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PROPERTIES OF P-VALENT MEROMORPHIC FUNCTIONS

ASSOCIATED WITH LINEAR OPERATOR

A. O. MOSTAFA1 AND M. K. AOUF2

Abstract. In this paper we introduce a class of p-valent meromorphic func-
tions associated with an integral operator and obtain some properties for func-
tions belonging to this class.

1. Introduction

Let Σp denote the class of functions of the form:

f(z) = z−p +
∞∑
k=1

ak−pz
k−p (p ∈ N = {1, 2, ...}) , (1.1)

which are analytic and p-valent in the punctured unit disc U∗ = {z : z ∈ C and
0 < |z| < 1}.

For functions f(z) ∈
∑

p, given by (1.1) and g(z) ∈
∑

p defined by

g(z) = z−p +∞
k=1 bk−pz

k−p (p ∈ N), (1.2)

the Hadamard product (or convolution) of f(z) and g(z) is given by

(f ∗ g)(z) = z−p +∞
k=1 ak−pbk−pz

k−p = (g ∗ f)(z). (1.3)

Using the operator Qα
β,p :

∑
p →

∑
p defined by Aqlan et al. [1], where:

Qα
β,pf(z) =

 z−p + Γ(α+β)
Γ(β)

∞∑
k=1

Γ(k+β)
Γ(k+β+α)ak−pz

k−p (α > 0;β > −1; p ∈ N; f ∈ Σp)

f(z) (α = 0 ;β > −1; p ∈ N; f ∈ Σp) .
(1.4)

Mostafa [5] defined the operator Hα
p,β,µ : Σp → Σp as follows:

For Qα
β,p, given by (1.4), let Gα∗

β,p,µ be defined by

Qα
β,p(z) ∗Gα∗

β,p,µ(z) =
1

zp(1− z)µ
(µ > 0; p ∈ N) . (1.5)
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Then

Hα
p,β,µf(z) = Gα∗

β,p(z) ∗ f(z) (f ∈ Σp) . (1.6)

Using (1.4)− (1.6), we have

Hα
p,β,µf(z) = z−p +

Γ(β)

Γ(α+ β)

∞∑
k=1

Γ(k + β + α)(µ)k
Γ(k + β)(1)k

ak−pz
k−p , (1.7)

where f ∈ Σp is in the form (1.1) and (ν)n denotes the Pochhammer symbol given
by

(ν)n =
Γ(ν + n)

Γ(ν)
=

{
1 (n = 0)
ν(ν + 1)...(ν + n− 1) (n ∈ N) .

It is readily verified from (1.7) that ( see [5] )

z(Hα
p,β,µf(z))

′
= (α+ β)Hα+1

p,β,µf(z)− (α+ β + p)Hα
p,β,µf(z) (1.8)

and

z(Hα
p,β,µf(z))

′
= µHα

p,β,µ+1f(z)− (µ+ p)Hα
p,β,µf(z) . (1.9)

It is noticed that, putting µ = 1 in (1.7), we obtain the operator

Hα
p,β,1f(z) = Hα

p,βf(z) = z−p +
Γ(β)

Γ(α+ β)

∞∑
k=1

Γ(k + α+ β)

Γ(k + β)
ak−pz

k−p, (1.10)

and

H0
p,β,1f(z) = f(z).

Recently, Frasin [3] ( see also [2] ) has obtained new properties of meromorphic
p-valent functions.

In the present paper using the operator Hα
p,β,µdefined by (1.7), we investigate

some new properties of meromorphic p-valent functions.
Definition 1. Let H be the set of complex valued functions h(r, s, t) : C3 → C
such is continuous in a domain D ⊂ C3, (1, 1, 1) ∈ D , |h(1, 1, 1)| < 1 and∣∣∣∣h(eiθ, (α+ β − 1)eiθ + δ + 1

α+ β
, (α+β−1)2e2iθ+3(α+β−1)(δ+1)eiθ+4δ+ζ+2

(α+β+1)[(α+β−1)eiθ+δ+1]

