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INTUITIONISTIC FUZZY U-o-CONTRACTIVE MAPPINGS AND
FIXED POINT THEOREMS IN NON-ARCHIMEDEAN
INTUITIONISTIC FUZZY METRIC SPACES

B. DINDA, T.K. SAMANTA, IQBAL H. JEBRIL*

ABSTRACT. In this paper intuitionistic fuzzy Banach contraction theorem for
M-complete non-Archimedean intuitionistic fuzzy metric spaces and intuition-
istic fuzzy Elelstein contraction theorem for non-Archimedean intuitionistic
fuzzy metric spaces by intuitionistic fuzzy 1-¢ contractive mappings are proved.

1. INTRODUCTION

Theory of intuitionistic fuzzy set as a generalization of fuzzy set [8] was introduce
by Atansov [7]. Grabiec [9] initiated the study of fixed point theory in fuzzy metric
spaces. George and Veeramani [1] have pointed out that the definition of Cauchy
sequence for fuzzy metric spaces given by Grabiec [9] is weaker and they gave
one stronger definition of Cauchy sequence and termed as M-Cauchy sequence.
The definition of Cauchy sequence given by Grabiec [9] has been termed as G-
Cauchy sequence. With the help of fuzzy 1-contractive mappings defined by Dorel
Mihet[5], we define intuitionistic fuzzy 1-¢ contractive mappings. Our definition
of intuitionistic fuzzy 1-¢ contractive mapping is more general than the definitions
of intuitionistic fuzzy contractive mapping given by Abdul Mohamad [2] and by
this contraction we prove an intuitionistic fuzzy Banach contraction theorem for
M-complete non-Archimedean intuitionistic fuzzy metric spaces. We also prove
intuitionistic fuzzy Elelstein contraction theorem for non-Archimedean intuitionistic
fuzzy metric spaces without the continuity condition.

2. PRELIMINARIES

We quote some definitions and statements of a few theorems which will be needed
in the sequel.

Definition 2.1. [4] A binary operation * : [0, 1] x [0, 1] — [0, 1] is
continuous t - norm if * satisfies the following conditions:
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) * is commutative and associative,

1) * is continuous,

jii)ax1=a, VY ac€l0,1]

iv)a*xb < c*d whenever a<c,b<danda,b,c de [0, 1]

A few examples of continuous t-norm are a*b = ab, a*xb = min{a,b}, axb =
max{a +b—1,0}.

Definition 2.2. [4]. A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is
continuous t-conorm if ¢ satisfies the following conditions

(i) < is commutative and associative,

(it) o is continuous,

(iii)a o 0=a, Vae]l[0,1]

(iv)a o b < cod whenever a<c,b<danda,b,c dec |0, 1]

A few examples of continuous t-conorm are a ¢ b = a+b—ab, a o b =
max{a,b}, a © b = min{a +b,1}.

Definition 2.3. [6] A 5-tuple (X, u,v,*,0) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-
conorm, 4 and v are fuzzy sets on X2 x (0,00) and u denotes the degree of nearness,
v denotes the degree of non-nearness between x and y relative to ¢ satisfying the
following conditions: for all z,y,z € X, s,t > 0,

i) plzy,t) + viz,y,t) < 1

i) p(z,y,0) = 0;

jii ) p(x,y,t) = 1 ifand only if = = y;

) = uw(y, z,t);

) > wz,y,t) * pu(y, 2, 8);

0,00) — [0,1] is left-continuous;

NN N N N N N N S S

Remark 2.4. If in the above definition the triangular inequalities (v) and (z) are
replaced by

u( x, z, max{t,s} ) >
v(x, z, max{t,s} ) <
Or, equivalently,

(@, z,t) > p(x,y,t) * p(y, 2,t) and

v(z,z,t) < v(z,y,t) o vy, z,t).

