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SOME NEW NOTES ON THE BICOMPLEX SEQUENCE SPACES
I, (BC)

N. DEGIRMEN, B. SAGIR

ABSTRACT. In this study, relationships among different bicomplex sequence
spaces [ (BC) are examined. Also, using the property of completeness, it is
obtained that the spaces [, (BC) are Banach BC—module for 1 < p < co and
the spaces [, (BC) are p—Banach BC—module for 0 < p < 1. Moreover, some
topological properties of bicomplex sequence spaces such as solidity, seperabil-
ity etc. are properly investigated. Our proofs and results obtained are well
involved and significant.

1. INTRODUCTION

In 1892 Segre [1I] had introduced the concept of bicomplex numbers. The main
contribution in bicomplex analysis was the pioneering works of Price [2] and Alpay
et al. [3]. Price [2] introduced the multicomplex spaces and functions. Functional
analysis in BC, a substantially new subject, is not only relevant from a mathematical
point of view, but also has significant applications in physics and engineering. Alpay
et al. [3] developed a general theory of functional analysis with bicomplex scalars.

Sequence spaces play a central role in many areas of mathematics. The most
popular sequence spaces are the spaces [, which consist of absolutely p—summable
complex sequences having a lot of useful applications. Since they also have rich
topological and geometric properties, researchers are motivated to use them to
obtain new results in different sequence spaces. Recent works noted in [4], [5 [6] [7]
8, [9], 10l 11 121 13} [14) 15, [16] are some examples on topological properties of some
sequence spaces.

Sager and Sagir [I7] introduced bicomplex sequence spaces with Euclidean norm
in the set of bicomplex numbers and in [I8] established the quasi-Banach algebra
BC (N) by defining non-Newtonian bicomplex numbers as a generalization of both
bicomplex numbers and non-Newtonian complex numbers. Also they examined
the validity of non-Newtonian bicomplex version of the well-known Holder’s and
Minkowski’s inequalities for sums.
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Following the same line, our aim in this study is to extend inclusion relations
and topological properties in the spaces [, to bicomplex sequence spaces I, (BC).
Since I, C I, (BC) our results are more general.

2. PRELIMINARIES

This section deals with some necessary definitions and results which are used in
this research.

Definition 1. [2] Let i and j be independent imaginary units such that i*> = j* =
—1, 1§ = ji and C (i) be the set of complex numbers with the imaginary unit i. The
set of bicomplex numbers BC is defined by BC = {z = 21 + jzo : 21,20 € C(4)}.

Theorem 1. [2] The set BC forms a Banach space and a ring with respect to the
addition, scalar multiplication and norm for all z = z1 + jzo,w = wy + jws € BC
and for all A € R defined by

Zt+w = (211 +jZ2)+(w1 +jw2):(zl +w1)—|—j(z2+w2),

zxw = zw= (214 jz2) (w1 + jws) = (zrw1 — 22w2) + j (z1w2 + 20w1) ,
Az = Az=A(z1+j22) = Az + jAza,
Il @ BC—R,z— |zl = /]z1]® + |22)*

Remark 1. [2] The numbers e; = H'T” and ey = I_T” form idempotent basis of
bicomplex numbers and hence any bicomplex number z = z1+jzo is uniquely written
as z = Pre1 + Paea where S = 21 — ize, Ba = 21 + izo € C(i). This formula is
called the idempotent representation of z.

Definition 2. [I9] Let X be a linear space over the field F = R or F = C,
0<p<1andlll||:X — R be a mapping such that the following properties
hold:

(1) ||z]|| >0 for all x € X.

(i) If |||z]|| = 0, then x = 0.

(iii) |||ux||| = |ul” . l|z|l]| for all x € X and for all u € F.

(iv) Iz + 11l < Nzl + Iyl for all 2,y € X.

