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BLOW-UP ANALYSIS FOR A DEGENERATE PARABOLIC
SYSTEM WITH POSITIVE DIRICHLET BOUNDARY VALUE*

ZHENGQIU LING

ABSTRACT. This paper investigates a nonlocal degenerate parabolic system
with positive Dirichlet boundary value conditions. By means of the super- and
sub-solution techniques and piecewise functions, some results of interactions
among the multi-nonlinearities in the system described by four exponents,
global boundedness and blow-up criteria of positive solutions are determined.
The results show the positive boundary value g plays an important role in
the case of blow-up.

1. INTRODUCTION
In this paper, we investigate the following nonlocal degenerate parabolic system
up = Au™ + aljv]|%, vy = Av" +blul3, z€EN t>0 (1)
with positive Dirichlet boundary value conditions
u(z,t) =e9 >0, wv(x,t)=¢e9>0, xed, t>0 (2)
and initial data
u(z,0) =up(x), wv(x,0)=uvy(x), x€Q, (3)

where 2 be a bounded domain in R¥( N > 1) with smooth boundary 02, and
constants m,n > 1, «, 8 > 1, a,b,p,q > 0, where ug(z),vo(x) > €¢ are nonnegative
bounded functions on Q, and where || - [|% = [, |- |*dz.

The coupled parabolic system (1)-(3) can be interpreted as the porous medium or
diffusion equations such as thermoelasticity ([1]). They are worth to study because
of the applications to heat and mass transport processes. In addition, there exist
interesting interactions among the multi-nonlinearities described by four exponents
m,n,p and ¢ in the model (1)-(3).

In the past two decades, many physical phenomena were formulated into nonlo-
cal mathematical models (see [2]-[6] and references therein) and studied by many
authors. For example, Bebernes and Bressan ([2]) studied an ignition model for a
compressible reactive gas which is a nonlocal reaction-diffusion equation. Pao ([3])
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discussed a nonlocal model arising from combustion theory. On the other hand,
some authors ([7]-[8]) studied a class of nonlocal degenerate parabolic equations
which arise in a model of population that communicates through chemical means.

In recent years, many important results have appeared on blow-up problems for
nonlinear parabolic systems. We will recall some of those results concerning the first
initial-boundary value problems. For other related works on the global existence
and blow-up of solutions of nonlinear parabolic systems, we refer the reader to
[9]-[11] and references therein.

In [12], Galaktionov et al. considered the system

up = Au’t 40P, vy = AvH T 4yl (4)

with homogeneous Dirichlet boundary conditions. They proved that p. = pg— (v +
1)(1+1) is the critical exponent of (4). Later, Song in [13] and Deng in [14] studied
the following problem

up = Au™ +utoP, v = A" 4 ulv? (5)

by different methods. Some results, which concern the global boundedness and
blow-up criteria of solutions were determined.

In 2003, Deng [15] et al. investigated the system (1), (3) with homogeneous
Dirichlet boundary condition

u(z,t) =v(z,t) =0, ze€0, t>0. (6)
Several interesting results are established. We only state some of them here.

Theorem 1 Under the above assumptions.
(1) If pg < mn, then the every nonnegative solution of (1), (3) and (6) is global.
(2) If pg > mn, then

(i) the nonnegative solution of (1),(3) and (6) is global if the initial data ug, v
are sufficiently small;

(ii) the nonnegative solution of (1),(3) and (6) blows up in finite time if the initial
data wug, vg are sufficiently large.
(3) If pg = mn, then

(i) the nonnegative solution of (1),(3) and (6) is global if the domain € is suffi-
ciently small;

(ii) the nonnegative solution of (1),(3) and (6) blows up in finite time if the
domain (2 contains a sufficiently large ball, and ug, v are positive and continuous
in Q.

For the degenerate parabolic system (1)-(3), due to the positivity of the bound-
ary value, we can deal with the comparison principle and classical solutions by
similar arguments as [15] and [16]. We point out that blow-up behavior of posi-
tive solutions is similar for the system (1),(3) with either homogeneous Dirichlet
boundary condition (6) or positive Dirichlet boundary value condition (2), but the
globality of positive solutions is somewhat different, see Remark 1.

