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ASYMPTOTIC CONVERGENCE CRITERIA FOR
NONHOMOGENEOUS LINEAR FRACTIONAL ORDER
SYSTEMS

B. K. LENKA, S. N. BORA

ABSTRACT. This paper investigates the asymptotic convergence analysis of
the nonhomogeneous systems that involve Caputo derivative operator of real
order. By making the use of comparison methodology, some new asymptotic
convergence results are proposed and it is shown that the responses of such
time-varying systems converge to the point 0. Finally, an incommensurate or-
der electrical circuit system that involves time-varying coefficients is considered
to demonstrate the applicability of some developed results.

1. INTRODUCTION

Fractional calculus is an important branch of mathematics that deals with the
descriptions of the possibility of computation of unknown functions via suitable
derivative and integral operators of real order and studies the relationships between
them [1, 2, 3, 4]. A fractional order system is a system that is described by a
set of equations where the unknown variables are associated with some derivative
operators of real order in these equations. Such a system is called a commensurate
system if all variables are associated with the same real order otherwise it is called
an incommensurate order system.

The issue of asymptotic convergence of response analysis of linear systems that
involve real order (fractional order) derivatives, e.g., Caputo derivative, Hadamard
derivative, Caputo-Hadamard derivative, etc. plays an important role and are
useful in various areas of system design, modeling, and engineering applications
[5, 6,7, 8,9, 10, 11]. It allows to predict the local behaviours of simple dynamics of
nonlinear fractional order systems as well as provides a platform for controlling the
complicated dynamics of various systems. In the literature, the asymptotic stabil-
ity and control problems of linear systems receive significant research importance
of various researchers (see, e.g., [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]). In
these works, they showed that, with the introduction of various control methods,
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the unstable responses to systems can be effectively stabilized under some rea-
sonable analytic conditions. The introduction of control inputs to such systems in
many situations automatically gives rise to the representation of a nonhomogeneous
fractional order system.

Most of all these existing works in the literature only focused on the stability
and stabilization problem of the commensurate fractional linear time-invariant (au-
tonomous) system. Recently, in the work in [24], an asymptotic convergence result
has been established for a scalar nonhomogeneous commensurate linear fractional
differential equation with constant coefficient. In [25], an asymptotic boundedness
result has been derived for a nonhomogeneous commensurate linear fractional or-
der time-varying system using quadratic Lyapunov function. In [26], an asymptotic
convergence criterion has been proposed for the delayed nonhomogeneous incom-
mensurate linear fractional order system with constant coefficients.

However, we observe that the response behaviour of the nonhomogeneous in-
commensurate linear fractional system with time-varying coefficient has not been
investigated yet. This may be due to the fact that incommensurate order sys-
tems are not easier than that of their commensurate counterpart, and hence the
system analysis is difficult. On the other hand, finding the closed form solutions
to such systems seems very difficult in contrast to its time-invariant ones. For
the analytic solutions to autonomous nonhomogeneous/homogeneous Caputo frac-
tional order systems with constant coefficients, we refer the readers to the works in
[27, 28, 29, 30]. Consequently, we are often interested in reasonable mathematical
conditions, as well as a new theory, to draw some conclusions about the responses
of such time-varying systems without having the knowledge of its exact solutions.
It should be pointed out that most of the existing research so far dealt with the
case of fractional order systems that involved zero initial time instant, i.e, the lower
limit associated with the derivative operator is set at 0. This could be perhaps
due to the lack of advanced mathematical tools available in the current literature
to tackle issues of non-zero initial time instant. Recently, in [11], a new modified
Laplace integral transform and a new modified Mellin transform have been intro-
duced that allows one to specify the initial conditions at a non-zero time instant for
Caputo derivative case. But for its applications to incommensurate order systems
that involve nonzero time instant, some advanced properties of such transforms are
often required for obtaining reasonable asymptotic stability criteria.

