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Q-SHIFT DIFFERENCE-DIFFERENTIAL POLYNOMIALS OF
MEROMORPHIC FUNCTIONS SHARING A SMALL FUNCTION

HARINA P. WAGHAMORE, MANJUNATH B. E.

ABSTRACT. In this paper, we deal with the uniqueness problem of g-shift
difference-differential polynomials F' = (P(f) ?:1 (f(gjz +¢;)%))* and G =
(P(g) ?:1 (g(gjz + ¢j)¥7))* where P(z) is a polynomial with constant coef-
ficients of degree n sharing small function. The results of this paper are an
extension of the previous theorems given by N. V. Thin[7].

1. INTRODUCTION AND MAIN RESULTS

In what follows by a meromorphic function we mean that the function has poles
as its singularities only in the complex plane C, we assume that the reader is
familier with standard notations such as T'(r, f), m(r, f), N(r, f)([4], [10], [9]) and
S(r, f) denotes any quantity that satisfies the condition S(r, f) = o(T'(r, f)) as
r — oo outside of a possible exceptional set of finite linear measure. A meromorphic
function a(z)(£ 0,00) de?ned in C is called a small function with respect to f if
T(r,a(z)) = S(r, f). Let f and g be two non-constant meromorphic functions in
the complex plane C. We say that f, g share a counted multiplicities (CM) if
f — a, g — a have the same zeros with the same multiplicities and we say that
f, g share a ignoring multiplicities (IM) if we do not consider the multiplicities,
where a is a small function of f and g. Let a be a finite complex number, and k a
positive integer. We denote by N (7, a, f) the counting function for zeros of f —a
with multiplicities atleast k, and by N(k (r,a, f) the one for which multiplicity is
not counted. Similarly, we denote by Ny (r,a, f) the counting function for zeros of
J—a with multiplicities atmost k, and by Ny (7, a, f) the one for which multiplicity
is not counted. Then

N(k (Taaaf) :N(l (Taavf) +N(2 (r7a’7f) + . +N(k (Tvaaf) .
We denote and define order of f(z) by

. logT (r,
o(f) = lzm,._,oosupw
ogr
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If a non-constant meromorphic function f(z) is of zero order, then p(f) = 0.
In 2015, Zhao and Zhang[12] proved the following results.

Theorem A. [12] Let f(z) and g(z) be transcendental entire functions of zero
order and let n, k be positive integers. If n > 2k + 5, then (f*f(qz + ¢))*® and
(9"g(qz 4 ¢))*) share z or 1 CM, then f = tg for a constant t with t"+' = 1.

Theorem B. [12] Let f(z) and g(z) be transcendental entire functions of zero
order and let n, k be positive integers. If n > 5k + 11, then (f"f(qz + ¢))*® and
(9"9(qz 4 ¢))*) share z or 1 IM, then f = tg for a constant t with t"+1 = 1.

In 2017, Thin[7] proved the following theorems for meromorphic functions.

Theorem C. [7] Let f(z) and g(z) be transcendental meromorphic (resp. en-
tire) functions of zero order, q and ¢ be a complex constants, ¢ # 0, k be a
positive integer, a(z) Z 0 be a meromorphic (resp. entire) small function and let
P(z) = 2" +an_12""1...+a1z+ag be a nonconstant polynomial with constant co-
efficients ag, a1, .., an—1,a,(# 0) and m be the number of the distinct zeros of P(z).
Ifn > 2m(K +1) + 2k +6(resp. n > 2m(k+1)+4) and (P(f(2))f(qz +¢))® and
(P(g(2))g(qz+¢))*) share a(z), oo - CM, then one of the following two results holds:

(1) f(z) = tg(z) for a constant t such that t* = 1, where d = LCM()\;, j =
0,1,2,..,n) denotes the lowest common multiple of \;j(j =0,1,2,..,n), and

A — ] +1 Zf a; 7& 0,
T In+1 if a; =0,
(2) f(2) and g(2) satisfy the algebraic equation R(f(z),g(z)) =0, where
R(w1,we) = P(wy)wy(qz + ¢) — P(wa)ws(qz + ¢).