Then, we say that |||.||| is a p—norm on X and X is a p—normed space with the
p—norm |||.[[|-

If a p—normed space is complete, then it is said to be a p—Banach space [13].

Definition 3. [2I] Let X be a topological space. Then we say that X is seperable
if and only if there is a countable subset of X which is dense in X.

Definition 4. [I7]

loo (BC) : = {s = (sx) € w (BC) : sup [|sk|lpc < oo},
keN

l,(BC) : = {s = (s;) € w(BC) : Z llskllae < oo} for 0 <p < o0,
k=1

where w (BC) denotes the spaces of all bicomplex sequences.
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Theorem 2. [I7] I (BC) is a Banach space with the norm |||, ) characterized
by
||5||loo(]BC) = sup [|s[pc
keN
for all s = (si) € los (BC).

Theorem 3. [I7] The space I, (BC) is a Banach space for 1 < p < oo with the
norm |||, e defined by

o0 »
||3||zp(macc:) = (Z ||5k||ﬁ<c>
k=1

for all s = (si) € I, (BC), and the space [, (BC) is a p—Banach space for 0 < p < 1
with the p—norm [|[.[[, ¢, defined by

sy, ey = D lskllge
k=1
for all s = (s) €1, (BC).

3. MAIN RESULTS

This section deals with the inclusion relations of the spaces lo (BC) and I, (BC)
for 0 < p < co. Also it is shown that I, (BC) are Banach BC—module with its norm
and certain topological properties are examined here.

Theorem 4. For 0 < p < g < oo, we have the inclusion I, (BC) C [, (BC). Also,
this inclusion strictly holds, where 1 < p < q < 0.

Proof. It is obvious that for 0 < p < ¢ < oo the inclusion [, (BC) C [, (BC)
holds. Let ¢ = ((») € I, (BC) . This implies that there exists a ng (¢) € N such that

l¢nllge < 1 for all n > ng. Then we can write ||, [|fc” < 1 for all n > ng. Therefore,

if we take M = maX{HCle NGNEE” s 1no i’ 1} , we obtain that

Z 1<nllec = Z IGallge ISnllfe” < MY lIullpe < oo

n=1 n=1

and hence Z |¢nllfe < co which means that ¢ = (¢,) € I, (BC).

=1
We now Want to indicate that the 1nclu510n is strict for 1 < p < g < co. Set the
sequence ¢ = ({,) characterized by ¢, = j— for all n € N where j is a bicomplex

||<n||ﬂ%c=§jl<\f> Zlnj

and % > 1, the series Y [|(nl|fe converges. This implies that ¢ = (¢,) € I, (BC).
n=1

o0 o0 p o0
Sl =3 (wi) 3!
n=1 n=1 ne nzln

number. Then, since

£ 10

Besides, since
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o0 &)
and Y 1 is divergent, the series Y ||(, |z doesn’t converge, and so ( = (¢n) ¢
=1

n=1 n=
I, (BC). Thus, the sequence ( = ({,) is in [, (BC), but not in I, (BC). So, we
conclude that [, (BC) C I, (BC) is a strict inclusion for 1 < p < ¢ < oo. O

Theorem 5. For 0 < p < 0o, we have the inclusion I, (BC) C lo (BC). Also, this
inclusion strictly holds, where 1 < p < 00.

o0
Proof. Let ¢ = ((n) € I (BC). Then, we have Y ||¢a|lze < 0o and so, this implies
1

that there exists a ng(¢) € N such that |[(n]lge < 1 for all n > ng. If we take
M = max {||C1|lge s G2 llpe s s [|[Cno llpe » 1} we obtain that sup {||¢,|lge : m € N} <
M < oo which means that ¢ = ((,,) € lo (BC).