Recently, in [31], the authors have developed a few asymptotic stability results for
homogeneous incommensurate fractional nonautonomous (time-varying) systems
using the methodology of fractional comparison method [32]. In that work, many
different analytic criteria for such systems have been established for the asymptotic
analysis of the responses to such systems. But the results of the existing works
cannot be applied directly to the incommensurate nonhomogeneous time-varying
systems. The purpose of this work is to develop some asymptotic convergence
criteria for nonhomogeneous incommensurate linear time-varying fractional order
system

DG a(t) = At)(t) + f (1), (L.1)

subject to the initial condition z(0) = xg, where z(t) = (z1(t), -,z (t))" € R",
“D§ a(t) = (“Dgiar(t), - -+, “Dgan(t))T, fractional orders o, g, -+, ay € (0, 1],
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the continuous matrix A(¢) = (a;;(t)) € R™*™ and some suitable function f(t) =
(i), falt)” € R™.

First, we develop a new lemma that deals with the nonnegativity of fractional
differential inequality. Then by making the use of Laplace transform, we develop a
new convergence theorem for autonomous incommensurate fractional systems along
with a forcing term. Using these results along with the comparison methodology
[32], new asymptotic convergence theorems are established for nonhomogeneous in-
commensurate order linear time-varying systems whenever the coefficient matrix is
in both standard form and block matrix form. Based on these theorems, various
simplified analytic conditions are proposed and it is shown that the responses of
such time-varying systems converge to the point 0. Finally, we consider an elec-
trical time-varying circuit system to demonstrate the potential application of some
proposed theoretical results.

This paper is organized as follows. In Section 2, some known definitions and
a few new results are introduced. In Section 3, the main asymptotic convergence
results are proposed. In Section 4, an electrical circuit system is considered and a
few results are demonstrated. In Section 5, the conclusions are drawn.

2. PRELIMINARY DEFINITIONS AND NEW RESULTS

The following standard notations are used in this work.

R, is the set of positive real numbers, Q4 the set of positive rational numbers,
7. the set of positive integers, arg(z) the argument of a complex number z € C
and Y7 is the transpose of the vector or matrix Y. The symbol i = 1(1)n means
i =1,2,---,n. Given a vector x € R, z > 0 means its components are non-
negative. Given two vectors x,y € R™, x < y means the inequality z; < y; holds for
i =1(1)n. ged and lem, respectively, mean the greatest common divisor and least
common multiple. For a vector € R", ||z|| denotes the Euclidean norm. Given a
real symmetric matrix M € R™"*"™ A\, (M) and A\, (M), respectively, mean its
maximal and minimal eigenvalues.

Definition 2.1. [1, 2, 3] The a-order Riemann-Liouville integral of € : [0,00) — R
is defined by

I _
RLy—« a—1
DoE(t) = —— | (t— dr, t >0, 2.1
e = g | = eryar (21)
where o € Ry and T'(a) = [~ et dt is the Gamma function.

Definition 2.2. [1, 2, 3] The a-order, with « € Ry, Caputo derivative of & :
[0,00) — R is defined by

—(n—a ar .
RLDo)g ) ( dgfzt))7 Zf [ AS (n — 1, n) 5 (2 2)
) .

°Dg (1) = { et

atm

if a=n,
where n € Z.

Definition 2.3. [1] The Laplace transform of a function & : [0,00) — R is defined
as

clew) = [ e e (2.3)

Here, we introduce the following new definition.
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Definition 2.4. A function g = (g1, - ,gn)" : R x R® — R" is of class W* if,
for every fizred t € R, there exist some h = (hy, -+ ,h,)T : R x R* — R" with
gi(t,u) < hi(t,w), i = 1(1)n, for all u, w € R™ such that u; < 4;, u; = U,
j=1(1)n, i # j, where u; denotes the i-th component of u.

When we consider g = h : R x R® — R", Definition 2.4 reduces to the class W
function (see [33]).

Definition 2.5. [34] A matriz A € R™™" s called a Metzler matriz if its off
diagonal elements are non-negative.

We introduce here a new comparison lemma.
Lemma 2.1. Let £(t) be the solution to the inequality
“DFE(t) < AE() + g1(2), £(0) =& 20, (2.4)
where CD&{(t) = (CDS‘ftﬁl(t),-u ,CD&’gﬁn(t))T, a; € (0,1] fori = 1(1)n, A =

(kij) € R™ ™ is a Metzler matriz with negative diagonal elements and g1 : [0,00) —
R™ is a nonnegative continuous function. Let n(t) be the solution to the system

“D§n(t) = An(t) + ga(t), n(0) = £(0), (2.5)
where go : [0,00) — R™ is a nonnegative continuous function. If the inequality
an(t) <g ( ) holds for all t > 0, then the inequality 0 < &(t) < n(t) holds for all
t>0.

