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L>*-SOLUTIONS FOR SOME DEGENERATE
QUASILINEAR ELLIPTIC EQUATIONS

A.C. CAVALHEIRO

ABSTRACT. In this paper we are interested in the existence of solutions for
Dirichlet problem associated to the degenerate quasilinear elliptic equations

— Z Djlw(z)Aj(x,u,Vu)] + w(z)g(z,u(zr), Vu(z))
j=1

+ H(z,u,Vu)w(z) = f(z), on Q
in the setting of the weighted Sobolev spaces W(l)’p(Q, w).

1. INTRODUCTION

In this paper we prove the existence of (weak) solutions in the weighted Sobolev
spaces W (€, w) for the Dirichlet problem

Lu(z) = f(z), on Q
(P) { u(z) =0, on O@Q

where L is the partial differential operator
Lu(z) = —div{w(z)A(z,u, Vu)| + g(z,u, Vu) w(z) + H(z,u, Vu)w(z)  (1.1)

where Q is a bounded open set in RY (N >2), w is a weight function, and the
functions A: QxR xRN RV [ g: OxRxRY R and H: QxR xRNYN—=R are
Carathéodory functions.

By a weight, we shall mean a locally integrable function w on R such that
w(z) > 0 for a.e. z€RY. Every weight w gives rise to a measure on the measurable
subsets on RY through integration. This measure will be denoted by u. Thus,
w(E) = [, w(x)dx for measurable sets £ C RY.

In general, the Sobolev spaces WP (Q) without weights occur as spaces of solu-
tions for elliptic and parabolic partial differential equations. For degenerate partial
differential equations, i.e., equations with various types of singularities in the coef-
ficients, it is natural to look for solutions in weighted Sobolev spaces (see [3], [4],

[5] and [7)).
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A class of weights, which is particulary well understood, is the class of Ay,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [10]). These
classes have found many usefull applications in harmonic analysis (see [12] and
[13]). Another reason for studying A,-weights is the fact that powers of distance to
submanifolds of RY often belong to A, (see [8]). There are, in fact, many interesting
examples of weights (see [7]) for p-admissible weights).

Equations like (1.1) have been studied by many authors in the non-degenerate
case (i.e. with w(z)=1) (see e.g. [1] and the references therein). The degenerate
case with different conditions haven been studied by many authors. In [4] Drabek,
Kufner and Mustonen proved that under certain condition, the Dirichlet problem
associated with the equation —div(a(x,u, Vu)) = h, h e [Wy?(Q,w)]* has at least
one solution u € Wy (€, w), and in [3] the author proved the existence of solution
when the nonlinear term H (z,7,£) is equal to zero.

Firstly, we prove an L™ estimate for the bounded solutions of (P): we assume
that f/we L1(Q,w), with r/(r —1) < ¢ < oo (where r > 1 as in Theorem 2.4) and
we prove that any u€ W, P (Q,w) N L>®(2) that solves (P) satisfies [ull oo () < C
where C' depends only of the data, i.e., Q, N,p,q,a1,as,Co, Cy and ||f/wHLq(Q7w).
After that, we prove the existence of solution for problem (P) if f/we L9(Q,w),
with p/r/(r — 1) < ¢ < cc.

Note that, in the proof of our main result, many ideas have been adapted from
[1],[2] and [9].

The following theorem will be proved in section 3.

Theorem 1.1 Let w be an A,-weight, 1 < p < co. Suppose that
(H1) z—A(z,n,£) is measurable in Q for all (n,£) eR x RN

(0, &) —A(z,n, &) is continuous in R x RN for almost all x €.
(H2) [A(z,n,€) — Az, 7', €)].(€ =€) > 0, whenever §,'eRN, £#£¢/;
(H3) A(z,n,£).£>a|é]", with 1 < p < oo, where ay > 0;
(H4) | A(z,1,6)| < Ki(2) + hi(@)|nP’" + ho(2)|€[P?, where K1, hy and hy are
positive functions, with hy and hy € L (), and K; € LPI(Q, w) (1/p+1/p =1).
(H5) z+—g(z,n, &) is measurable in Q for all (n,&) ERx RN