Then (X, p, v, %,0) is called non-Archimedean intuitionistic fuzzy metric space.

w(x,y,t) * v(y,z,s) and
v(z,y,t) o v(y, 2, ).

Definition 2.5. [2] Let (X, u,v,*,0) be an intuitionistic fuzzy metric space. A
mapping f: X — X is intuitionistic fuzzy contractive if there exists k € (0, 1) such

1 1 1 1
that —rmrmn —1 =k ( €y 1) and Sy 1S % (u(m,y,w - 1)

for all z,y € X and ¢t > 0. (k is called contractive constant of f.)
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Definition 2.6. [2] Let (X, u, v, *,0) be an intuitionistic fuzzy metric space. We
will say that the sequence {x, }, in X is intuitionistic fuzzy contractive if there ex-

ists k € (0,1) such that -1 <k (* 1) and 1

1 _ _
(ZTnt1,Tnt2,t) (T, Trt1,t) V(Tn41,Tnt2,t)

1< 4 Gty —1) forallt>0andneN.

3. INTUITIONISTIC FUZZY W-$-CONTRACTIVE MAPPINGS

Definition 3.1. Let (X, u, v, *,¢) be an intuitionistic fuzzy metric space.

(i) A sequence {xy,}, in X is called M-Cauchy sequence, if for each e € (0,1) and
t > 0 there exists ng € N such that p(2,, zm,t) > 1 —€ and v(z,, Tm, t) < € for all
m,n > ng.

(ii) A sequence {x,}, in X is called G-Cauchy sequence if lim p (@n, Tpim,t) =
n — oo

1 and lim v (Zn, Tpim,t) =0 for each m € N and ¢t > 0.

n — oo

Definition 3.2. A sequence {x,}, in an intuitionistic fuzzy metric space (X, u, v, *, )
is said to converge to z € X if lim pu (zp,2,t)
n — oo

=1and lim v (z,,2,t)=0foralt>0.

n — oo

Definition 3.3. Let ¥ be the class of all mappings ¢ : [0,1] — [0, 1] such that
¥ is continuous, non-decreasing and ¥ (t) < ¢, Vt € (0,1). Let ® be the class
of all mappings ¢ : [0,1] — [0,1] such that ¢ is continuous, non-decreasing and
o(t) > t,Vt € (0,1). Let (X, u,v,*,0) be an intuitionistic fuzzy metric space
and ¢ € U and ¢ € ®. A mapping f : X — X is called an intuitionistic fuzzy
1-¢-contractive mapping if the following implications hold:

w(z,y,t) >0 = ¥ (u(f(x), f(y),t) > ux,y,t)
v(z,y,t) <1 = ¢ (f(z),f(y)1) < v(z,yt).

Example 3.4. Let (X, p,v,x,0) be an intuitionistic fuzzy metric space and f :

- 1 1 1
X = X satisfies oy oy —1 <k (u(iz,ynf) _1) and Sy rmn LS

% (m - 1) for all xz;y € X and t > 0. Then for some k € (0,1) with
k >1—t, f is an intuitionistic fuzzy Y-¢p-contractive mapping, with

t
t)y=1-k t) = ————
o) R T
Example 3.5. Let X be a non-empty set with at least two elements. If we de-
fine the intuitionistic fuzzy set (X, p, v) by p(z,z,t) =1 and v(z,z,t) = 0 for all
z e X andt>0; and

0, ift <1 1, ift <1
viz,y,t) =

x t) =
uiwy, ) 1, if t > 1 0, if t >1

for all z,y € X, © # vy, then (X, pu,v,x,0) is an M-complete non-Archimedean
intuitionistic fuzzy metric space under any continuous t-norm x and continuous t-
conorm <. Now,

wlx,y,t) <1

= u(x,y,t) =0

= % (u(F(2), F(). 1) = pla,y,t) =0 and
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v(z,y,t) >0

= v(z,y,t) =1

= o (w(f(@),f(y),1) < v(z,y,t)=1

Therefore every mapping f : (X, p, v, %,0) = (X, u, v, %,0) s an intuitionistic fuzzy
P-¢p-contractive mapping.