Proof. 1) Set W (t) = “D§ &(t) — A&(t) — g1(t). Define Z(t) = n(t) — &(t). Then,
by using (2.5), one gets a new system
“DG,Z(t) = AZ(t) + ga(t) — g1 (t) — W (2), (2.6)

with initial condition Z(0) = n(0) — £(0) > 0. If the inequality gi(¢t) < ga(¢)
holds, then the solution Z(t) to the system (2.6) is non-negative [26, 34], since the
matrix A is Metzler and W (t) < 0. As a result, the solution y(t) to system (2.5) is
nonnegative. Hence, the inequality 0 < £(t) < n(t) holds for all ¢ > 0. O

Proof. 2) Consider the inequality (2.4) with the equality (2.5). Since the matrix
A is Metzler with negative diagonal elements and if the inequality ¢1(t) < g2(t)
holds for all ¢ > 0, the function g(u) = Au + g1(t) is clearly of class W*. Thus, it
follows from fractional comparison principle [32] that 0 < £(¢) < n(t), V¢ > 0. This
completes the proof. O

Next, we introduce the following definition.

Definition 2.6. The system (1.1) is said to globally asymptotically converge (GAC)
to 0 if ||z (t)|| = 0 as t tends to oo for any value of x(0).

Then, we introduce the following new result.

Theorem 2.1. Consider the nonhomogeneous fractional order system

DS y(t) = Ay(t) + gs(t), y(0) = yo, (2.7)
where y(t) = (y1(t),--- ’yn(t))T € R", °Df,y(t) = (“Dgiun (1), -+ ,“Dgiyn(t)T,
fractional orders oy, s, - - € (0,1], the matriz A = (a;j5) € R"X" is constant

and the known function gs : [O oo) — R"™ is continuous, differentiable and bounded.
If the conditions
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C1) all the roots of characteristic equation
det [diag (s**, 52, -+ ,s*) — A] =0 (2.8)
satisfy |arg(s)| > 5,
Co) tg@(}%(ﬂ =0,
are satisfied, then the system (2.7) is GAC to 0.
Proof. Taking Laplace transform on system (2.7), one gets
[diag (80‘1,50‘2, e ,sa") — A] Y(s) = Gs(s) — [diag (50‘1_17 sl ... 7sa"_l)] (0)

where L(y(t)) = Y (s) and L(g3(t)) = G3(s). Then, multiplying both sides of (2.
by s gives

[diag (50‘1,80‘2, e ,30‘") - A} -8Y (s) = sG3(s) — [diag (3"‘1,50‘2, e ,sa")] y(0).

1
Now if condition C) holds, then one can consider the system (2.10) in Re(s) > 0
and get
sY (s) = [diag (s*,s%2,--+ ,s%) — A]_l (sGs(s) — [diag (5™, 52, ,57)] y(0)) .
(2.11)
Further, if condition C3) holds, then by using the Laplace final value theorem
[28, 35] in (2.11), one obtains

lim y(t) = 0. (2.12)

t—o0
(]

Corollary 2.1. Consider the nonohomogeneous system (2.7) with ap = lra €
(0,1, k = 1(1)n, where &, = 2= € Qy with ged(uk,vr) = 1, k = 1(1)n, and

v

a € Ry. Let M = lem(vy,ve,--- ,v,). Under the assumptions of Theorem 2.1, if
the conditions

C1) all the roots of
det [diag (AMO AME2 oo ZNME) — Al =0 (2.13)
satisfy |arg(A)| > F37,
Cp) Jlim g3(t) =0,
are satisfied, then the system (2.7) is GAC to 0.

Proof. Take si = ). Then, condition (2.8) gets changed to (2.13). Consequently,
the result follows from Theorem 2.1. O

The following results are consequences of Corollary 2.1.