The rest of the paper is organized as follows. Section 2 deals with global bound-
edness of solutions, we will prove Theorems 2 and 3. Theorems 4 and 5 about
blow-up criteria are proved in Section 3. Some remarks are given in Section 4.
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2. GLOBAL BOUNDEDNESS

Clearly, any solution (u,v) of (1)-(3) satisfies u(z,t) > eg,v
the comparison principle due to the boundary condition (2) and
uo(z),vo(x) > €9. Therefore, the local classical solutions to (1)-(3
say a solution (u,v) of (1)-(3 ) blows up in finite time T if

v(x,t) > g9 by
the initial data
) do exist. We

lim max([u(-, #)] + [v(-,)]) = +oo.
t—=T Q

Now, we deal with the following theorems on global boundedness of solutions.

Theorem 2 Assume pg < mn. Then the nonnegative solutions of system (1)-(3)
are globally bounded.

Proof. According to the comparison principle, we only need to construct bounded,
positive super-solutions for any T' > 0. Let ¢ (z) be the unique positive solution of
the following linear elliptic problem

—“AY(x)=1, z€Q; ¢)=1, =ze€d.

Denote C = max,eq ¥ (x), then 1 < ¢(z) < C. Now, we define the functions u,v
as

a(x,t) = klw%(x), o(z,t) = kzz/J%(a:), reQ, t>0 (7)
with positive constants k1, k2 to be determined later. Clearly, for any T' > 0, (@, )
is a bounded function and w > k1 > 0,7 > kg > 0. Then, a series of computations
yields

—Au™ =k, I15]12, = K5l (x) = |2 < KhCH|QIP/®, (8)
— A" =k, all% = k()= | < k{Cw Q7. (9)
Denote
11 1y—1
C = (aC"|Q| )’", Cy = (qum\QM) . (10)

The assumption pg < mn implies £ < %. So, for the positive constants C7 and

Cs, there exist sufficiently large constants k1, ko > 0 such that Cy kQ’% <k < Cgkg ,
which implies that

—Au™ > allo|h, v — AT > blalf, xeQt>0. (11)
In addition, we may assume k1, ko to be so large that
W(z,0) = kyoom () > up(x), 0(x,0) = kot () > vo(z), z€Q  (12)
and
Uz, t) = kypm (z) >0, 0(a,t) =katpn (z) >0, x€ It > 0. (13)

Thus we have shown that (@, ) is a positive super-solution of (1)-(3), which
implies the global boundedness of solutions to the problem (1)-(3). The proof is
complete. (I

Now consider the critical case of pg = mn. Denote by ¢4 (z) the first eigenfunc-
tion of the problem

Ap(x)+Ap(x) =0, € Q; ¢(x) =0, z €N (14)

with the first eigenvalue A\;. Then ¢ (z) > 0 in Q with A; > 0. It is well known
that A1 can be used to describe the size of Q([14]).
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Theorem 3 Assume pg = mn. If the diameter of Q is sufficiently small, then the
solutions of (1)-(3) are globally bounded.

Proof. Because of the continuous dependence of A\; upon the domain Q([17]),
we know that for any constant A € (0, A1), there is a bounded domain 2 D 2 such
that A is the first eigenvalue of the following problem

Ap(z) + Xp(z) =0, 2 € p(x) =0, = € N (15)

Let 3(z) be the first eigenfunction of (15) with the first eigenvalue X, normalized
by [|@]lee = 1, then @(x) > 0 in €, and hence @(z) > 6y > 0 on £ for some positive
constant dg.

Define

u(z,t) = M gm (z), oa,t)=M"gn(z), z€Q t>0 (16)

with positive constants a; and b; satisfying

()G -() )

Since pg = mn, there exists positive solutions to linear system (17). With a pair
of such positive constants a; and by, by calculating directly, we have u; = 0, v, =0
and

AT 4 al[o]f, = MG~ X+ ac MP ) < Mg~ X+ 90 )
0
. . b
AT+ Blally = M™F( - X bea M) < MG~ X 52), (19)
0

where
~1 ~ 1
a =75 >0, ca=|[em|}>0.