(0, &) —g(x,n, &) is continuous in R x RN for almost all x € ).
(H6) |g(z,n,&)| < Ka(x) + h3($)|77|p/p/ + h4(x)\§|p/p/, where Ka, hs and hy are
positive functions, with hs, hy € L>®(Q) and Ky € LV (Q, w).
(H7) g(x,n,&)n>aolnl?, for all n€R, where ag > 0.
(H8) z+—H(z,n,£) is measurable in Q for all (n,£) e Rx RN

(n, &) —~H (z,n,&) is continuous in R x RN for almost all x €.
(H9) |H(z,n,&)| <Co+ C1|€|", where Cy and Cy are positive constants.
(H10) f/we Li(Q,w), withr/(r—1) < g < oo (wherer > 1 as in Theorem 2.4).
Let ue Wy P(,w) NL®(Q) be a solution of problem (P). Then there exists a con-
stant C' > 0, which depends only on , n,p, a1, ag, Cy, C1 and ||f/w||Lq(Q)w), such
that ||ul| e o) < C.

The main result of this article is given in the next theorem, which is proved in
section 4.
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Theorem 1.2 Let us assume that (H1) — (H9) hold true and suppose that
(H11) f/we L1(Q,w), withp'r/(r—1) < q¢ < o0;

(H12) H(x,n,&)n>0, for allneR.

Then there exists at least one solution u € W, P (2, w) N L>®(Q) of the problem (P).

Theorem 1.2 will be proved by approximating problem (P) with the following
problems

P —div]w A(z,u, Vu)| + g(z,u, Vu) w + Hp(z,u, Vi) w = f(z), on Q
(Pm) u(x) =0, on N

H(x,1,§)

where H,,(z,n,¢&) = T
L [H an,e)

, for m e N. Note that |H,,| <|H| and that

|Hpn| <m.

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 <
w(x) < oo almost everywhere. We say that w belongs to the Muckenhoupt class
Ap, 1 < p < oo, or that w is an Ap-weight, if there is a constant C = Cp,,, such

that
€ w(z) dx 1 W A=P) () dx p71<C
1Bl Jp 1Bl /B -

for all balls B CRY, where |.| denotes the N-dimensional Lebesgue measure in RY.
If 1 < g<p, then A, C A, (see [6],[7],[13] or [14] for more information about A,-
weights). The weight w satisfies the doubling condition if there exists a positive
constant C' such that
u(B(z,2r)) < Cu(B(,r))

for every ball B = B(xz,r) CRY, where pu(B) = [pw(z)dzIf we Ay, then w is
doubling (see Corollary 15.7 in [7]).

As an example of A,-weight, the function w(z) = |z|*, z€RY, is in 4, if and only
if —-N < a < N(p—1) (see Corollary 4.4, Chapter IX in [13]). If p € BMO(RY)
then w(x) = e® %) ¢ A, for some a > 0 (see [12]).

Definition 2.1 Let w be a weight, and let @ C RY be open. For 0 < p < oo, we
define LP(Q,w) as the set of measurable functions f on Q such that

1/p
i = ([ 1@l ele)de) < oo

Remark 2.2 If we Ay, 1 < p < o0, then since w1/ P=1) is locally integrable, we
have LP(Q,w) C Li,.(2) for every open set Q (see Remark 1.2.4 in [14]). It thus
makes sense to talk about weak derivatives of functions in LP(£,w). O

Definition 2.3 Let Q CRY be open, 1 < p < oo, and let w be an A,-weight,
1 < p < 0o. We define the weighted Sobolev space WP(Q, w) as the set of functions
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u € LP(Q,w) with weak derivatives D;ju € LP(Q,w), for j =1,..., N. The norm of u
in WhP(Q,w) is given by

el = < / u<x>|pw<x>dx+i /| Dju<x>|pw<x>dz)1/p. 2.1)

We also define W (€,w) as the closure of C§°(Q) in Wh?(€,w), and

N 1/p
||u||W01’p(Q,w) - <ZL|D]U(I)|pw(I) dI) .
Jj=1

’

The dual space of W, (Q,w) is the space [W, ?(Q,w)]* = W12 (Q,w) (see [5]),

WP (Qw) = {T = fo—divf : f=(f1,, fN), fi/w€LP (Qw), j=0,...,N}.
It is evident that the weight w which satisfies 0 < ¢; <w(x) <cq for z€Q (1
and ¢, positive constants), give nothing new (the space Wy (€, w) is then identical
with the classical Sobolev space Wé’p (©)). Consequently, we shall interested above
all in such weight functions w which either vanish somewhere in 2 or increase to
infinity (or both).
In this paper we use the following four results.