)∣∣∣∣ ≥ 1,

(1.11)
whenever(

eiθ,
(α+ β − 1)eiθ + δ + 1

α+ β
, (α+β−1)2e2iθ+3(α+β−1)(δ+1)eiθ+4δ+ζ+2

(α+β+1)[(α+β−1)eiθ+δ+1]

)
∈ D

with Reζ ≥ δ(δ − 1), δ ≥ 1, α ≥ 1, β > −1 and θ real.
Definition 2. Let K be the set of complex valued functions ϕ(r, s, t) : C3 → C
such is continuous in a domain D ⊂ C3, (1, 1, 1) ∈ D , |ϕ(1, 1, 1)| < 1 and∣∣∣∣ϕ(eiθ, 1µ [(µ− 1)eiθ + δ + 1],

(µ− 1)2e2iθ + 3(µ− 1)(δ + 1)eiθ + 4δ + ζ + 2

(µ+ 1)[(µ− 1)eiθ + δ + 1]

)∣∣∣∣ ≥ 1,

(1.12)
whenever(

eiθ,
1

µ
[(µ− 1)eiθ + δ + 1],

(µ− 1)2e2iθ + 3(µ− 1)(δ + 1)eiθ + 4δ + ζ + 2

(µ+ 1)[(µ− 1)eiθ + δ + 1]

)
∈ D

with Reζ ≥ δ(δ − 1), δ ≥ 1, µ > 1 and θ real.
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2. Main Results

Unless otherwise maintained we assume that ζ ≥ δ(δ − 1), δ ≥ 1, α ≥ 1, β >
−1, µ > 1 and θ real.

To prove our main results, we need the following lemma.
Lemma 1[4]. Let w(z) = c+ckz

k+ck+1z
k+1... be analytic in U with with w(z) ̸=

a and k ≥ 1. If z0 = r0e
iθ(0 < r0 < 1) and |w(z0)| = max

|z|≤r0

|w(z)|. Then

z0w
′(z0) = ζw(z0) (it2.1)

and

Re

(
1 +

z0w
′′(z0)

w′(z0)

)
≥ δ, (it2.2)

where ζ is a real number and

ζ ≥ k
|w(z0)− a|2

|w(z0)|2 − |a|2
≥ k

|w(z0)| − |a|
|w(z0)|+ |a|

.

Theorem 1. Let the functions h(r, s, t) ∈ H and let f(z) ∈ Σp satisfy:(
Hα

p,β,µf(z)

Hα−1
p,β,µf(z)

,
Hα+1

p,β,µf(z)

Hα
p,β,µf(z)

,
Hα+2

p,β,µf(z)

Hα+1
p,β,µf(z)

)
∈ D ⊂ C3 (it2.3)

and ∣∣∣∣∣h
(
Hα

p,β,µf(z)

Hα−1
p,β,µf(z)

,
Hα+1

p,β,µf(z)

Hα
p,β,µf(z)

,
Hα+2

p,β,µf(z)

Hα+1
p,β,µf(z)

)∣∣∣∣∣ < 1 (z ∈ U). (it2.4)

Then, for α ≥ 1, we have ∣∣∣∣∣Hα
p,β,µf(z)

Hα−1
p,β,µf(z)

∣∣∣∣∣ < 1 (z ∈ U).

Proof. Let

w(z) =
Hα

p,β,µf(z)

Hα−1
p,β,µf(z)

(z ∈ U). (2.5)

Then it follows that w(z) is either analytic or meromorphic in U , w(0) = 1 and
w(z) ̸= 1. Differentiating (2.5) logarithmically with respect to z , and using (1.8)
in the resulting equation, we have

Hα+1
p,β,µf(z)

Hα
p,β,µf(z)

=
1

α+ β
{(α+ β − 1)w(z) +

zw′(z)

w(z)
+ 1}. (2.6)

Differentiating (2.6) logarithmically with respect to z , we have

z
(
Hα+1

p,β,µf(z)
)′

Hα+1
p,β,µf(z)

−
z
(
Hα

p,β,µf(z)
)′

Hα
p,β,µf(z)

=
z
{
(α+ β − 1)w(z) + zw′(z)

w(z) + 1
}′

(α+ β − 1)w(z) + zw′(z)
w(z) + 1

=
(α+ β − 1)zw′(z) + zw′(z)

w(z) + z2w′′(z)
w(z) − ( zw′(z)

w(z) )2

(α+ β − 1)w(z) + zw′(z)
w(z) + 1

.

