kw) + 1957 (i (0)™ + Mg + ge)
< P (gk.r> + 1957 (- ()™ + g (A +€))
and
Bw(t) > I (¢-f (t,w))

1 t ,
W/@ o' () (o (t) — o (s))q(s).eds,

where 7y, (s) = e¥™n) (s) , 0y, (s) = €40 (s) and @ (s) = e Fw (s) € [0, 7].
From the inequality of hypothesis (7) we obtain for z0

@) < g [ | e ET (15 G o) + 17 () (0|

a—1 (t)
1 1 ! -1
v [ | B T B = 1) - ™) 0] d
2—a
< a—il/o ﬁ (N ()@ =1 (577 (Gl = 0} + I527 (™) ) (1)
. : 2—a
el o LA S PIOIE
1 e 2-a
< m/@ W(Nr (t)ya—1 [Ig“jﬁ*" (25kr>+lg‘f (™) | (£)dt
2—a

vt [ O ) 0

and from (7) we conclude that lim, o, e % |u —v| (z) = 0. O

Remark 2.
Assume that (2) and (3) hold true and the hypothesis (6) and (7) are satisfied for
all 7 > 0 then ivp (1) is asymptotically stable.
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