Definition 3.6. An intuitionistic fuzzy i-¢-contractive sequence in an intuition-
istic fuzzy metric space (X, u, v, *,0) is any sequence {x, }, in X such that

¢ (/”' (xn-i-lv Tn+2, t)) > /’L(xn-i-lv L, t)

¢ (V (xn-i-lv Tn+2, t)) S V(:En-‘rla T, t)
An intuitionistic fuzzy metric space (X, pu,v,*,¢) is called M-complete (or, G-
complete) if every M-Cauchy (or, G-Cauchy) sequence is convergent in X.

4. FIXED POINT THEOREMS

Theorem 4.1. Let (X, u, v, *,¢) be an M-complete non-Archimedean intuitionistic
fuzzy metric space and f: X — X be an intuitionistic fuzzy ¥-¢-contractive map-
ping. If there exists x € X such that p(z, f(z),t) > 0 and v (z, f(z),t) < 1 for all
t >0, then f has a unique fixed point.

Proof. Let € X be such that u(x, f(x),t) > 0 and v(z, f(x),t)
<1,¢t>0 and x, = f*(z), n € N, we have for all ¢ > 0

p(xo,z1,t)

¢(H($17$2: )) < M(mlax%t)
I/(J?Q,$1, ) ¢

<
> (1/(.131,3)2, ))>V(1‘1,$2,t)

and

/L(xlv L2, t) < 7/}( (*T’27 3, t)) < M(mQ’ 3, t)

v(xy,xe,t) > d(v(xe,235,t)) > v(xa, T3, 1)
Hence by induction Vit > 0, p(zn,Tnt1,t) < w(Tnt1, Tnro,t) and v(z,, Tpp1,t) >
V(Zp41, Tnyo,t). Therefore, for every
t > 0, {u(zn,Tnt1,t)} is a non-decreasing sequence of numbers in (0,1] and
{v(@n,xnt1,t)} is a non-increasing sequence of numbers in [0, 1).
Fix t > 0. Denote nleoo w(ZTny Tpa,t) by I and nli_>moo v(Zy, Tnt1,t) by m. Then

we have [ € [0,1] and m € [0,1].

Since ¥ (4 (Tpt1, Tnt2,t)) > (T, Tny1,t) and ¢ is continuous, (1) > 1. This
implies I = 1. Also, since ¢ (v (p+41, Tni2,t)) < v(Tpt1,Zn,t) and ¢ is continuous,
¢(m) < m. This implies m = 0. Therefore,

lim w(z,,pi1,t) = Land lim v(z,,xn41,t) = 0.
n — o0 n — o0

If {x,}n is not a M-cauchy sequence then there are e € (0,1) and ¢ > 0 such that
for each k € N there exist m(k), n(k) € N with m(k) > n(k) > k and

MEm(k)s Tngk), 1) < 1—€ and v(Tpk), Tog). t) = €

Let for each k, m(k) be the least positive integer exceeding n(k) satisfying the
above property, that is,

/’L(xm(k)fla Ln(k)s t) > 1—e€and u(mm(k)v Tn(k)> t) < 1—e. Also,

V(Zm(k)—1> Tnk)s 1) < € and v(Tp ), To), t) > €.