Now we have to verify the strictness of the inclusion for 1 < p < co. Set the
sequence ¢ = ((,) characterized by ¢, = j— for all n € N. Then, since

1
npP

1
:neN}:sup{l:neN}gl
BC ne

we have ( = (¢,) € ls (BC). Furthermore, since Y [|(,]/5e = 21% and

n=1

1
J—T

ne

sup {[Gu e : . € N} = sup {\

i
3=

is divergent, > [|¢, ||k doesn’t converge, and so ¢ = (¢,) ¢ I, (BC). From this,
=1

¢ €l (BC) \l;(IB%C) for 1 < p < co. This completes the proof.
Firstly, we state that the set w (BC) defined by {¢ = () : ¥n € N, ¢, € BC} is
a BC—module. O

Theorem 6. The set w (BC) forms a BC—module with the operations addition and
bicomplex scalar multiplication as follows:

+ : w(BC) xw(BC) = w(BC), (s,t) = s+t=_(sp+1n)
BC x w(BC) — w (BC), (A, 8) = A-s=As=(Asp)

for all s = (sp), t = (t,) € w(BC) and for all A € BC.

Proof. The proof of this theorem is direct applications of definitions. (]

Definition 5. Let A be a normed algebra over F, and let M be a p—normed space
over F. M is called a p—normed left (right) A—module if M is a left (right)
A—module and there is a positive contant K such that ||lam|| < K |a||”|||m]||
(llmall| < K |[|m|||||al|”) for all a € A and for allm € M. A p—normed A—module
is both a p—normed left A—module and a p—normed right A—module. A p—normed
left (right) A—module is called a p—Banach left (right) A—module if it is complete
as a p—normed space. A p—Banach A—module is both a p— Banach left A—module
and a p— Banach right A—module.

Now, we obtain that l» (BC) is a Banach BC—module with the norm [.[|; ¢
I, (BC) is a p—Banach BC—module by defining as above with the p—norm [[|.[[[, )
for 0 < p < 1 and [, (BC) is Banach BC—module with the norm .||, ) for
1<p<oo.

Theorem 7. I, (BC) is a BC—submodule of w (BC).
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Proof. Tt has been showed that I, (BC) is a subspace of w (BC) in [I7]. Also, we
get

sup {Nsullac i n €N} < sup {V2 s lsullac in €N} (3.1)
= V2Nl 5up {llsullsc : n € N}
< o0

for all A € BC and for all s € I (BC) and so, As € I (BC). That is to say that
loo (BC) is a BC—submodule of w (BC). O

Theorem 8. I (BC) is a Banach BC—module with the norm |.[|;__ )

Proof. From inequality (3.1) we write [[As; ey < V2| Allge Isll;. gy for all A €
BC and for all s € [ (BC). Thus, I (BC) is a normed BC—module. Also, we
know that lo; (BC) is a Banach space with the norm [|.||;, (gc). Therefore, I (BC)
is a Banach BC—module with the norm ||.[|;_ pc)- O

Theorem 9. For 0 < p < o0, I, (BC) is a BC—submodule of w (BC).

Proof. It has been showed that [, (BC) is a subspace of w (BC) for 0 < p < oo in
[17]. Also, we obtain that for all s,t € [, (BC) and for all A € BC — {0}

S sklie < 30 (V) I sl (3.2)
k=1

k=1

P o0
(V)" 1AlBe D llselihe < o0

k=1

holds for 0 < p < 1 and

1

(Z uskngc) < (Z (v2) 1Al ||sk||§c> (3.3)
k=1

k=1

V2 | Allge (Z Skllm> p

k=1

holds for 1 < p < co. That means As € [, (BC). That is to say that I, (BC) for
0 < p < o0 is a BC—submodule of w (BC). O

Theorem 10. For0 < p < 1, I, (BC) is a p—Banach BC—module with the p—norm
-1, eey-
P

Proof. From inequality (3.2) we write |[[As][|; pc) < (\/E)p [BY lIslll;, gy for all
A € BC and for all s € [, (BC). Thus, I, (BC) is a p—normed BC—module. Also,
we know that [, (BC) is a p—Banach space with the p—norm ||].| ||lp(m). Therefore,
I, (BC) is a p—Banach BC—module with the p—norm |||.| HIP(B(C). O