Theorem 2.4 (The Weighted Sobolev Inequality) Let 2 be an open bounded set
in RN (N>2) and we A, (1 <p < oo). There exist constants Cq and & positive

N
such that for all u€ C§(Q) and all r satisfying 1 <r < -1 + 0,
l[ull o Q) = Ca ||Vu||LP(Q,uJ)
where p* = pr.
Proof. See Theorem 1.3 in [5]. O

The following lemma is due to Stampacchia (see [11], Lemme 4.1).

Lemma 2.5 Let o, 3, C, kg be real positive numbers, where 3 > 1. Let o : R — R,
be a decreasing function such that

o) < e el

for alll > k>ko. Then (ko + d) =0, where d* = C [p(ko))P~120#/(B=1),

E[\* E
Lemma 2.6 Ifwe A, then (Lﬂ) <Cpw MEB;’ whenever B is a ball in RY and
L

FE is a measurable subset of B.
Proof. See Theorem 15.5 Strong doubling of A,-weights in [7]. O
By Lemma 2.6, if u(E) =0 then |E| = 0.

Lemma 2.7 Letwe Ay, 1 < p < 0o and a sequence {u,}, u, € Wol’p(Q,w) satisfies
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(i) up —u in Wy P(Q,w) and p-a.e. in Q;
(i1) / (A(x, tun, Vuy) — A(x, Un, Vu), V(u, —u)) wdr — 0 with n— oco.
Q

Then u, — u in Wy'* (Q,w).
Proof. The proof of this lemma follows the line of Lemma 5 in [2]. O

Definition 2.8 We say that u € W, ?(Q,w) N L>(Q) is a (weak) solution of problem
(P) if

/wA(x,u,Vu).Vnpdm—&—/g(x,u,Vu)gowdx—F/H(J:,u,Vu)gowdx
Q Q Q
= | fedz, (2.2)
Q
for all ¢ € W, P(2,w) N L®(Q).

3. Proof of Theorem 1.1

Set A = % + 1 and define for k& > 0 the functions ¢ € C*(R) and Gj € W1>°(R)
1
by

ers — 1, if >0,
qb(s)—{ —e 41, if <0,

s—k, if s>k,
Gi(s)=4¢ 0, if —k<s<k,

s+k, if s< —k.

If we W, P(Q,w)NL>®() is a solution of problem (P), define the set A(k) =
{xeQ:|u(x)| > k}.
We will use the test functions v(z) = ¢(Gg(u(x))). We have

v(@) = ¢((Jul — k) ™) xa@msign(u),
V’U = ¢'((|u\ — /{3)+)XA(;€)VU7
where x 4(r) is the characteristic function of the set A(k).

Since u € Wy P (Q,w) N L>®(Q), we have that v e WP (2, w) N L®(Q).
Using the function v in (2.2) we obtain

/w.A(x,u,Vu).Vvder/g(:L',u,Vu)vwder/H(z,u,Vu)vwdz
Q Q

Q

- /vadx. (3.1)

We have the following estimates.
(i) By (H3) we obtain
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/w.A(:c,u,Vu).Vvd:c = / &' ((Ju| — k)N A(z, v, Vu).Vuw dz
Q A(k)

v

oq/ Yl (|u] — B)F) w da.
A(k)

(ii) By (H7) we obtain

/ o, u, V) vwde = / g1, Vi) 6((Ju] — k)*) wda
Q A(k)

Y

oo [ Jul " ol(ful ~ b)) w .
A(K)

(iii) Using (H9) we obtain

/ H(z,u,Vu)vwdx
Q

< / |H (z,u, Vu)||v|w dx
Q

< / (Co+ Co|Vul")$((Jul — )+ wda.
A(k)