Corollary 2.2. Consider the system (2.7) with a; = %a,ag = %a, Lo = 2a,
and « € (0,1]. Under the assumptions of Theorem 2.1, if the conditions
Cy) all the roots of
det [diag (A, A2,--- ,A") — A] =0 (2.14)
satisfy |arg(A)| > 5,
Cz) lim gs(t) =0,
are satisfied, then the system (2.7) is GAC to 0.
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n—1
Tay o, 0 =
a, and o € (0,1]. Under the assumptions of Theorem 2.1, if the conditions

Cy) all the roots of
det [diag (A", A1, N) —A] =0 (2.15)

Corollary 2.3. Consider the system (2.7) with a1 = Ta, 00 =
1

n

satisfy |arg(A)| > 5-a,
Cz) lim gs(t) =0,
are satisfied, then the system (2.7) is GAC to 0.

3. MAIN ASYMPTOTIC THEORY

In this section, we develop the main theory of nonhomogeneous time-varying
system (1.1) by considering two of its generic forms. Here we consider the system
(1.1) when the coefficient matrix takes

(i) the standard form, i.e., the entries of the coefficient matrix can be viewed
as scalar functions,

(ii) the block matrix form, i.e., the entries of the coefficient matrix can be
viewed as block matrices.

Next, the asymptotic convergence conditions to such forms are presented in
different subsections.

3.1. Standard form. Let the system (1.1) be of the form

“Dyta(t) an(t) - a®)\ [zt £1(t)
: = A S (3.1)
“Dgian(t) an1(t) 0 ann(t)) \za(?) Ia(t)
with respect to the initial values
x;(0) = x40, ¢ = 1(1)n. (3.2)

Assumption 3.1. Assume the following for the system (3.1):
A1) aii(t) < =6ii, 05 >0, VE >0, 1 =1(1)n,
As) |ay(t)] < 04, 05 >0,V >0, i #j € {1,2,--- ,n}.
Assumption 3.2. The vector function f of system (3.1) satisfies the following:
A1) f is continuous, differentiable and bounded.
4z) lim f(t) = 0.
Now we define the following:

(i) the constants:

i =205 — Yy dij+lfori=12--m, (3.3)
=1, ji
(ii) the matrix:
—C11 012 On
d21  —ca2 -+ Oon

5n1 5112 e —Cnn
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We introduce the main asymptotic convergence theorem for (3.1).

Theorem 3.1. Consider the nonhomogeneous system (3.1) with aq, g, -+ ,ay, €
(0,1]. Let Assumptions 3.1 and 3.2 hold. Consider the constants and the matric
given by (3.3) and (3.4), respectively. If the conditions

Cl) cii >0 fori = 1(1)’(1,

C3) all the roots of

det [diag (s**,5*2,--+ ,s*") = A] =0 (3.5)
lie in the sector |arg(s)| > 7,

are true, then the system (3.1)-(3.2) is GAC to 0.

Proof. Take V(t) = > V;(t), where Vi(t) = 22(t) for i = 1,2,---,n. Then, by
i=1

using Lemma 1 of [36] for the system (3.1), one gets
CDS}W(U < 2(an(t)xi(t)w(t) + - - + am(t)xi(t)xn (1)) 4+ 224(8) fi(t)

n

< 2ai(t)af () +2 Y ag()lzi(®)]z; (O] + 2les (Ol fi(0)]
=1, j#i

<202 (1) + Y ai (0] (27(t) + 23 (1) + 27 () + £7(1)
=1, j#i

J=1, j#i Jj=1, j#i
n
= —cuzi(t)+ Y dyuai(t)+ fA(t), i=1(1)n, (3.7)
J=1, j#i

where the Assumption 3.1 and values of ¢;;’s are, respectively, used in (3.6) and
(3.7). Set V(1) = (Vi(t).-- . Va(®)” and h(t) = (f3(0),-- . J2(1)". Conse-
quently, one gets the vector-matrix fractional differential inequality

“D§,V(t) < AV(t) + h(t) (3.8)
with V(0) = (23(0), - ,x%(O))T. Consider a new vector-matrix fractional com-
parison system

“D§,U(t) = AU(t) + h(t) (3.9)
with U(0) = V(0). In view of condition C;), by Lemma 2.1, it follows that

0<V(t) <U(®). (3.10)