Theorem 11. For 1 < p < oo, 1, (BC) is a Banach BC—module with the norm
I, -
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Proof. From inequality (3.3) we write H)\s||lp(m) < V2Nl HsHlp(m) for all A €
BC and for all s € I, (BC). Thus, {, (BC) is a normed BC—module. Also, we know
that [, (BC) is a Banach space with the norm ||.[[, ). Therefore, I, (BC) is a

Banach BC—module with the norm [|.[|; pc- O

The following results are devoted to topological properties of bicomplex sequence
spaces [, (BC) for 0 < p < o0.

Definition 6. Let X be a bicomplex sequence space and

~

X :={(up) € w(BC) : I(xp) € X such that |[un|gc < ||Tnl|lge for alln € N} .

Then, X is said to be bicomplex solid (normal) if and only zf;( Cc X.
Definition 7. Let X be a bicomplex sequence space,

A:={z=(z,) cwBC):VneN, z, € {0,1}}
and My := spA. Then, X is called bicompler monotone if and only if My X C X.

Definition 8. If X is a Banach bicomplex sequence space and Cl(n) = (n— 00)
for all 1 € N whenever (") — ¢ (n = 00), X is called a bicomplex BK —space.

Definition 9. Let X be a bicomplex sequence space and 7 denote the set of all
permutations of N, that is, injective and surjective maps of N. Then, X is called
bicomplex symmetric if , = (x5,) € X whenever x € X and o € 7.

Theorem 12. [, (BC) is a bicomplex solid space.
Proof. Let

~

(8n) € loo (BC) := {(un) € w(BC) : I(zp) € loc (BC), |lunllpge < |Tnllpe, Vn € N} .

Then, there is a sequence (t,,) € lo (BC) such that [|s, |z < [|tn||pc for all n € N.
Therefore, sup {||t,||gc : 7 € N} < oo and so, sup {||s,||gc : 7 € N} < oo. This

implies that (s,) € loo (BC). Then, we have the inclusion Il (BC) C I (BC)
which means that [, (BC) is bicomplex solid. O

Theorem 13. [, (BC) is a bicomplex monotone space.

Proof. Let ((n) € Moylso (BC). Then, there exist (s,) € My and (t,) € Il (BC)
such that (¢,) = (sptn). Therefore, {s, : n € N} is finite and so, we have

sup {||sn|lgc : 7 € N} < oo.

Then, since

IN

sup { V2 lsulsc tnllac 7 € N}

V2sup {lsullsc : n € N} sup {[tnllsc : n € N},

we write sup {||sntn||gc : 7 € N} < oo. This shows that ((,) € lo (BC). The proof
is completed. [

sup {|[sntn||pc : m € N}

Theorem 14. [, (BC) is a bicomplex BK —space.



72 N. DEGIRMEN, B. SAGIR JFCA-2022/13(2)

Proof. Let (((™) € lo (BC) such that ¢(™) — ¢ as n — oco. Then, for every ¢ > 0

there is a ng (¢) € N such that ||C(") < ¢ for all n > ng (g). Therefore,

_Csz(Bc)
we have sup {Hcl(n) — QHB«: RS N} < e for all n > ng (g). So, for any fixed | € N

and for all n > ng () we can write H(:l(n) — QHBC < &. This implies that (Cln))

converges to the bicomplex number (;. Thus, the coordinates are continuous on
loo (BC). This completes the proof. O

Theorem 15. [, (BC) is a bicomplex symmetric space.

Proof. Let (sp) € loo (BC) and ¢ € w. Then, since ¢ : N — N is an injec-
tive and surjective function, we have {HS”(”)HIB%C :n €N} = {|lsnllge : n € N}.