And we also have

/vad:n

Hence in (3.1) we obtain

ul — + X.
sA(k)|f|¢<<| |~ k)*)d

or [ (Rul e (ul = b wds o [l (] - k) wdo
A(K) A(k)
<[ (Coreivuellul - ods+ [ Iiol(lul - 0)*) de. (32
A(k) A(k)
) Cy
Since A = — + 1, we have for s >0
aq
a1¢'(5) — C1o(s) = ay e — Oy (e — 1)
= (1A — C1)e>‘s +C =™+

S al S
ZaleA — )\7[)\69\ /P]P

aq

= S (/)P (33)

Hence in (3.2) we obtain

/ [anww(uu — k)T = OVl $((u] — k)| w da
A(K)

Q up_l ul — k)N wdr
+ O/A(k)| o((Jul - ) wd

< / (1] + Cow)é((Ju] — k)*) da (3.4)
A(k)



EJMAA-2014/2(1) L°°-SOLUTIONS 155

Using (3.3) and k < |u(z)| if z € A(k), we obtain

ai o (ul = k)+>
AP /A(k) ¢ ( p v

P

wda:—‘—ozok‘p*l/ &((Ju] — k)T wdz
Ak)

< [ 51+ Cow)o(lul - 1" da. (35)
A(k)
Let us define the function vy by i(z) = qﬁ(W) We have that
Y € WP (Q,w) and
ACE
Vi, = ]1)¢,<(|upk:)) XAk)sign(u) Vu. (3.6)

We have that
(a) For all s >0, e** — 1> (e™/P — 1)P;
(b) There exist a constant Co > 0 (Cy = Ca(A, p)) such that for all s>1

eM — 1< Cy(e*/P —1)P and Ae™® < Oy A(/P — 1)P.
This implies
(11) ¢((Ju — k)*) = =0T — 1> (AUI=RT/P )2 — [y P e, on O;
(I2) If x € A(k + 1) then
O(Ju] = k)*) = X -1 < Gy MR )P = Gy and
¢ ((|u] — k)F) = AAIUI=RT <0y X (MIul=R/p — 1)p = Oy X [y [P
Combining (I1) and (12) with (3.5) and (3.6) we obtain

aipP
\P

< / (If]+ Cow) 6((Jul — k)*) da
A(K)

/\Vwk|pwdx—|—aokp71/ [V |” w dz
Q Q

s/ (1] + Cow) Ca [¢]” dx
A(k+1)

+ / (1] + Cow)é((Jul — k)*) da. (3.7)
A(k)—A(k+1)

Define the function h = |f| + Cow. Since f/w € L1(Q,w) and p(Q) < oo, we have
that h/w € L1, w). Hence

h :
/h|1/)k|pdx = /ﬂwk\”wl/qwl/q dzx
Q QW
1h/@]| Lo 19k p 0 (0.0 (3-8)

If x€ A(k) — A(k + 1), we have k < |u] < k+ 1. Hence

IN

Ol(Jul — )ty = AR 1 <er 1

and we obtain
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IN

/ 151+ Cow)a((lul - ) de < [ (@ = ) hdo
A(E)—A(k+1) A(E)—A(k+1)

< e’\/ hdz. (3.9)
A(k)

A

By Theorem 2.4, (3.7) and (3.9) we have

/p*
arp? 1 / p* i p—l/ p
— d k d
” O€<Q|1/)k| wdx + ao ky Qll/)k|w$
gCQ/hWk\deH—e’\/ hdx
Q A(k)

Therefore, there exist positive constants C3 and C4 (depending only on Q, aq, p,A
and Cs3) such that

. p/p"
03(/ |4 |P wdm) +C4a0kg—1/ e |P w da
Q Q

g/h|z/;k|pdx+/ hda (3.10)
Q A(k)

Since r/(r — 1)
6 1-6

, using an interpolation inequality, Young’s inequality (with 0 < v < 00)

and Holder’s inequality with exponents ¢ and ¢’ we thus obtain

[ Rt do < Il 1l

1-6)p
e[ PP [ O [ S

_ 1/0
<= O OOl ey 07 NSy ) 101y (311)

Hence in (3.10) we obtain

o/p*
03(/ 9w |? wdx) +C4a0kg—1/ [w|P w dx

_ 1/6
<= OOl e oy + ORI ) 1 2 )

+ / h da. (3.12)
A(k)