As the domain 2 becomes smaller and smaller, the corresponding first eigenvalue
A1 of (14) will become bigger and bigger. Therefore, assume the diameter of € is
sufficiently small such that

aci  beo }

)\1 > )\0 = max{a, %

(20)

Moreover, choose the A such that Ay < A < A;. Thus, from (18)-(20) we obtain
Au™ +al[o||f, < up, A"+ bllaf|f < v
for x € Q and ¢t > 0. On the other hand, taking M large enough such that
a(z,t) = M‘“&i(x) >0, U(z,t) = Mbl{E%(x) >eo, z€I0Q t>0
and
a(x,0) = M@ 3w () > ug(x), o(x,0) = M*@7 () > vo(x), €

So we have proved that (@,?) is a super-solution of (1)-(3), which implies the
global boundedness of solutions to the problem (1)-(3). The proof is complete. O
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3. BLOW-UP CRITERIA

The following theorems is concerning blow-up criteria for the solutions of (1)-
(3). Due to the requirement of the comparison principle, we will construct blow-up
positive sub-solutions to complete the proofs of theorems.

Theorem 4 Assume pg > mn, and the initial data wug(x),vo(x) are sufficiently
large. Then the nonnegative solution of (1)-(3) blows up in a finite time.

Proof. Since pg > mn, and hence there exists two positive constants a4, 31 large
enough that

> % > g and (m—1)a, >1, (n—1)8 > 1. (21)
1

3=

Construct the piecewise functions @, v as follows

[(1_J\C/[,;1_:_:0]\/[@(1+<,01(93))0¢17 (x,t) € Q x (0,5,
ﬂ(fﬂ, t) = Mg, Y (22)
mcp‘{% (z), (z,t) € Q x (E’ . )

B1 1
. o (ra@) " @oeax (o] )
v, = /315
el @ eneax (G2E),

where M and c are positive constants to be determined later, o1 () is the first eigen-
function (normalized by ||¢1]|cc = 1) of the problem (14) with the corresponding
first eigenvalue A;. Then A; > 0 and o1 (z) > 0 in Q. It is easy to see that

- M®>¢gg . MﬁlEO 1
t)=—————— < t)=——— < t o0 0, —
) = [ ey 4 e = 20 P00 = gy g < o (m00) € 00 (0.2);
1 1+M
iw,t) =0< e, Bat)=0<z, (wt)€d0x (-, +C ).

(24)
In addition, by calculating direct, we have

~ COZlMalEO aq

o (1)

. Mm™*reltmaoy (mag — 1) mag—2 9

A= Ty g L)V
Alealsglmal mai—1

— 1

[(1—ct)+M]’”@1( + 1) w1

_ G MB1PP _

1)1 = e e =1L+ )™ 5 >0,

[(1—ct)+ M]Prp’
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and hence
- N - ca1M*teg a1
— AU — P 1

Ut u aHU”(x — [(1 _ Ct) + M]a1+1 ( + @1)

AL M™ e man mag—1 aéyy MPreh
1 _
(1 —ct) + M]mea (1+1) PLTIA —ct) + M)Pr
carM®eg(L+¢1)™ A M™™elmay (14 o)™ aéyy MP1Pel
$1 -

(A —et) + Mt (1 = ct) + M]mer
Mgo(1 + @)™ M(m=1ergm=1

T (1 —ct) + M+t {““ A=) £ Mjmar—a1

[(1—ct)+ M]Prp

()\1771051 (]. —+ gﬁl)(mil)al

aéy MPrp—moaeg ™ .
i ! )]
[(1—ct)+ M]Blp*mozl ( + 901)
Ma1€0(].+(p1)a1 |:Ca B M(mfl)algglfl
S0 =)+ Mot YN T ([T =) + M]mer—anT
aéllMﬁlp—malg;g—m _al)}
(1 4 M)Bip—men
for (z,t) € 2 x (0,1/c]. Similarly,
MPreo(1+ 1)
[(1—ct) + M+t
M(=1pign=1
[(1—ct) + M]nAr—Fr—1

( - Alma12(m71)‘“

(25)

8 — A5 — bl <

begy Mera—nbrgd™" _51)}

cfr — (1 + M)OéIQ*nBI

( _ )\1”612(”'_1)51 +
for (z,t) € 2 x (0,1/¢c] and
M egp]!
(= ct) + MJore1
M(m—l)alg(r)nfl
[C‘“ T [0 =ct) + MJmei—ai—1
MPregpy!
[(1 = ct) + M]F+

u—Au™ —al|o|[f, <

aé12Mf61p_m"“58_m )} (27)