(n) ||]B§(C :n € N} = sup{||sn|lzc : » € N} holds. Since
sup {||sn|lgc : m € N} < 00, we get sup {HSO’(”)HBC ‘n € N} < 00. This means that
(S(n)) € los (BC). The proof is completed. O

Then, the equality sup {Hsg

Theorem 16. [, (BC) is not a seperable space.

Proof. Let E = {s = (s,) € w(BC) : s, € {0,5}, Vn € N}. It is not to hard show
that F is not countable. So, we omit the details.
Let s = (sn), t = (t,) € F and s # t. Then,

di(ec) (5,t) = sup {[[sn — tnllgc : n € N} = 1.
Consider the open balls B (s, %) for s € E. Since

1 1
B <S7 2) = {t €ly (BC) : dloo(]BS(C) (s,t) < 2}

= {t€lx(BC):d_ (e (s,t) =0}
= {5}7

we have gEB (s, %) = F and B (s, %) NnB (t, %) = @. Hence, E can be written

xr
uncountably infinite union of distinct open balls.

Now, let Y be any dense subset of I, (BC), that is, Y = I, (BC). Then, for all
s € E, we can write B (57 %) NY # @. Since B (s7 %) = {s}, we have s € Y and
hence, E C Y. Since E is not countable, Y is not countable. Thus, no dense set
of the space I (BC) can be countable. This proves that I, (BC) is not seperable.
The proof is completed. (Il

Theorem 17. [, (BC) is a bicomplex solid space for 0 < p < oo.

Proof. Let (s,) € l, (BC)Then, there exists a sequence (t,) € [, (BC) such that
lsnllge < lltnllge for all n € N. So, we can write ||s, |5 < ||tn|l5e for all n € N.

o0
Therefore, since the series Y ||t,||5¢ is convergent, the comparison test implies

n=1

[ee]
that the series Y. [|sp||zc is comvergent. Then, we obtain that (s,) € I, (BC).
n=1

Therefore, we have the inclusion [, (BC) C [, (BC) which means that I, (BC) is
bicomplex solid. O

Theorem 18. [, (BC) is a bicomplex monotone space for 0 < p < oco.
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Proof. Let (¢,,) € Myl, (BC). Then, there exist (s,,) € My and (t,) € I, (BC) such
that (¢,) = (sptn). Therefore, {s, : n € N} is finite and so, sup {|[|s, ||z : 7 € N} <
oo and sup {||s,|[hc : » € N} < 0o. Then, since

p p
Isntallic < (V2) sl Itallie < (V2) sup{llsnllBe : m € N} tal5e

[ee]
it is said that the series > ||s,tn||c is convergent. Thus, we conclude that (¢,) €
1

I, (BC). The proof is comg)leted.

Theorem 19. [, (BC) is a bicomplex BK —space for 1 < p < oo.

Proof. Let (g<">) € I, (BC) such that ¢(™ — ¢ as n — oco. Then, for every ¢ > 0

there is a ng (¢) € N such that |[¢(™) — CHl @c) <€ for all n > ng (g). Therefore,

oo P 5
we have (Z H(jl(n) - QHBC> " <eforalln > ng (€). Thus, for any fixed | € N
=1

p
and for all n > ng (¢) we can write Hg"l(n) — QHRC < &P and Hg“l(n) — ClHBC < e. This

implies that (Cl(”)) converges to the bicomplex number (;. Thus, the coordinates

are continuous on I, (BC) for 1 < p < co. This completes the proof. O

Theorem 20. [, (BC) is a bicomplex symmetric space for 0 < p < oo.

