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PROPERTIES OF P-VALENT MEROMORPHIC FUNCTIONS
ASSOCIATED WITH LINEAR OPERATOR

A. O. MOSTAFA! AND M. K. AOUF?

ABSTRACT. In this paper we introduce a class of p-valent meromorphic func-
tions associated with an integral operator and obtain some properties for func-
tions belonging to this class.

1. INTRODUCTION

Let X, denote the class of functions of the form:

flz)=2"P+ Zak_pzk_p peN={1,2,..}), (1.1)
k=1

which are analytic and p-valent in the punctured unit disc U* = {2z : z € C and
0 < |z < 1}.

For functions f(z) € >_ ), given by (1.1) and g(z) € >_, defined by

9(2) = 277 452, by (pE ), (1.2)
the Hadamard product (or convolution) of f(z) and g(z) is given by
(f*9)(2) = 277 472 ak—pbr—pz" " = (g% ) (2). (1.3)

Using the operator QF ,: >_ — >_ defined by Aglan et al. [1], where:

—p , T(a+8) == T(k+8 - ) i )
2 P+ (19(558) kgl F(k(+ﬁ+zx)ak,pzk P (a>0;8>-1;peN;fex,)

f(z) (a=0;8>-LipeN;fex,).
(1.4)

Qs pf(2) =

Mostafa [5] defined the operator H'y , : X — X, as follows:
For Qf ,, given by (1.4), let G5, . be defined by

1
Qf () * G5, 1 (2) = IS (u>0;peN). (1.5)
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Then
Hyp  f(2) = GEo(2) x f(2) (fe€X,). (1.6)
Using (1.4) — (1.6), we have
— I'(k
Hypuf(2) =270+ 5 a+5 Z : Zﬁ;@g Wk b P, (1)
k=1

where f € 3, is in the form (1.1) and (v),, denotes the Pochhammer symbol given
by
) =F(”+”):{ ! -
" I'(v) viv+1)..v+n—-1) (neN).
It is readily verified from (1.7) that ( see [5] )
(Hy 5,0 (2) = (@ + OHPELF(2) = (a+ B+ P)HSs, f(2)  (18)
and

2(Hy g, f(2) = pH s 1 F(2) = (04 D) Hg , f(2) (1.9)
It is noticed that, putting g = 1 in (1.7), we obtain the operator

= T(k
H;‘,g,lf(Z) = H;,af(z) =z"P+ F(z(f—)ﬁ) Z F(F(J]gi;)ﬁ) ak_pzkfp, (1.10)
k=1

and
Hpg1f(2) = f(2).

Recently, Frasin [3] ( see also [2] ) has obtained new properties of meromorphic
p-valent functions.

In the present paper using the operator H' 5 Mdeﬁned by (1.7), we investigate
some new properties of meromorphic p-valent functlons
Definition 1. Let H be the set of complex valued functions h(r,s,t) : C> — C
such is continuous in a domain D C C3,(1,1,1) € D, |h(1,1,1)| < 1 and

(oo (@A B=1)e" +0+1 (aip1)2e0 43048 D0r0e? +astct2 | 5
) atp ) (@ FBFD) [(a+F— e +0F1] =5h

(1.11)
whenever

Gio (@t B — De + 041 (atp1)2e* 43(atf-1)(5+1)c +454¢ 42 €D
’ a+f ’ (a+p+1)[(a+B—1)eif+6+1]

with Re¢ > §(6 —1), 6 > 1,a>1,8 > —1 and 6 real.

Definition 2. Let K be the set of complex valued functions ¢(r,s,t) : C* — C

such is continuous in a domain D € C3,(1,1,1) € D, |¢(1,1,1)| < 1 and

T (p—1)%* £ 3(u—1)0+ 1) + 406+ ¢ +2
o (¢l 0 41 G D= e +57 1 ><‘

v

1,
12)

whenever

0 1 ” (1 =1)%* +3(u = 1)(6 +1)e* +- 46 + ( +2
(¢ Jlu e 41, (i Dl — Ve 01 1 )en

with Re( > 6(6 —1),0 > 1,4 > 1 and 6 real.
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2. MAIN RESULTS

Unless otherwise maintained we assume that ¢ > §(6 — 1), 6 > 1, > 1,8 >
—1,> 1 and 6 real.