Then for each positive integer k,

1—€ > u(Tm) Tnk)st)
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> Tk =15 Tnk)st) * M Tmk) =15 Tm(k), 1)
> (I=¢€) * Tmm)—15 Tm(r)>1)-

and
€ < U(Tm(k), Tnk)st)
< U(Tmk)y—15 Tnk)st) © V(Tmk)y—15 Tm(k)>t)
< €90 V(an(k)—l’ Im(k)7t)'
Taking limit as k — oo we have,
lemm {1 =€) * w(Tm@my—15 Tmm), t)}
( €) * m I(Trm(k)—1 s Trm(k)st)
=(1-¢) %1
~(1-¢
i t
and khﬁrr.loo {e ¢ V(xm(k)_l » Tm(k)s )}
= co lim V(Tm(k)—15 Tm(k)st)
=€00 =c€.
It follows that klim Ty Tngry,t) = 1 —¢€
— 00

and klim V(Zm(k)s Tn(k),1) = €

Now, (T (k> Ty t) < ¥ (1 (J?m(k 415 Tn(ky41,1))

and V(:L‘m(k)7 Tn(k)s t) > (b( (T, k)+1s Tn(k )+1,t))

Since 1) and ¢ are continuous taklng limit as K — oo we have,

1—e < ¢Y(l—€ < 1l—eande > ¢(e) > €, which are contradictions. Thus
{z}n is a M-cauchy sequence.

If Ime x, = y then from ¢ (u(f(y), f(zn),t)) > uly, x,,t) and

o W(f(y), f(xn), 1)) < v(y,xn,t) it follows that x,+1 — f(y).

Therefore we have

w(ys f(y)t) = pu(y, Tn,t) * (@0, Tpgr, t) * pp(@na, f(y),t) — 1 asn — oo. This
implies u(y, f(y),t) = 1.

v(y, f(y),t) < v(y,zn,t) © v(Tn, Tni1,t) © V(Tnt1, f(y),t) = 0 as n — oo. This
implies v(y, f(y),t) = 0. Hence, f(y) = y.

If z,y are fixed points of f then

u(f (@), f(y),t) = p(z,y,t) < ¥(u(f(2), f(y).1))

and v(f(2), f(y),) = v, 5.1) > S(f(@), F(5), 1)), ¥ > 0.

If x #y then p(z,y,s) < land v(z,y,s) > 0 for some s >0 ie., 0 < p(z,y,s) <1
and 0 < v(z,y,s) < 1 hold, implying

1 (@), F).5) < DG (), F), 8)) < i(f (@), 1),
and v (£(x), f(1), 5) > o(v (F(2), F(3), %)) > v(f (@),

tions.
Thus z=y.
This completes the proof.

s)
(y),s), which are contradic-

Lemma 4.2. Let (X, u,v,*,0) be a non-Archimedean intuitionistic fuzzy metric
space. If {xn}n and {yn}n be two sequences in X converges to x and y respectively
then lim p (xn,Yn,t) = p(z,y,t) and lim v(z,,yn,t) =v(z,y,t).

n — oo n— oo

Proof. Since (X, u,v,*,0) be a non-Archimedean intuitionistic fuzzy metric
space, therefore
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(T Ynst) = plan, 2,t) * p(@,y,t) * ply, yn, t)

= lm g (2n,yn,t) 2 1x p(e,y,t) 1 = plz,y,t).

and v (Tn,Yn,t) < v(2n,3,t) © v(2,9,t) © V(Y,Yn,t)

= lim v (2n,yYn,t) < 0o v(z,y,t) o0 = v(z,y,t).

n — oo

Also, p(z,y,t) = p(@, o, t) * (@0, Yn, t) * (Y, Yn,t)

= u(%y,t) > 1+ lim u(xmymt) 1= lm p(zn,yn,t)
n n — oo

= v(z,y, ) > 0 o hm V(ZTpyYn,t) © 0 = lim v(zp,yn,t).
n — oo n — oo

Hence the proof.

We prove the following theorem without the continuity condition.

Theorem 4.3. Let (X, u, v, *,0) be a compact non-Archimedean intuitionistic fuzzy
metric space. Let f: X — X be an intuitionistic fuzzy -¢-contractive mapping.
Then f has a unique fixed point.