Now, we can choose 7 in order to have (1 — )~/ (1=% = C43/2 and ko such that

_ _ 0
Chaokt ™" =0~ 1/9||h/w||};/q(g,w)-

We obtain, from (3.12), that for every k > ko it results
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Cs p o 1/q'
5> el wdz < hdz < ||h/w|| paq,w) [R(AR)]
0 A(k)

Hence for all k> kg we have

/ il w de
Q

IN

A\P/P
((inh/wnm o AW )

(02) /el T AGRY P /7

= Cs[u(A(k)P /77
Let us now take | > k> kg we have

wAW) W;k)] < (AERDIO( — B) /)
S/ |1/)k|p wdz

< [ ol wds,

Therefore foll all [ > k> ko we obtain

s

(I — k)P u(AQ) < f\%%[u(A(k))]p*/M'
= Colu(A(k))P" /P,
Cs

that is, u(A() < T pwe e (AR /P

Let (k) = p(A(k)). Since 8 = p*/pq’ > 1, by Lemma 2.5 there exists a constant
C7 > 0 such that

n(A(k)) =0,Vk=Cr.

Using Lemma 2.6 we have |A(k)| = 0 for all k> C%7. Therefore any solution u of
problem (P) satisfies the estimate [[ul| ;o (q) < C7.
O

4. Proof of Theorem 1.2

Step 1. Let us define for m € N the approximation

H(z,n,€) .
1+ L Hzn.6)]
m

We have that |H,, (z,n,&)| < |H(x,n,€)|, |Hn(z,n,§)| < m and H,,(x,n, ) satisfies
the conditions (H9) and (H12). We consider the approximate problem

Hy(z,m,8) =
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P —div[w A(z,u, Vu)| + g(z,u, Vv) w + Hp (2, u, Vu)w = f(z) , on Q
(Pm) u(x) =0, on 0N

We say that u € Wy (Q,w) is (weak) solution of problem (P,,) if

A(x,u,Vu).V(pwdx—F/g(x,u,Vu)(pwdx

Q Q

+/ Hm(x,u,Vu) pwdr = [ edz, (41)
Q Q

for all p € VVO1 P(Q,w). We will prove that there exists at least one solution u,, of
the problem (P,).

For u,v, p € Wy’ (Q,w) we define

B(u,v,) = /wA(x,u,Vv).Vapd:E,
Q
Bn(u,0) = / g(x,u, Vu)gpwdm—i—/ H,(x,u, Vu) pwdz,
() = [ fod.

Then u € W, ?(Q,w) is a (weak) solution of problem (Pp,) if
B(u,u, ©) + B (u, ©) = T(p), for all o€ Wy?(Q,w).

Let a(u, v, 9) = B(u,v,9) + Bm(u, ©).
(i) Using (H4) we obtain

Bl < (1Kl + 1l
Hlballm oy 01505, ) el

(i) Using (H6) and |Hy,(z, 1, £&)| <m, we obtain

Bl < (1Kalar @ + Ihallomallalng . + Il

o ()] ) I

Hence,

|a(u, v, )]

<(||K1||Lpf<g,w> o (1Al ey + Wl ey + Wl e ) IlE2

sl oy + el o 02 ) + 0 D] >||90||W3=P(Q,w)~
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Since a(u,v,.) is linear and continuous for each (u,v) € Wy (Q,w) x WyP(Q,w),
there exists a linear and continuous operator A(u,v) : Wy (Q,w)— [W, P(Q,w)]*
such that (A(u,v),¢) = a(u,v, ). We set A(u) = A(u,u) for all u€ W, P (Q,w).
The operator A : Wy P(Q,w) — [W,"*(Q,w)]* is semimonotone, that is, by similar
arguments as in the proof of Theorem 2 in [9] we have
(i) (A(u,u) — A(u,v),u —v) >0 for all u,ve WyP(Q,w);
(i) For each u € Wy"*(€,w), the operator

v— A(u,v)
is hemicontinuous and bounded from Wy?(Q,w) to [Wg*(Q,w)]* and for each
veWyP(Q,w) the operator

ur— A(u, v)
is hemicontinuous and bounded from Wy (9, w) to [Wy ?(Q,w)]*;
(iti) If u, —w in Wy P(Q,w) and (A(un, un) — A(tn, u), u, — u)— 0, then
AU, u)—A(u,v) in [WyP(Q,w)]* as n — oo for all ve WyP(Q,w);
(iv) If v € Wy P (% w), up—u in Wy P(Q,w) and A(u,,v)— 0 in [W, P (Q,w)]* then
(A(tn,v), un)— (0,u) as n — oo;
(v) The operator A : Wy (Q,w)— [W, P(9,w)]* is bounded.