Theorem D. [7] Let f(z) and g(z) be transcendental meromorphic functions of zero
order, q and ¢ be a complex constants, ¢ # 0, k be a positive integer, a(z) Z 0 be a
meromorphic (resp. entire) small function and let P(z) = a2 a,_12"" . Faiz+
ag be a nonconstant polynomial with constant coefficients ag,ay, .., an—1,an(# 0)
and m be the distinct zeros of P(z). If n > 2m(K +2) +3m(k + 1) + 8k + 21 and
(P(f(2)f(qgz + )™ and (P(g(2))g(qz + ¢))*) share a(z) - IM, then one of the
following two results holds:

(1) (P()) (@ + )P (Plg)glaz + ) = a?,
(2) f(z) = tg(2) for a constant t such that t* = 1, where d = LOM();, j =
0,1,2,..,n) denotes the lowest common multiple of Aj (=0,1,2,..,n), and

)\‘ _ ] + ]. Zf CLj 7& 0,

/ n+1 if a; =0,
(3) f(2) and g(z) satisfy the algebraic equation R(f,g) =0, where
R(w1,we) = P(wy)wi(qz + ¢) — P(wa)wa(qz + ¢).
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In this paper, we replace the term f(gz 4+ ¢) and ¢g(¢z + ¢) in Theorem C and
Theorem D and obtained the following results.

Theorem 1.1. Let f(z) and g(z) be two transcendental meromorphic(resp. en-
tire) functions of zero order, q; and c; are complex constants, q¢; # 0(j = 1 to d),
k,n,m are positive integers. Let a(z)(# 0) be a small function, let P(z) = a,z™ +
n_12""1...4a12+ag be a non-constant polynomial with constant coefficient ag, a1, ..,
(n—1,an (7 0) and m is the number of distinct zeros of P(z). Ifn > 2m(k+1)+2X+

(k+1)(d+1)+d (resp. n > 2m(k+1)+4X) and (P(f(2)) H;‘l:1 (f(gjz + c;)v))*)

and (P(g(z)) H?:1 (9(gjz +¢;)%))®) share a(z),00 CM then one of the following
two cases holds:

(1) f(z) = tg(z) for a constantt such thatt' =1, wherel = GCD (A + Yo, A + Y1, s A+ Vn),
and
L ]+ ]. Zf aj # 0,
BT a1 if g =0,

(2) f(z) and g(z) satisfy the algebraic equation R(f(z),g(z)) =0, where

d
R(wy,we) = Y — P(ws H (gjz+¢;)"

§
m-»:&
S
N
+
\)ﬁ

Remark 1.1. In Theorem 1.1, if we take A = d = 1 then H?Zl flgjz +¢) =
flgz+c¢) and we get n > 2m(k+1) +2k+5 (resp. n > 2m(k+ 1) +4) and hence
Theorem 1.1 reduces to Theorem C' .

Example 1.1. Let P(z) = (2 —1)%(2 +1)5211, f(2) = sin(2), g(z) = cos(z). Take
d=1=gq, c=2m, k=0 then it is easy to verify that, (P(f(z)) H;‘l:1 (f(gjz +¢j)v))*)
and (P(g(z)) H;l:l (9(gjz +¢;)%))*®) share a(z),00 CM. Here f and g satisify the

algebraic equation R(f,g) =0,

i, P(f)TTj=y f a5z + )" = P(9) 15y 9(a52 +¢;)™ =0

Theorem 1.2. Let f(2) and g(z) be two transcendental meromorphic functions of
zero order, q; and c; are complex constants, q; # 0 for all j =1 to d, k,n,m are
positive integers. Let a(z)(# 0) be a small function, let P(2) = apz"+an_12""‘...+
a1z+ag be a non-constant polynomial with constant coefficient ag, a1, .., an-1, an(#

0) and m is the number of distinct zeros of P(z).

Ifn > 2m(k+2)+3m(k+1)+4k(d+1)+8d+5 +7 and (P(f(2)) Hj:1 (f(gjz +¢j)v))*)

and (P(g(z)) H?:1 (9(gjz +¢;)%))*®) share a(z) IM then one of the following two

cases holds:

(1) (PFEDTTj=y (F(a52 + )" )P (P(g(2)) TT5y (9(a52 + ¢)"))®) = a(2)?,

(2) f(z) = tg(z) for a constant t such that t* = 1, where | = GCD(\ + 79, A +
Y15y A + ’Yn); and

o ]+1 ifaj;«éO,
/ n+1 if aj =0,
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(8) f(2) and g(z) satisfy the algebraic equation R(f(z),g(z)) =0, where

R(wy,we) = 1(gjz 4 ¢;)" 2(qj2 +¢4)"

n::]g
H::]&

Remark 1.2. In Theorem 1.2, if we take A = d = 1 then H?Zl flgjz +¢)% =
flgz +¢), and we get n > 2m(k + 2) + 3m(k + 1) 4+ 8k + 20, our results coincides
with Theorem D.