Proof. Let (s,) € l,(BC) and ¢ € w. Then, since ¢ : N — N is a injective
and surjective function, we have {||sy(n)||ze : 7 € N} = {[lsnllgc : » € N} and so

{Hsg(n)ch :n € N} = {|[sp|lic : » € N} hold. So, we can write ngl Hsg(n)HgC =

o0 [ee] [ee]
> lIsnllhe- Since Y- ||y ||k converges, we conclude that > HS‘T(")H;C converges.
n=1 n=1 n=1

That means (So(n)) € lp (BC). The proof is completed. O

Theorem 21. [, (BC) is a seperable space for 2 < p < oo.
Proof. Let S={2€C:z=a+1ib, a,b € Q} and
Y ={(€l,(BC): (= () =(C1,C2,-,Gn,0,0,...), G = arer +biea, a;, by € S}.

where We claim that Y = [, (BC) for 2 < p < oco.
Define the mapping

for 8% S%x..x8%>Y,
(alablaGQaan"'aan?bn)
- f (al,bl,ag,bg, ...,an,bn) = (0,161 + bies, asey + boeo, ..., aner + byes, 0,0, ) .
It is clear that the mapping f is bijective. Then, the sets S? x S? x ... x S? and Y’

are equivalent. Also, since S is countable, we have that S?” = 52 x §2 x ... x §? is
countable. This shows that Y is a counta?ge set.

Now, let ¢ = ((n) € I, (BC). Then, > ||¢allhe converges and so, R, — 0 as

n=1

o0
n — oo where R, = Y ||(||hc- Thus, for every € > 0 there exists a ng (¢) € N
l=n-+1
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such that

[Rn = Ollpc = Z 1GllEc = Z lazer + biea[ge < a5
l=n+1 l=n+1

for all n > ng (¢). B

Furthermore, since a;,b; € C = S for each [ € {1,2,...,n}, we can write for
every € > 0, B(a;,e) NS # @ and B (b;,e) NS # &. This implies that there exist
¢, d; € S such that ¢; € B(aj,¢) and d; € B (b, ¢) for every € > 0. Therefore,
la; — ¢ < 7o and |by — dj| < o for every € > 0. Thus, we get

S S (o) -5
a—c|” < = — = =
< =\ Y2ng o 2

= =1

and
no
Ep
Z ‘bl — dl|p < —.
=1 2

Also, for ¢ = (c1e1 + diea, caeq + daea, ..., cnge1 + dpye2,0,0,...) €Y, we have

IC=2I @ey = D 16— nllbe
n=1

no o]

= Dl —wallie + D lIGn — nllic
n=1 n=nop+1
no oo

= D =l + D lénlhe
n=1 n=ng+1

no
= Z ¢ — 'l/’nnﬁc + Ry,
n=1
no
= Z H(anel + bn62) - (Cnel + anQ)HﬁC + Rng
n=1

no
= Z H(a'n - cn) er + (bn - dn) 62”%@ + Rno
n=1

no p

1 2 2)
= —\/|an —cn|” + |bp — dn + R,
> (g lon—ealt + I~ ] :

n=1
no 1 5

< 2°2 (lap, — cpl? + by — dp|P) + R,
;(ﬁ)p ( 7+ ") + R,
1

= §Z(|an*cn|p+‘bn*dn|p)+Rno
n=1
1 1

_ = T g p

= 2;\%1 Cn —|—2nz::1\bn dn|” + Ry,

< 1eP  1eP  gP

22 2273
= Ep
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and so, [|¢ — 1/1||ZP(BC) < ¢ . Then, Y is dense countable subset of {, (BC). Thus,
I, (BC) is seperable for 2 < p < co. The proof is completed. |

4. CONCLUSION

Bicomplex sequence spaces [, (BC) are the generalization of real and complex
sequence spaces [, were studied by many authors. Then, it has been investigated
whether inclusion relations and some topological properties in the spaces [, are
provided in the spaces I, (BC). Also, based on the completeness property of the
spaces [, (BC) proved in [I7], it has been examined whether the spaces I, (BC)
satisfy the conditions for being a Banach BC—module. Results are explained by
using some illustrative examples. Some crucial properties of the spaces considered
in this work may attract further study on other aspects of such spaces.
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