Hence the operator A : Wy (Q, w)—[W, P (Q,w)]* is pseudomonotone (see [15]).

(vi) By (H3), (H7) and (H12) we have

(A(u),u)>a, /Q |Vu|’w dz + ap /Q lulPwdz > 041Hu||€[,01,p(97w)~

Since p > 1, we have

M_mo as [[ul|yp1o oo
Tl ) WP (Quw) 7 OO

that is, the operator A is coercive. Then, by Theorem 27.B in [15], for each
T e [WyP(Q,w)]*, the equation

Au=T, ueW}*(Q,w)

has a solution. Therefore, the problem (P,,) has a solution u,, € Wy (Q,w).

Step 2. We will show that u, € L>(€2) and |[um| 1« q) < C, where C'is indepen-
dent of m. If u e Wy (€, w) is a solution of problem (P,,) we define

u(x), if |Ju(x)| <n,
up(x) =< n, ifu(z) > n,
—n, if u(z) < —n.
We have D;u,, = D;u if |u(z)] <n. For k > 0, let us define the function
V() = sign(uy, (x)) max{|u, (z)] — k,0}. We have 1, € W, P(Q,w) N L>®(N).
Now consider the function

t+k, ift< —k,
Bt)=4{ 0,  if|t| <k
t—k, if t>k.
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We have that ® is a Lipschitz function and ®(0) = 0. Then ®(1b,) € W, * (9, w).
Moreover D;®(v,,) = ®'(¢,,) D1, and

& (up)Vu, — @ (u)Vu, p—a.e. in Q.

We also have, for all measurable subset E C (2
/ |’ () V[P w dz < / |V, |” wdz.
E E
By applying the Vitali’s Convergence Theorem, with ¢ = ®(u), we obtain
Vi, =V in LP(Q,w). (4.2)

Since u€ W, ?(Q,w) is a solution of problem (P,,) and t,, € Wy (Q,w) N L>(Q),
we have

/.A(;E,mVu).Vz/andx—l—/g(x7u,Vu) Yy wdz
Q Q
Hm s Uy n dx = nd 4.
+/Q (x,u, Vu) b, wdz /Qfd} x (4.3)
Using (H4), (H6), |H,n(x,n,€)| <m and (4.2), we obtain in (4.3) as n— oo
/A(;mu,Vu).Vz/dex—i—/g(x,u,Vu)z/dex
Q Q
Hp(z,u, dx = dx.
+/Q (,u, Vu) Y wdz /waa:

Using ¢ = 1) xak) in (4.1) (where A(k) = {x€Q : |u(x)| > k}) we obtain

A(m,u,Vu).Vz/)wdx—i—/ g(x,u, Vu) Y wdx

A(k) A(k)
+/ Hy(z,u,Vu)pwdr = fdz. (4.4)
A(k) A(k)

Since

u+k, ifu —k
P =>®(u)=1¢ 0, if |u| <k

u—k, if u>k,

we obtain:

(i) By (H7) we have g(x,n,£)n >0 for all n €R, and

/ gz, u, Vu)pwdr = / g(z,u, Vu)(u+ k) wdz
A(k) {u< —k}

+ / g(z,u, Vu)(u — k) wdz > 0;
{u=>k}

(ii) Using (H12) we have Hy,(z,n,&)n >0 for all n € R, and
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Hp(z,u, Vu)pwdr = / Hy,(z,u,Vu)(u+ k) wdx
A(k) {u< —k}

+ / Hp(x,u, Vu)(u — k) wdz > 0.
{u>k}

We have Vi = Vu in A(k). Using (H3), (i) and (ii) we obtain in (4.4)

a; / [Vul’ wdr < / fda. (4.5)
A(k) A(k)

By Theorem 2.1.14 in [14] there is a positive constant C' such that

/\w\pwdx§0/|vw|pwdx.
) )