As a particular case of the above theorems, we deduce the following corollaries.

Corollary 1.1. Let f(z) and g(z) be two transcendental meromorphic functions of
zero order such that q; # 0 for all j =1 to d, where g; and c; are distinct nonzero

complex constants. Let A = E?Zl vj, k,n are positive integers, a(z)(Z 0) be a small
function of f(2) and g(z), and o a complex constant. If n > 3k +d(k+2)+2\+3
and ((f = )" TTj—y (f(g2 +¢;)") ™) and ((9— )" TT5=, (9(gjz + ¢;)*)) ) share
a(z),00 CM then one of the following two cases holds:

(1) f(z) =tg(z) for a constant t with t"* =1,

(2) f(z) and g(z) satisfy the algebraic equation R(f(z),g(z)) =0, where

d d
R(wy,ws) = (w1 — @) H (g2 +¢;)" = (wo — )" [ [ walg;z +¢;)"
j=1 j=1

Corollary 1.2. Let f(z) and g(z) be two transcendental meromorphic functions of
zero order such that q; # 0 for all j =1 to d, where q; and c; are distinct non zero

complex constants. Let A = Z;l:l vj, k,n are positive integers, a(z)(% 0) be a small
function of f(z) and g(2), and « a complex constant. If n > 9k—+4d(k+2)+5 +11

and ((f = )" TTj_y (f(g2 +¢;)")™) and ((9— )" TT5-, (9(gjz + ¢)"))*) share
a(z) IM then one of the following two cases holds:

(1) ((f = )" Ty (Fla= +¢)") (9 = )" [Ty (9(asz + ¢)*) ) = o,
(2) f(z) =tg(z) for a constant t with t"t* =1,
(8) f(z) and g(z) satisfy the algebraic equation R(f(z),g(z)) =0, where

d d
R(wy,ws) = (w1 — ) H (gjz +¢;)" — (w2 — @) H (gjz +¢;)°

2. Some Preliminary Results

To prove our theorems we require the following lemmas.

Lemma 2.1. [5]. Let f(z) be a nonconstant zero order meromorphic function and
let q, ¢ be a nonzero complex number. Then on a set of logarithmic density 1, we

have . (r’ W) = S(r, f).
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Lemma 2.2. [8]. Let f(z) be a nonconstant meromorphic function of zero order
and let q, ¢ be two nonzero complex constants. Then on a set of logarithmic density
1, we have

N (r,f(gz+¢)) = N(r, [) + 5(r. f),

N <T’ f(qzlm> ~ NG %) +S(r, f).

Lemma 2.3. [8]. Let f(z) be a nonconstant meromorphic function of zero order
and let q, ¢ be two nonzero complex constants. Then on a set of logarithmic density
1, we have

T(r, flaz+¢)) =T(r, f) + S(r, f).
Lemma 2.4. [10]. Let f(z) be a nonconstant meromorphic function, then
T (r,Pu(f)) =T(r, ) + 5(r, f).

Lemma 2.5. [6]. Let f(z) be a nonconstant meromorphic function, and let p, k
be a positive integers. Then

N, (gt ) ST (™) = T 1) 4 Ny (77 ) + 50,

N, (r, f(lk)) < Nptk (r, }) + kN (v, f) + S(r, f).

Lemma 2.6. [11]. Let f(z) and g(z) be a nonconstant meromorphic functions and
let a(z)(#£ 0,00) be a small function of f(z) and g(2). If f(z) and g(z) share a(z)
IM, then one of the following three cases holds:

(1) T (. f) < Na (1 4) +Nalr, £)+Na (7 4) 4 Na(r, )42 (N (1, 2) + NG ) +
(N (T, %) + N(r, g)) +S(r, £)+5(r, g), and similar inequality holds for T(r,g),
(2) fg=1,

Lemma 2.7. Let f(2) be a transcendental meromorphic function of zero order and
F = P(z) szl flgiz +¢5)%, ¢;(#0), ¢; (j =1 tod) are complex constants, n, d
be a positive integers. Then

(nid)T(Taf) +S(T.af) < T(TaF)

Proof. From first fundamental theorem, lemma 2.4 and lemma 2.1, we obtain
f(2)F

d .