Under Assumption 3.2, if condition Cs) is satisfied, then by Theorem 2.1, one can
conclude from (3.9) that 26lim U(t) = 0. As a result, one can get from (3.10) that
—00

lim V(t) = 0. Thus, it is established that lim ||«(¢)|| = 0. Hence the result is
t—o0 t— o0

proved. (I
Corollary 3.1. Consider the nonhomogeneous system (3.1) with oy, = Lo € (0, 1]
for k = 1(1)n, where £, = Z—’: € Q4. Set M =lem(vy,vg,--+ ,v,). Under Assump-

tions 3.1 and 3.2 along with the constants and the matriz given by (3.3) and (3.4),
respectively, if the conditions
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Cl) cii >0 fO’I“i = 1(1)71,
Cy) all the roots of

det [diag (AME AME2 oo AME) — Al =0 (3.11)
lie in the sector |arg(\)| > 7o,
hold, then the system (3.1)-(3.2) is GAC to 0.
Corollary 3.2. Consider (3.1) with ay = %047012 = %a,~-~ Q= o, where

a € (0,1]. Under Assumptions 3.1 and 3.2 along with the constants and the matriz
given by (3.3) and (3.4), respectively, if the following conditions hold:

Cy) ¢i >0,i=1(1)n,
C5) all the characteristic Toots of polynomial
det [diag (A, A2,--- ,A") = A] =0 (3.12)
lie in the sector |arg(\)| > F-av,
then the system (3.1)-(3.2) is GAC to 0.

Corollary 3.3. Consider the system (3.1) with a1 = To, 00 = "T_loz,u' SQy =

Lo, where a € (0,1]. Under Assumptions 3.1-5.2 along with the constants in (3.3)
and matriz (3.4), if the conditions
Cl) Cii > 0; i= 1(1)7@,
C3) all the characteristic roots of polynomial
det [diag (A", A" 71, X) = A] =0 (3.13)
lie in the sector |arg(\)| > F-a,
hold, then the system (3.1)-(3.2) is GAC to 0.

3.2. Block matrix form. Suppose the system (1.1) is represented in the form

‘D (t) Au(t) - Aw®)\ [zt fi(t)
: = : : S il IR (3.14)
“Dytaa(t) An(t) - Agat)) \za(?) fa(t)

21(0) =2y, -+, xa(0) = 2, (3.15)
where 2;(t) = (21 (1), zia(t), -, Tin, (t))" € R™, the matrices A;j(t) e R are
continuous on [0,00) for 4, j € {1,2,---,d}, a1, a2, - ,aq € (0,1], fi € R™ and

d
S n;=n.
i=1

Assumption 3.3. Assume that there exist symmetric and positive definite matrices
P, € R™*™ gych that

A1) the diagonal blocks of (3.14) satisfy
PiAii(t) + AL ()P = Qii(t), Amaz (Qui(t)) < —6ii, 6 >0, VE>0, i =j, (3.16)
Asz) the following relations hold for (3.14):
AL (O AG(t) = Qij (1), Amax (Qi(t)) < ij, iy 20, V>0, i # j, (3.17)
withi,j € {1,2,-- ,d}.

Assumption 3.4. The components of vector function [ of system (3.14) satisfy
the following:
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A1) f1,--, fa are continuous, differentiable and bounded.
Asz) tlim fi(t) =0, where i = 1(1)d.
—00

Next, we set up the following;:

(i) Define
Sii=Aman (PIP) g o
oy = { BT forimd 1)
)\m,in](Pj), for i # j,
where i = 1(1)d and j = 1(1)d.
(ii) Define
—C11 C12 ce C1d
C21 —C22 C24
Ao = . . ) . . (3.19)
Cd1 Cd2 **°  —Cdd

Here, we introduce the main asymptotic convergence theorem for the system
(3.14).