To prove our main results, we need the following lemma.
Lemma 1[4]. Let w(z) = c+cpz® +cpp12tL.. be analytic in U with with w(z) #
aand k> 1. If 29 =10e"(0 <79 < 1) and |w(z)| = maz |w(z)|. Then

|z]<7ro
zow'(z0) = Cw(zo) (it2.1)
and
zow" (z0) .
1+ ———= | > 2.2
Re< e R (it2.2)
where ¢ is a real number and
N CUC)) —a/? jw(z0)| — la
¢= 2 2 = .
lw(z0)|” — lal |w(z0)[ +|al
Theorem 1. Let the functions h(r,s,t) € H and let f(z) € X, satisfy:
o a+1 a—+2
Hp,ﬁﬁuf(z) Hp’ﬁyu (2) Hp,ﬁw () cDcCC3 (it2.3)
Hy 5 d () 35,0 () HEL £ (2)
and
HY z) HOPY f(z) HYE? f(z
h ’;’f’l’*f( ), ’;’ﬂ’“f( ), ’;’f’l“f( ) <1(zel). (it2.4)
Hp,ﬂ’#f(z) Hp,ﬁ,uf(z) Hp,ﬁ’uf(z)
Then, for a > 1, we have
H¢ z
%ﬂ) <1(zel).
Hp,ﬁ,u (2)
Proof. Let
H® z
() = Dosal Oy (2.5)

HS‘,aL (2)
Then it follows that w(z) is either analytic or meromorphic in U, w(0) = 1 and
w(z) # 1. Differentiating (2.5) logarithmically with respect to z , and using (1.8)
in the resulting equation, we have

 AIEL0 _ zw'(2)
Hysuf (@) @ +5{(a + 6= Dw(z) + w(z)

Differentiating (2.6) logarithmically with respect to z , we have

+1}. (2.6)

: (H;j";}uf(z))/ Z (Hﬁﬁ,uf(z))/ _ - {(a + 8- Dw(z) + 22+ 1}I
Hy5 L f(2) Hy 5,5 (2) (a+ B — Duw(z) + 220G 41

(a+ 8= Daw'(z) + 2B 4 208 — (

zw/!(z)\2
w(z) )

(a+ 8 —Dw(z) + 222 41

w(z)

2.7

(1)
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Applying (1.8) again in (2.7), we have:

//(Z)
) (2)
(ot B-Dzu )+ S5+~ (e’

(a+B-1)w(z)+~; zw/(z) +1

;BQHf(Z) _ p B Mf(z)
(a+5+1)75;1“f() = (« +ﬂ) f(z)+1+

(a+B—1)zw’ (2)+ 227 3] 422 w((z)) —(2m3))?

zw!(z)

= (a+pf—-Nw(z)+ 4y +2+ (a+B-D)w(z)+ 255 +1

We claim that |w(2)| < 1, z € U. If it is not true, then there exists a point zg € U

such that mazr |w(z)| = |w(z)| = 1. Taking w(zy) = € and applying Lemma 1
with ¢ = k‘z‘:glo, we have
H;ﬁ uf( ?) 1
Hy 5, f(2) ’
Tehut® aiﬁ[(a-l—ﬁ —1)e? 45+ 1]
and

Hy 50 (2) (a4 B8 =12 4 3(a+B—1)(6 + 1)e’ +46 +( +2

Hy 5 f(2) (a+B+Da+F-1)e? +5+1] !
where L
¢= L(Z()) and ¢ > 1.
w(z0)

Applying (2.2), we have Re( > 6(§ — 1).
Since h(r,s,t) € H, we have

h( ) 1) )

o1 THY g f(20) HYE f(20)

pﬁu

o0 (o + ﬂ e + 8+ 1 (a4p-1)220 13(atf—1)(641)e +454+C+2 > 1
) atB ’ (@t Br 1) (a+f— e +3+1] =

This contradicts the condition (2.4) of The theorem. Therefore, we conclude that

Hz?,ﬁ uf(z)

a—1
Hpﬁu ()

<1l (»€U).

This completes the proof of Theorem 1.
Theorem 2. Let the functions ¢(r,s,t) € K and let f(z) € ¥, satisfy:

oo, Mf( 2 Hg’ﬂ”‘ﬂf(z) Hl(iﬁvu-sz(z) DcC? it2.3
<Hp’ﬁ’”_1f(z)) Hgvﬁauf(z) ’Hgﬁ,u-s—lf(z) €rc (t 3)

and

‘¢< He, f(z) HEs 1 f(2) H;ﬁ7u+2f(2’)> <1(zev). (i2.4)

Hypg 1 f(2) Hyg f(z) "Hg 4 f(2)
Then, for u > 1, we have

Hp s f(2)

U).
prﬂ’u—lf(z) <1l(zel)




160 A. O. MOSTAFA AND M. K. AOUF EJMAA-2013/1(2)

Proof. The proof follows by applying the same steps used in the proof of Theorem
1 and using the identity (1.9) instead of (1.8).

Remark. Putting p = 1, in Theorem 1, we obtain results corresponding to the
operator H)) 5.
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