Hj:l f(gjz +¢j)v

(n+ DT (r, f) =T (r, f(2)P(f) + 50 f) <T <T7 ) +5(r. f),

d iz 4 c;)v
<T(T7F)+T<7"7 Hj_lf;q{z)—i_ j) ) +S(T‘7f),
[T /(g2 + ¢;)™ [T f (57 + )™
ST(T,F)—i—m(r, 75 )—i—N(r, )

<ST(rF)+d+1)T(r, f)+ 50 f),
Sn=Ad)T(r, f)+s(r,f) < T (r,F) on a set of logarithmic density 1. O

> +5(r, f),
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Lemma 2.8. Let f(z) be a transcendental entire function of zero order and F(z) =
P(z) H?:l flgjz + ¢;)%, where P(z) is polynomial of degree n and g;(# 0), ¢;
(j =1 to d) are complex constants, n, d be a positive integers. Then

nT (r, f)+S(r, f)<T(r,F).

Proof. From first fundamental theorem, lemma 2.4 and lemma2.1, we obtain

z)F
e, J{((qj)z n cj)%) +S(r, f),

d , \v;
Hj:1 flajz +cj) ) + S0 ),

(n+ 1T (r, f) =T (r, f(2)P(f)) + 5(r, f) <T (7”,

f(2)

H;'lzl flgjz + ;)%
ST(’/‘,F)—F’/TL(’I“, 5 )—i—S(r,f),

<ST(r, F)+T(r, f)+5(r, ),
nT(r,f)+ S(r, f) <T(r,F) on a set of logarithmic density 1. O

ST(T,F)—I—T<T,

3. Proof Of The Theorems
3.1. Proof of Theorem 1.1.
Proof. Let F(z) = P(/)Tj=y /(g7 + ¢;)* and F(2)®) = (P(f)[Tj= fla5> +

¢)")™) andG(z) = P()[[)-1 9(aj2 + ;)" and G(2)®) = (P(9) [Tj_y 9(0;% +
¢;)¥1) ). Since F*(z) and G*) () share a(z), co CM, there exist a nonzero constant

A such that
(P S+ e)) W falx) -1 ”
(P(9) Ty 9(g52 + ¢))®) /a(z) — ’
and we get
d d
H (g72 +¢;)")*) —a(2)(1 - A) = H (g5 +¢;)") ™.

Now, we prove that A =1, let on contrary A = 1.
Using the Second fundamental theorem and by Lemma 2.5, we get

T(’I’,F(k)) §N(7‘,F(k))+N< F%")) +N< 1a> +S(r, f),

1-A
<N(r,F)+N( %@) +N( G%k)) +5(r, ),

<N F)+T (r, F<k>) ~T(r,F) + Ny1 <r, ;) + kN (r,G) 4+ N1 (r, é)
+S(r, ) + S(r, 9),
which implies
T(r,F) < N (r, F) + Nyt (r, ;) + kN (1, G) + Nt (n é) +S(r )+ 5(r.9),
<mk+1)+X+d+1T(r f)+mk+1)+k(1+d)+ AT (r,g)+ S(r, f) +S(r,9),
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m=a)T(r,f)<[mk+1)+AX+d+ 1T, f)+[k(d+1)+mk+1)+ AT (rg)
+S(r, f)+ S(r,9).
(2)
Similarly, we get
m=d)T (r,g) <mk+1)+A+d+1T(r,g)+[k(d+1)+m(k+1)+NT(r,f)
+ S(r, f)+ S(r, 9).
3)
From 2 and 3, we get
(n=d)[T(r,f)+T(r,g)] < [2m(k+1) +2A + (d+ 1)(k + D] (T(r, f) + T (r,9))
+S(r, f) + S(r.9),

e, [n—2m(k+1)+2X+ (d+ 1)(k+ 1) +d) (T(r, f) + T(r,g)) < S(r, f)+S(r,9),

this is contradiction to n > 2m(k + 1) + 2\ + (d + 1)(k + 1) 4+ d. Thus, we get
A = 1. Hence from 1, we have

d
Hf gz + ¢;)")*) = H (gjz +¢;)')®),
j=1 Jj=1

and we get

d
flgjz+¢;) = H (gjz +¢;)" + B(2), (4)