( — \imay + (1 + M)Pir—men

b= AT — b} <

M=Dpign=1 béigg MO1a—7P1 gl
8 -~ G e (M S )] @
for (z,t) € Q x (1/¢,(1 + M)/c), where
a1 = (L4 00) % >0, &2 = [l¢" [ > 0, é22 = [l (| > 0.
Denote
Mar = (2m°‘1>\1ma1)m Mor — (2”51)\1nﬁl>aqulnﬁ1
n=\(—— ) 21 = ———= ;
a511€g m bCQlé‘g "
Aimaoy \ Fpomar MnBi \ s
e (LY g (0
2 aciaeh™™ - béaoed ™"
Letting
My Mo Mo Mao
M > ( , , : ) 29
e 1—DMy1 1 =My 1 —Ma" 1 — Mo (29)
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and then
acyq MBip—man P—m Cu e
o= (111+M)51p—m?xl 27 = \imon 27N > 0,
acyo MBrp—maigh=m
(512 — (112+ M)ﬁ1p7m21 — )\17’71041 > 07
bég Mora—nhigd=n ne
R R
bEggMo‘lq_"Bleg_"
bo2 = (1 T M)Oth*nﬁl — A\nfB > 0.
Define
Ay = M(m—l)alggl—l(sll Ay — M(n—l)ﬁlsg—lézl
ar(l+ M)mea—ea=1? Bi(L+ M)nor=pi=t?
Ao = Mm=Heigm=ls, B M=Dbign=15,,
R R Y e T A (e T T
Taking

¢ < min (AH, Ao, As1, A22). (30)
Thus, from (25)-(30) we get
U — A" —al|o]h, <0, 6—AT"=bllal|} <0, for (z,t) € 2x(0,(1+M)/c). (31)
Choose ug(z),vo(x) properly large such that
(z,0) <wug(z), v(z,0) <wvo(xz), on ze. (32)

We know from (24), (31) and (32) that (@,®) is a sub-solution of (1)-(3), which
means that the solutions of (1)-(3) will blow up in time 7" < (1 + M)/c. The proof
is complete. ([

Theorem 5 Assume pg = mn, then the nonnegative solution of (1)-(3) blows up
in finite time if the domain contains a sufficiently large ball, and wug(x), vo(x) are
positive and continuous in €.

Proof. Since pg = mn, clearly, there exists two positive constants [1,ls large
enough that
l
%:i:g and  (m— 1)l >1, (n—1)ly > L. (33)

Without loss of generality, we may assume that 0 € Q. Let Br = B(0, R) be a
ball such that B CC . In the following, we will prove that (u,v) blows up in
finite time in the ball Br. Because if so, (u,v) does blow up in the large domain
Q.

Denote by Ap, > 0 and ¢r(r) the first eigenvalue and the corresponding eigen-
function of the following eigenvalue problem

) - Y ) = ad(r), e (O.R); ¢(0)=0, S(R)=0.

. =
It is well known that ¢r(r) can be normalized as ¢r(r) > 0 in Bg and ¢r(0) =
maxp, ¢r(r) = 1. By the property (let 7 = r/R) of eigenvalues and eigenfunc-
tions we see that A, = R™2\p, and ¢r(r) = ¢1(r/R) = ¢1(7), where Ap, and
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¢1(7) are the first eigenvalue and the corresponding normalized eigenfunction of
the eigenvalue problem in the unit ball B;(0). Moreover,

max ¢1(7) = ¢1(0) = ¢r(0) = max ¢r(r) = L.

Similar to (22) and (23), we define the following piecewise functions

1 .
[(1_]\2)?]\4%(1 +¢R(|x\))l , (z,t) € Qx (0, %]7
a(x,t) = . -
KLj%?Mwﬂwm (%ﬂéQx(%ltM)
lo )
[(1*1\6{6)—?1\4’}12(1 +¢R(|$D)l , (2,t) € Q x (07 %}7
e - (35)
Kl—j\i‘)—fff\ﬂlz AR (x,t)eﬂx(%714'cM>’

where M and ¢ are positive constants to be determined. Similar to (25)-(28), by
calculating directly, we have
Mheg(l+dp)"
(1 —ct) + M]h+t
M(m—l)llggl*l
[(1—ct) + M]m—Dh-1
M"e0(1 + ¢p)"
[(1—ct) + M]t1
M(n—l)lzgg—l
[(1 = ct) + M](n=Di—1

for (x,t) € 2 x (0,1/c] and

Uy —Au™ —alo|[f, <

{cl1 - (aéglag_m2_ll - )\BRth(m_l)ll)}, (36)