1/p’ 1/p
) (/ | ¥|Pw dm)
A(k)
1/p’ 1/p
(Lldl <) (L roree)
A(k)
p’ \1/p’ 1/p
C (/ w) </ | VulPw dx> . (4.6)
A(k) A(k)
Using (4.6) and Young’s inequality we obtain in (4.5) (for all € > 0)
p' N\ 1/p’ 1/p
C </ w) (/ |Vu|pwdx>
Ak) |W A(k)
i1

c{e/ \VMFwdx+C@X/
A(k) A(k) |

where C(¢) = (ep)™?'/?/p’. We can choose ¢ > 0 so that C'e = /2, and there
exists a constant Cyg such that

Then we obtain

IN

fudx <
A(k) A(k)

IN

f

w

f

IN

ay / | VulPw dx
A(k)

IA

wdx},

p/
wdz. (4.7)

/ |Vu|pwdx§08/ =
A(K) A(k) |W

Using the Sobolev’s inequality (Theorem 2.4) and Hoélder’s inequality with expo-
nents g and ¢’ we obtain (since ¢ > p'r/(r — 1) > p’)

. p/p* . p/p*
(/ qu—kwwm> :(/’|wpwm>
A(K) A(k)

SC/ |V1/)|pwdx=C’/ |Vul|’w dz
A(k) A(k)

P'/q 1- p—/
wdx) ()] q.

q

£ f
” wdz SCg(/Q »

<CCy /
A(k)
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Let us now take [ > k > 0, and observe that A(l) C A(k). Then, from the previous
inequality, it follows that

WAD) (- kP = /A ks

/ (Ju| — k)P wda
A(l)
/ (Ju| — k)P wdz
A(k)

! % ’

IN

IN

*

q — 1-2H2
wds) P a9 P

INA
&
7~
S

Hence we obtain

p'p*
fle E TR
Cg ; wdm 172 pf
H(AW) < </Q (l_k)p*> a0

/ &
Since (1 — p—) P > 1, by Lemma 2.5 there exists a constant C79 > 0 such that
q - p

w(A(k)) = 0 for all k > C1, and using Lemma, 2.6 we obtain |A(k)| = 0. Therefore if
Un, is a solution of problem (Pp,) we have ||t || .0 o) < C10 and Cy is independent
of m.

Step 3. Since Uy, € Wy ?(Q,w) N L>®(2) and [[tm | o (@) < Cro, then the sequence

{um} is relative compact in the strong topology of Wol’p(Q, w) (by apply the analo-
gous results of [2] and Lemma 2.7). Then, by extracting a subsequence {u,,, } which
strongly converges in Wy (Q,w) (there exists u € W, (Q,w) such that t,,, — u in
WyP(Q,w)), we have for all ¢ € Wy (Q,w) N L=®(Q)

/QA(x,umk,Vumk).Vgowdm + /Qg(x,umk,Vumk) pwdz
+/QHmk(J:,umk,Vumk) pwdx
H/{zA(m,u,Vu).Vgawdx+/Qg(x,u,Vu)cpwdx—I—/QH(x,u,Vu)apwdx.
Therefore u € W, P (2, w) N L>®() is the solution of problem (P).
Example. Let Q = {(z,y) €R? : 2?4+ y? < 1}, and consider the weight function

w(z,y) = (22 4+y?)"/? (w € Ay), the functions A : QxRxR?2—R2, g : QxRxR?—=R
and H : QxRxR2—=R defined by

A((mvy)’nvf) = h2($,y) 5,
9((z,9),n,€) =1 (cos*(zy) + 1),
H((z,y),n,€) = |€]*sin®(zy). arctan(n),
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where hy(z,y) = 2¢* 1", Let us consider the partial differential operator
Dufi) = =div[ol ) A((o). 0| + ol ()0, T

+ w(z,y) H((z,y),n,8),

and f(z,y) = (2% +y*) "3 cos(1/ (2% + y?)), with ¢ > 2r/(r — 1) > 2. Therefore,
by Theorem 1.2, the problem

Lu(z,y) = f(z,y) on Q
(P){ u(w,y)y =0, 0389

has a solution u € W, *(Q,w) N L ().
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