N
=3

where 3(z) is a polynomial of degree atmost k — 1. Suppose 3(z) # 0, then we get

PTGy flajz + ;)™ _ Plg) [T, 9(gjz +¢;)™ 1

B(2) B(z)

Therefore from Lemma 2.7, and the second fundamental theorem, we have

P d 2+ i)Y
(- d)T(r f) < T ( S L ) 450 9),
d v
<¥ (7,7 P(f) 1= flajz +¢;) ) N (r, ! B(2) )
5 PUTIL flaye+ )"

N p(z)
M S(r, f),
+ P(g)H?_lg(qu+cj)vj>+ (r, f)

<N (r, f) +dT(r, f) +mT(r, f) + XT(r, f) + mT(r,g) + AXT(r,g) + S(r, f),

(n=d)T(r,f) <[m+A+d+1T(r, f) +[m+AT(r,g)+ S0, f) (5
Similarly,

(n—d)T (r,g) <[m+A+d+1]T(r,g) +[m+NT(r, )+ S(r, f) (6)

From 5 and 6, we obtain

[n=2(m+ ) = 2d = 1] (T(r, f) + T(r,9)) < S(r, f) + S(r,9.)
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This is a contradiction to n > 2m(k+1)+2A+(k+1)(1+d)+d. Therefore 5(z) =

Hence 4 becomes

u::g

d
flgiz+¢;)" = P(g) [ [ 9laz + ¢;)™ (7)
j=1

That is
(anf™ +an 1 f" 7+t arf +ao) [Ty F(g52 +¢5)%) = (ng" +an19" " + ..+
a1 +ao) (I15=1 (g% + )™,
let h = 5, we consider the following cases

Case 1. If h(z) is a constant then substituting f(z) = h(z)g(z) in 7, we have
(an(gh)™ + an—1(gh)" ™ + .. + a1(gh) + ao)(TT}=; 9(g52 + ;)" g(q;z + ¢;)%) =
(angn + anflgn_l +..t+a1g+ aO)(H?zl g(qu + cj)vj>7

d
H 9(gjz+c;)% [ang” (h"'”‘ — 1) +ap_1g" ! (h”"’}‘_l — 1) + ...+ ag (h’\ — 1)] =0
j=1

(®)
Where a,, is a non-zero complex constant and H?Zl 9(gjz +¢;)V #0,
Since g(z) is non-constant meromorphic function, then from 8

n (hn-‘r)\ _ 1) + an,1g”_1 (h”""’\_l — 1) + ...+ ag (h)\ - 1) =0 (9)

If a,(#£0) and a,—1 = ap—2 = ... = a1 = ag = 0 then from 9 and g is non-constant
meromorphic function, we get A"+t — 1 = 0 implies h"* =1

If a,, (% 0) and there exist a; # 0[i € {0,1,2,...n — 1}]. Supose that h"+* # 1, from
9, we have T'(r,g) = S(r,g).

Which is contradiction with transcendental function g.

Then A" = 1, similar to this discussion we can see that h"t* = 1, where a; # 0,
for some 5 =0,1,2...n.

Thus we have f(z) = tg(z), for a constant ¢ such that ¢! = 1, where [ = GCD(\ +
Y05 A+ V15 s A+ )

i1 i #0,
T\l if aj=0

Case 2. Suppose h(z) is not constant, then f(z) and g(z) satisifies the algebraic
equation R(f(z),g(z)) =0, where

d d
R(wr,wa) = P(uy H (¢jz +¢;)" — P(ws H (g52 +¢;)"
j: =

Note that, when f(z) and g(z) are transcendental entire functions, we have
N(r,F) =0 = N(r,G). By computing similarly to the case of meromorphic func-
tions, we easily obtain the conclusion of Theorem 1.1 with n > 2m(k+1) +4X. O
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3.2. Proof of Corollary 1.1.