2.7 (1)
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Applying (1.8) again in (2.7), we have:

(α+ β + 1)
Hα+2

p,β,µf(z)

Hα+1
p,β,µf(z)

= (α+ β)
Hα+1

p,β,µf(z)

Hα
p,β,µf(z)

+ 1 +
(α+β−1)zw′(z)+

zw′(z)
w(z)

+z2
w′′(z)

w(z)
−(

zw′(z)
w(z)

)2

(α+β−1)w(z)+
zw′(z)
w(z)

+1

= (α+ β − 1)w(z) + zw′(z)
w(z) + 2 +

(α+β−1)zw′(z)+
zw′(z)
w(z)

+z2 w′′(z)
w(z) −(

zw′(z)
w(z)

)2

(α+β−1)w(z)+
zw′(z)
w(z)

+1
.

We claim that |w(z)| < 1, z ∈ U. If it is not true, then there exists a point z0 ∈ U
such that max

|z|≤r0

|w(z)| = |w(z)| = 1. Taking w(z0) = eiθ and applying Lemma 1

with c = k = 1, we have

Hα
p,β,µf(z)

Hα−1
p,β,µf(z)

= eiθ,

Hα+1
p,β,µf(z)

Hα
p,β,µf(z)

=
1

α+ β
[(α+ β − 1)eiθ + δ + 1]

and

Hα+2
p,β,µf(z)

Hα+1
p,β,µf(z)

=
(α+ β − 1)2e2iθ + 3(α+ β − 1)(δ + 1)eiθ + 4δ + ζ + 2

(α+ β + 1)[(α+ β − 1)eiθ + δ + 1]
,

where

ζ =
z2w′′(z0)

w(z0)
and ζ ≥ 1.

Applying (2.2), we have Reζ ≥ δ(δ − 1).
Since h(r, s, t) ∈ H, we have∣∣∣∣∣h

(
Hα

p,β,µf(z0)

Hα−1
p,β,µf(z0)

,
Hα+1

p,β,µf(z0)

Hα
p,β,µf(z0)

,
Hα+2

p,β,µf(z0)

Hα+1
p,β,µf(z0)

)∣∣∣∣∣
=

∣∣∣∣h(eiθ, (α+ β − 1)eiθ + δ + 1

α+ β
, (α+β−1)2e2iθ+3(α+β−1)(δ+1)eiθ+4δ+ζ+2

(α+β+1)[(α+β−1)eiθ+δ+1]

)∣∣∣∣ ≥ 1.

This contradicts the condition (2.4) of The theorem. Therefore, we conclude that∣∣∣∣∣Hα
p,β,µf(z)

Hα−1
p,β,µf(z)

∣∣∣∣∣ < 1 (z ∈ U).

This completes the proof of Theorem 1.
Theorem 2. Let the functions ϕ(r, s, t) ∈ K and let f(z) ∈ Σp satisfy :(

Hα
p,β,µf(z)

Hα
p,β,µ−1f(z)

,
Hα

p,β,µ+1f(z)

Hα
p,β,µf(z)

,
Hα

p,β,µ+2f(z)

Hα
p,β,µ+1f(z)

)
∈ D ⊂ C3 (it2.3)

and ∣∣∣∣∣ϕ
(

Hα
p,β,µf(z)

Hα
p,β,µ−1f(z)

,
Hα

p,β,µ+1f(z)

Hα
p,β,µf(z)

,
Hα

p,β,µ+2f(z)

Hα
p,β,µ+1f(z)

)∣∣∣∣∣ < 1 (z ∈ U). (it2.4)

Then, for µ ≥ 1, we have ∣∣∣∣∣ Hα
p,β,µf(z)

Hα
p,β,µ−1f(z)

∣∣∣∣∣ < 1 (z ∈ U).
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Proof. The proof follows by applying the same steps used in the proof of Theorem
1 and using the identity (1.9) instead of (1.8).
Remark. Putting µ = 1, in Theorem 1, we obtain results corresponding to the
operator Hα

p,β .
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