Theorem 3.2. Consider the nonhomogeneous system (3.14) with a1, - ,aq €
(0,1]. Under Assumptions 8.3-3.4 along with the constants (3.18) and the matriz
(3.19), if the conditions

Cl) cii >0 fori = 1(1)d,

C5) all the characteristic roots of
det [diag (s**,--- ,s*) — Ac] =0 (3.20)
lie in the sector |arg(s)| > 7,
hold, then the system (3.14)-(3.15) is GAC to 0.

d d
= Y Vi(t) = 3 2 (t) Pz;(t), where P; € R™*"’s are symmetric
i=1 i=

positive definite matrices for ¢ = 1(1)d. Using Lemma 4 of [37] for the system
(3.14), one can get

Proof. Let V()

o o o T
“DgiVi(t) < o] () PODg () + (“Dgiai(t))” Piai(t)
( ]

=2l (1) P; [Ai ()21 () + - + Aja(t)za(t)
+ [Ai ()21 (8) + - + Ag()za(t)]" Piai(t) + 22T (£) P fi(t)

= 2] (t) [P Au(t) + AL P] i) + 227 ()P | Y Ag(t)a;(t)
+ 227 (1) P fi(t)

< @ ()Qu(wi(t) + dzf (P Pai() + | Zd: .:cj(t)TQij(t)wj(t)
+ £ (O i)

< — 65 — dAmao (PEP)] 2] (Dzi(t) + | D Gy (t) 25(t)
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. ff(t)fiof) o)
63 — ax(PLP, d 5
< - )\mw (P) Vi(t) +j_;¢i)w%(t) + @) fi(0)
d
= —c;iVi(t) + Z cij Vj(t) + @) fi(0), (3.22)
J=1,5#i

for ¢ = 1(1)d, where Assumption 3.3 and ¢;; from (3.18) are used in (3.21) and
(3:22). Set V() = (Va(t),--,Va(t))" and h(t) = (FT@O (), ST ®)fa(®)) "

Then, one gets the vector-matrix fractional differential inequality

“DE,V(t) < AcV(t) + h(t) (3.23)
with initial conditions
V(0) = (2T (0)P21(0), - -+ , 2 (0) Pyza(0)) " . (3.24)
Now, consider its vector-matrix comparison system
“D§,U(t) = AcU(t) + h(t), U(0) = V(0). (3.25)
If condition C) is satisfied, then Lemma 2.1 gives
0<V(t) <U(t). (3.26)

Now under Assumption 3.4, if condition C3) holds, then by Theorem 2.1, one can
conclude from (3.25) that lim; . U(t) = 0. Consequently, it follows from (3.26)
that lim;,o V(¢) = 0. It implies that lim; .o ||z(¢)|| = 0. This completes the

proof. O

Corollary 3.4. Consider the nonhomogeneous system (3.14) with oy, = £ra € (0, 1]
for k = 1(1)d, where £, = 3= € Q4 with ged(ug,vp) = 1, and o € Ry. Set
M = lem(vy,va, -+ ,vq). Let Assumptions 3.3 and 3.4 hold. Moreover, consider

the constants defined by (3.18) and the matriz given by (3.19). If the conditions
Cy) ¢ >0 fori=1(1)d,
Cy) all the characteristic roots of
det [diag (AMO AME2 .. Z\MEa) — Ap] =0 (3.27)
lie in the sector larg(A)| > iz a,
are satisfied, then the system (3.14)-(3.15) is GAC to 0.

o where
and the

Corollary 3.5. Consider (3.14) with a; = %a,ag = %a,u- ,Qg =
€ (0,1]. Under Assumptions 3.3 and 3.4 along with the constants (3.18
matriz (3.19), if the conditions

C1) ¢i; >0 fori=1(1)d,
C3) all the roots of polynomial equation
det [diag (A, A2%,--- M%) — Ac] =0 (3.28)
lie in the sector |arg(\)| > 55a,
are satisfied, then the system (3.14)-(3.15) is GAC to 0.

ISHISH

~—

Corollary 3.6. Consider the system (3.14) with oy = ga,ag = %a, cee Qg =
%a, where a € (0,1]. Under Assumptions 3.3 and 3.4 along with the constants
(3.18) and the matriz (3.19), if the conditions
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Ch) ¢y fori=1(1)d,
C3) all the characteristic roots of polynomial
det [diag (A4, X471, ) XN) = Ac] =0 (3.29)
lie in the sector larg(\)| > 55a,
are true, then the system (3.14)-(3.15) is GAC to 0.