Proof. By considering P(f) = (f — «)™ and proceeding as in the lines of proof of
Theorem 1.1 we get the proof of Corollary. O

3.3. Proof of the Theorem 1.2.

Proof. Let F(z) = P(f) H?’:l f(g;z + ¢;)¥ and F(2)® = (P(f) H;l:l flgjz +
cj)vj)(k) and G(z) = P(g) H;l:l 9(gjz + ¢;)% and G(2)®) = (P(g) H;l:l 9(gjz +
¢;)1) ). Since F*(z) and G¥)(z) share a(z) IM. If (1) of lemma 2.6 holds, then
using the lemma 2.7, we obtain

1
T (r, F<’“>) < N, (r, F(k)) + No(r, F*)) 4+ N ( G(k)> + Na(r, G*))

e (3 (r k) M) (3 () 0

+S(r,G) + S(r, F),

1 1
< No(r, F®) 4T (r, F(k)> —T(r,F) 4+ N2 (r, F) + Nig2 (r, G)
+ EN(r,G) 4+ No(r,G*®)) 42 (NkH <r, }17> +kN(r,F)+ N (r, F(k))>

1 _ _
# Nt (1 g ) + NG+ W (1610 4 (1) + 5(0,9),

Therefore,

T(r, F) < 2N(r, F) + Ny (r, é) + Niss (n ;) (2k + 3N (r.C)
+ 2Nj41 (r, ;) + (2k+2)N(r, F) + Np11 (r, é) +S(r, f)+ S(r, g9).

ny
T(r,F) < (2k + 4) N(r, F) +Nk+2( 1)+2Nk+1<,;) (2k + 3)N(r, @)
>+Sr,f + S(r, g).

"F
! 1
Nk+2 <7‘, G) +Nk+1 (

Similarly,

T(r,G) < (2 +4) N(r, G) + Nyso (n é) + N (r, é) + (2K +3)N(r F)

(10)

F
(1)
We have
N(rF) < +d)T(r, f)+S(r, f). (12)
Niio (7", ;) <[m(k+2)+NT(r, )+ S(r, f). (13)

N (7 ) < Il 0+ N T( 1) 4 50,5, (19
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Similarly,
N (r,G) < (1+d)T(r,g) + S(r,g). (15)
Nioss (r, é) < [m(k+2) + N T(r,g) + S(r,g). (16)
Niy1 (r, é) <[m(k+1)+ANT(r,g)+ S(r,g). (17)

Substituting 12-17 in 10, we get

T, F)<k+4)1+d)T (r, f)+ (m(k+2)+XN)T(r, f) +2(m(k+1) +X\)T(r, f)
+ 2k +3)1+d)T(r,g9) + (mk+2)+ XN T(r,g) + (m(k+1)+N)T(r,g9)
+5(r, f)+5(r,9),

(n—a)T(r, f) <[2k+4)(1+d) +m(k+2)+2m(k+ 1)+ 3\ T(r, f)
+[(2k+3)(1+d) +m(k+2) +m(k+1)+2X\ T(r,g) (18)
+5(r, f) +5(r.9),

Similarly,

n—d)T(r,g) <[2k+4)(1+d)+m(k+2)+2m(k+1)+3\T(r,g)

+[2k+3)1+d) +m(k+2)+m(k+1)+ 2\ T(r, f) (19)
+5(r, f)+5(r,9),
From 18 and 19, we obtain
m=d)[T(r,f)+T(r,g9)] <[4k +T7)(1+d)+2m(k+2)+3m(k+ 1)+ 5\ (T(r, f) + T(r,g))
+ S(r, f)+ S(r,9).
Which is contradiction to
n>2m(k+2)+3m(k+1)+4k(1+d)+8d+ 5 + 7.

Thus by Lemma 2.6, we have F*)(2).G®)(2) = a?(z) or F®)(2) = G (2)

Case 1. Suppose F*)(2).G®*) (2) = a?(2), that is
(PN T, (fFasz + )" ) B (Pla(2) Ty (9(az2 + )" )*) = a(z2).

This is one of the conclusion of Theorem.

Case 2. Now we consider F®)(z) = G*)(z). By an argument as in theorem
1.1, we obtain that f(z) and g(z) satisify one of the following two statement:

(1) f(2) =tg(z) for a constant t with t = 1, where | = GOD(A+79, A\ +71, .., A +
V), and

o ] +1 if aj 7§ 0,

LA T +1 if a; =0,
(2) f(2) and g(z) satisfy the algebraic equation R(f(z),g(z)) = 0, where
d

R(wy,ws) = P(w le gjz+cj) —
7j=1

H'zm~

q]ercj
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3.4. Proof of Corollary 1.2.

Proof. By considering P(f) = (f — a)™ and proceeding as in the lines of proof of
Theorem 1.2 we get the proof of Corollary. (]
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