Proof. Let x € X and =, = f*(z), n € N. Assume z,, # z,41 for each n (if
not f(zn) = xy).
Now assume x,, # Tp, (n # m), otherwise for m < n we get
(T, Tpy1,t) = W @m, Tmr1, 1) <O ((Tmg1, Tmt2, b))
< (@pg1y Tmpa, t) < oo < @@, Tpg1,t) and
V(xnv Tn+41, t) = V(xm’ Tm+1, t) > ¢ (V(xm-‘rl’ Tm+2, t))
> V(Tmt1, Tmta,t) > -0 > V(Tp, Tni1,t), a contradiction.
Since X is compact, {x, }, in X has a convergent subsequence {x,, }ien (say). Let
{zn, }ien converges to y. We also assume that y, f(y) ¢ {x, : n € N} (if not, choose
a subsequence with such a property). According to the above assumptions we may
now write for all 4 € N and ¢ > 0

p(@ns y5 1) < D (f (@), f(y),1) < p(f(@n,), f(y), 1)
V(@ y,t) 2 0 (f(2n,), F(y), 1) > v (f(@n,), f(y), 1)

Since ¢ and ¢ are continuous for all z,y € X. From lemma 4.2 we obtain
im (e, yt) < lim o (f(zn,), F(9),1)

ST i g (f(e). Tw).0)
= i (f(za,), f(y),1) = 1.
and Hm_v(zn,p,0) 2 lm v (f(en,), f0),0)

= 0> ilem v(f(zn,), fy),t)
= ih—>moo V(f<xn1)7f<y)7t> =0. i.e.,

f(@n;) = f(y) (4.1)

Similarly, we obtain

Now, we see that

u(xnl,f(xm) ) < (F(xn,), f2(@0,),1)) < g (f(@ny), F2(20,),1)
< <ﬂ(xnl,f( ) t) < ( (anz)an(fcm)’t)

V(fvnl,f(ﬂfnl) t) = )( v (f(@ny)s P (@n)st) > v (f(2n,), f2(20,),1)

> > V(T f(Tn,), 1) > ( F@n)s 2 (@n,),1) > -+ > 0.
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Thus {:U’(xnmf(xnz)v t)}iEN and {ﬂ (f(l'm), f2 (xni)’ t) }iEN converges to a common
limit. Also, {v(zn,, f(2n,;),t)}ien and

{v (f(2n,), [*(%n,), ) }ien converges to a common limit.
So, by (4.1), (4.2) and lemma 4.2 we get

s £)st) = (lim wn, f(lm @0, t) = Tm g (wn, f(n,), t)
= tim g (fl@n), (), 1) = (f( Tim ey £ (lim_ ), ¢

K2

\ \
/\
<
~—

~
~

and
v(y, f(y),t) = ( hm Tnys O hrnoo T, )s t) :Zlgn v(xy,, f(zn,), t)
= Zli)moo V(f xni)? t) =V (f(l li}moo xni)? f (i limoo xm)v t) = V(f(y)7f2(y)’t)
for all t > 0.
Suppose f(y) # y, then we have
10100 20 (O L0.0) < {110, 20).1)
v(y, f(y),t) = o(v (f(y), 2(y),t)) > v (f(y), f2(y),t), t >0, a contradiction.
Hence y = f(y) is a fixed point.

If ,y are fixed points of f then

n(f (@), f(y),t) = p(z,y,t) < ¥(u(f(z), f(y),1)) and

v(f(x), f(y),t) = v(z,y,t) > d(v(f(x), f(y),1), Vi > 0.

Suppose that « # y, then u(x,y,s) < 1 and v(z,y,s) > 0 for some s > 0 i.e.,
0 < p(z,y,8) <1land 0 < v(x,y,s) <1 hold, impllying

w(f(@), f(y),s) <P(u(f(x), f(y),s) < pu(f(z), f(y),s) and

v(f(z), f(y),s) = é(v (f(z), f(y),s)) > v(f(z), f(y),s), which are contradictions.

Therefore it must be the case that z = y.
Hence the proof.
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