H— AT — bl|a]} <

{clg - (bé4lag_”2_l"‘ - )\BRnZQQ(”_l)l"‘)} (37)

Mblegph

i — AG™ — al|3||?, <
Ut U CLHUH — [(1 7Ct) +M]l1+1

M(mfl)llg(r)nfl .
[Ch (1= ct) + M](m=Dh-1 ("03258 - ABlel)]’ (38)
I, M'2eo¢i3
O — AT —bllal; < (1= ct) + M=+
M(n—l)lzgg—l ~ .
|:Clg — [(1 — Ct) I M](’ﬂ*l)lz*l <b042€g — )\BRnlg)} (39)

for (z,t) € Q x (1/¢,(1 + M)/c), where
e =L+ or)2 15, en =I1+6r)" 5 &= 6315, co=Il03l5>0.

Then, in view of Ag, = R™2\p,, we may assume that R, that is , the ball Bp ,
is sufficiently large that

(40)

acsieh” ™ bégel™"  acseel™ bé42587n)

Ag, < min : : :
Br i 2mllml1 2"l2nl2 mly nls
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and hence
Ja1 = aéglsg_mQ_ll — )\Ble12(m_1)ll >0, 032 =acseel " — Agymly >0,
{ 041 = begnelT"27 — Ap nlp2 TV S0, G490 = bigoed " — Ayl > 0.
Define
Aoy — Mm=Dhgm=ls,, - Mm=Dhgm=1g5.,
Li(1 4+ M)(m=Dh=17 (14 M)(m=Dh-1"
Ay = M(n_l)l%gil&u Ay = MO ey i .
lo(1 4+ M)(=Di=17 lo(1+ M)(n—1l2—1
Taking
¢ < min (Agl, Aso, Ay, A42). (41)

Therefore, (36)-(41) imply that (31) holds for (z,t) € Br x (0,(1 4+ M)/c. In
addition, it is easy to see that

u(z,t) <eg, O(x,t) <eg, (x,t)€INx(0,(1+M)/c).

Thus, (@, ) is a positive sub-solution of (1)-(3) in the ball B, which blows up in
finite time provided we choose M small enough to satisfy (32) in the ball Br. The
proof is complete. ([l

4. SOME REMARKS

Remark 1 Assume pg > mn and the initial data ug(x), vo(z) are sufficiently small.
Then if the boundary value gq is small enough, by the proof of Theorem 2 we know
the nonnegative solution of (1) — (3) exists globally.

Remark 2 The results in this paper show the interactions among the multi-
nonlinearities in the parabolic system (1)-(3). Roughly speaking, either small dif-
fusion exponents m,n or large coupling exponents p,q benefit the occurrence of
the finite blow-up. The key condition is pg > mn or pg < mn, the critical case
of pg = mn belongs to the situations of global existence (or blow-up), where one
needs some other assumptions that the size of € should be smaller (or larger). The
boundary value is taken as positive constant ¢ in (2), which guarantees the local
existence of classical solutions to the problem (1)-(3).

We know from Theorems 2 and 3 that the global boundedness conditions for
(1)-(3) are independent of the value of 9. While Theorems 4 and 5 show that the
case of blow-up is quite different. In particular, the value of €y plays an important
role in Theorem 5. Indeed, in addition to the key condition pg = mn, the global
non-existence depends essentially on the relation between Ap, (the description of
the size of ball Bg) and gy (the boundary value). To make a finite blow-up to
problem (1)-(3), for fixed &g, the size of Br should be properly large (i.e. Ap,, is
properly small) such that the inequality (40) holds, i.e.

)\BR < min <a531587m ’ b541€gin’ CLEgQESim]7 bé42€8in).
2mllml1 2”l2nl2 mly nly
Equivalently, we can understand the same inequality (40) as that for fixed Bg,
€g should be properly large with p —m > 0,q¢ — n > 0 such that
2"l A, ) e (2”12n12)\BR ) = (mll)\BR ) = (TLZQ)\BR ) =

€9 > max { ( = - po p
acs3y béay acsz béay
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