4. AN ILLUSTRATIVE EXAMPLE

This section demonstrates some proposed theoretical results on an electrical
time-varying circuit system. The standard time-varying circuit system that involves
integer derivatives was addressed in the work in [38]. An extension to the standard
commensurate fractional order time-varying circuit system was proposed in [39].
Now we consider the modified standard incommensurate version of electrical circuit

system
CDali (t) i (t) e (t)
O,t.l _ A t .1 B ¢ 1 41
(CDS,";lz(t)> ®) <22(t)> B ey0) (4.1)
with respect to the initial conditions i (0) = igo for k = 1,2, where fractional orders

a1, ag € (0, 1], currents ik (t) for k = 1,2, source voltages ex(t) > 0 for k = 1,2, the
coefficient matrices

_Ri(O)+R3(t) R (t) 1 0
A(t) = Ri%t(;) R2%t1)(-ﬁt-)Rs(t)> and B(t) = (Ll(t) 1 > with resistance
0 T Lo L2(0)

Ri(t) > 0 for k =1,2,3 and inductance Lg(t) > 0 for k = 1,2.

Here we set up the following circuit system parameters:
Ri(t) =5+ e " 4+ 2e', Ro(t) =3 +sin(t) + 2%, R3(t) =1+e7",
Li(t) = €', Ly(t) = e*,
e1(t) =sin(t) + 2, ea(t) = sin(2t) + 3.

Clearly, the system (4.1) is of the form (3.1). We now demonstrate the following

two fractional order cases for the system (4.1).

Case (i): Let oy = g and ap = g Here the application of Corollary 3.1 is

applied to the system (4.1). Take 617 = 2, d15 = 2, do1 = 2 and d92 = 2. Observe
that Assumptions 3.1 and 3.2 are satisfied. Consider the constants (see (3.3)) as

c11 = 2011 — 12 +1=3,

Cog = 2022 — 021 +1=3.
It shows that condition C7) holds. Set ¢; = %, ly = %, a =+/7and M = 15. Then,
equation (3.11) becomes

A 43N 430 45 =0. (4.2)
Consequently, one gets

min{Jarg(\;)|} ~ 0.7146, (4.3)
where A;’s are the roots of (4.2) for ¢ = 1(1)8. Observe that the estimate (4.3)

is greater than 57;a = 357 ~ 0.2771. Thus, condition Cs) of Corollary 3.1 also
holds. As a result, by Corollary 3.1, one ensures that the system (4.1) should be
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GAC to 0. Consequently, the responses i1(t) and is(t) to the system (4.1) must
approach to 0 as time increases to oc.

Case (ii): Let oy = 29—0 and ag = %. Here we apply Corollary 3.2 to system (4.1)
to examine the state response. In this case, the following parameters are chosen:
611 = 2, 012 = 2, d21 = 2, Joo = 2. Clearly, Assumptions 3.1 and 3.2 are satisfied.
Observe that condition C7) of Corollary 3.2 is satisfied, since ¢;; = 3 > 0 and
22 =3 >0 (see (3.3)). Set v = 5 and n = 2. Then, equation (3.12) becomes

N+ 302+ 30 +5=0. (4.4)
Solving equation (4.4), one gets

min{|arg(\;)|} ~ 1.7198, (4.5)

where \;’s are the roots of (4.4) for ¢ = 1,2,3. Clearly, the obtained estimate in
(4.5) is greater than 7~ = T x % ~ 0.7069. Thus, condition C3) of Corollary 3.2
is also satisfied. As a result, by Corollary 3.2, the system (4.1) should be GAC to
0. Hence, the responses i1 (t) and i2(¢) to the system (4.1) must approach 0 as time

approaches co.

5. CONCLUSIONS

This work proposes some theoretical asymptotic convergence criteria for the anal-
ysis of the nonhomogeneous incommensurate fractional order linear time-varying
system. It is shown that, whenever the coefficient matrix of such a system and
the forcing function satisfy some prior assumptions, then the conditions of the pro-
posed results guarantee the convergence of the responses to such systems to 0. The
assumption of coefficient matrix enables the construction of a suitable constant
Metzler matrix and while the conditions of proposed results guarantee the limiting
behavior of state responses to such systems. Some asymptotic convergence results
of the proposed theory are successively demonstrated on an electrical time-varying
circuit system to show the effectiveness.
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