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FEKETE-SZEGO INEQUALITIES FOR CERTAIN CLASS OF
ANALYTIC FUNCTIONS DEFINED BY CONVOLUTION

R. M. EL-ASHWAH, M. K. AOUF AND S. M. EL-DEEB

ABSTRACT. In this paper, we obtain Fekete-Szegd inequalities for a certain
class of analytic functions f(z) for which

1] 209 @422 (00 ()

1+ .
b=y (f*g) () +v2(f*9) (2)

—1| < ®(2)

1. INTRODUCTION

Let A denote the class of analytic functions of the form:

fz)=24) az" (z€U={z:2€Cand |z <1}) (1.1)
k=2
and S be the subclass of A, which are univalent functions.
Let g(z) € S, be given by

g(z) = z—i—Zbkzk, (1.2)
k=2

the Hadamard product (or convolution) of f(z) and g(z) is given by
(o)
(f*9)(2) :Z+Zakbkzk = (9 f)(2). (1.3)
k=2

If f and g are analytic functions in U, we say that f is subordinate to g, written
f =< g if there exists a Schwarz function w, which is analytic in U with w(0) = 0
and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)). Furthermore, if the function
g is univalent in U, then we have the following equivalence (see [2] and [11]):

f(z) < 9(2) & f(0) = g(0) and f(U) C g(U).

For complex parameters o, ..., oq and B, ..., Bs (B ¢ Zy ={0,—1,-2,...};
j=1,2,..,s), we now define the generalized hypergeometric function ,F,(aq,
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oy g3 B1, ..y Bs; 2) by (see, for example, [18, p.19])

01t BB ) = 3 (OO 2

k=0
(g<s+1;¢,5€e Ng=NU{0};N={1,2,..};z € U),
where (6), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

0 _re+v) (1 (v =0; 6 € C*=C\{0}),
(), = I'(0) _{ 60 +1)...(0+v—1) (reN; Q).

Corresponding to the function hg s(aq, 81; 2) = h(a1, ...aq; Bi..., Bs; 2), defined by
hq,S(ah Bla Z) = Zqu(ah eeey aq; 1817 eeey Béa Z)

:z—l—ZFk(al)zk, (1.5)
k=2

(1.4)

where

(al)k—l ...... (aq)k—l
(B)k—1-(Bs)r—1(k = 1)
In [8] El-Ashwah and Aouf defined the operator I;’f;g(al, B1)f(z) as follows:

120 (0, B1) f(2) = f(2) % hgs(an, Brs 2);
100 (0, B1) f(2) = (1= N)(f(2) * hgs(ar, Br; 2)+

o [ UG hyafon )]

[i(a1) =

and
I o, B f(2) = 1 (13 (e, Bu) f(2)). (1.7)
If f € A, then from (1.1) and (1.7), we can easily see that

m (1L Ak —1)]™
(e, B f () =2+ 3 {H(E)
k=2

where m € Z = {0,+1,...} ,£ >0 and A > 0.

Ty (on)agz", (1.8)

We note that when ¢ = 0, the operator I;?S’?A(al, B1)f(z) = DY (a1, 1) f(2z) was
studied by Selvaraj and Karthikeyan [16].

We also note that:

(i) 1%\ f(2) = Hys(a1, B1) f(2) (see Dziok and Srivastava [6,7));

(i) Forg=s+1, a; =1(t =1,...,s +1) and §; = 1(j = 1,...,5), we get the
operator I(m, A, {) (see Catas [3], Prajapat [12] and El-Ashwah and Aouf [9]);

(i) Forg=s+1, s =1(i=1,....,8s+1), B, =1(=1,...,5), A=1land £ =0,
we obtain the Salagean operator D™ (see Salagean [15]);

(iv)Forg=s+1, a; =1(i =1,...,s+1), B =1(j=1,...,5) and A = 1, we get
the operator I} (see Cho and Srivastava [4] and Cho and Kim [5]).

(v) Forg=s+1,0; =1 =1,...,5s+1),6;, = 1(j = 1,...,s) and £ = 0, we
obtain the operator DY*(see Al-Oboudi [1]).

By specializing the parameters m, X, ¢, ¢,s,0; (i =1,..,¢) and 3; ( =1, ..., 5), we
obtain:
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(i) I35 (n+1,151) f(2) = I () f(2) = z+§; [1+‘§1§k*1)]m (”g)iz’jl az"
(n > —1);
<mmym©mbmwmmaw+gﬁﬁﬁ“}8E%f

(a e R;ec e R\Zg );

.. o0 _ m (Q)k—l .
i) 175 (2, ;n + 1 — ™ () = 5+ {1+e+w« 1)} arzk
(iif) 13\( )f(2) =I5 f(2) > [ s

(n€Z;n>-1).
In this paper, we define the following class N7 (¢,b;®) (b€ C*; 0 <~ < 1) as
follows:
Definition 1. Let ®(z) = 1 + Bz + By2z? + ... be univaent starlike function with
respect to 1 which maps the unit disk U onto a region in the right half plane which
is symmetric with respect to the real axis. Let b € C*, By > 0 and g(z) be given
by (1.2). Then functions f(z) € A is in the class N7 (g, b; @) if

1"

z(fxg) (2) +92° (f*g) (,Z) —1| <®(2) beC;5 0<y<1; 2€U).

bl (1= (f*9)(2) +12(f*9) (2)

(1.9)
We note that for suitable choices of b, 7, g(z) and ®(z) we obtain the following
subclasses:

(i) N© (lfz,b, <I>) — 87 (®) and N (b, 1;;@) = Cy (®) (be C*) (see Ravichan-
dran et al. [1 ])

(ii) N° <Z+ 2 A=) B-a)k—1)+ 1" Z’“,l;‘i’) = M55 (®) (a8, A,
d>0, A>3, 5 > a, m € N) (see Ramadan and Darus [13]);

(iii) N7 ( .1 <I>) M, (®) (0 <~v<1) (see Shanmugam and Sivasubramanian
[17]).

Also, we note that:

(1) N’Y(Z_F Z [%.k([kil)} Fk(al)zkab7 (I)) = ]Vl;y (A7£7m7q757a1761;¢))
k=2

1"

(I o0 B0S () +722 (175 0, B )
(1 =) (I an, B S ) + 2 (17 (e, B (2))

= f(z)GA:l-i—1

2 - — 1] < ®(z2),

beC 0<y<1L;,meN; £>0;, A>0; ¢<s+1; ¢g,s€Ny; z€U)

(i) N7(z + E [WMV kb ®) = N} (A, €, m; ®)
e ana L] 2UTO05E) 192 M O05 ()
b {(1=) (7O () + 72 (T, F(2))

- — 1| < ®(z),

beC 0<y<1;,meNy;; £>0; A\>0; zeU) };
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(iii) N7 (g, (1 = p) cosne™i; H42 ) = N7 [p,1, A, B, g]

, "

_ f(z)E.A:ei" Z(f*g) (Z)+'722(f*g) (/Z) -<(1—p)COS77'1+Az + pcosn +isinm,

(1 - ,7) (f * g) (Z) + vz (f * g) (2) 1+ Bz

(I <3;0<y<1;0<p<1l; -1<B<A<1; z€) };

0 m .
(IV) N’Y(Z+k22 [%—W} Fk(al)zkv (]' - p) COS 7767”]; %Igz) = N;\Y:ZZ,S [pﬂ , Av Ba ai, 61]

; (1t (041,ﬁ1)f(2)),+722(1m’é (0417/31)f(z))” 1+A .
= z)e A:e" (LA gt | < (1 =p)cosn 142 4 Hcosn + isinmn,
{f( ) [(1‘y)(fé'fs'g(Otl,Bl)f(z))+72(1;ilgfk(a1761)f(2)) ( p) N 1¥p: TP n n

(In<3:0<y<1;0<p<1;-1<B<A<LLmeN;l>0A>0;q,5 €Ny zeU) };

(v) NO(g,b;®) = S; (9;®)

/

z(f+g) (2)
(f*9)(2)

(vi) N*(g,b: @) = Cy (g5 ®)

1
1+5 -1 <®(2) (beC* z€U);

L1200 ()
b (fxg) (2)
In this paper, we obtain the Fekete-Szego inequalities for the functions in the class
N7 (g,b;®).

<®(z) (beC* z€U).

2. FEKETE-SZEGO PROBLEM

To prove our results, we need the following lemmas.
Lemma 1 [10]. If p(2) = 1 +c12+ o2 + ... is an analytic function with positive
real part in U and v is a complex number, then

lco — vei| < 2max{1;[2v — 1|}

The result is sharp for the functions given by

Lemma 2 [10]. If p(z) = 1 +c12 + c22? + ..... is an analytic function with positive
real part in U, then

—4v + 2, if v <0,

|cz—1/c%| < 2, if0<v <1,
qv — 2, if v>1.
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or one of its

1
When v < 0 or v > 1, the equality holds if and only if p(z) = 1 Tz
2
z

1—22

rotations. If 0 < v < 1, then the equality holds if and only if p(z) = or one

of its rotations. If v = 0, the equality holds if and only if

1 1 1+z2 1 1 1—=2
=(=4+ =0 - — =9
p() =G+ +(G -39
or one of its rotations. If v = 1, the equality holds if and only if
1 1 1 142 1 1 1—-=z
—=(=+= - — =9
p(2) <2+2)1fz+(2 2)1+z
Also the above upper bound is sharp and it can be improved as follows when
O<r<l:

(0<d<1),

(0<v<1).

1
‘cz—uc§‘+y|c1|2§2 (O<V<§),

and
2 2 1
leo —vei| + (1 —v)|er]” <2 (5 <v<l).
Unless otherwise mentioned, we assume throughout this paper that :
0<~<1,zeU and g(z) given by (1.2).

Theorem 1. Let ®(2) = 1+ Byz + Bz + ... (By >0). If f(z) given by (1.1)
belongs to the class N7 (g,b; ®) and b € C*, then

} (21
The result is sharp

> b By
W = 1] S 5 g 'max{l’
Proof. Let f(z) € N7 (g,b; ®), then there is a Schwarz function w(z) in U with
w(0) = 0 and |w(z)| < 1in U and such that

B 2ubB1 (14+2v)b
72 + bBl _ ,U 1 ( —1_2 Z) 3
B (1+~)" b3

, 1"

1| 2(f*xg) )+ (f*x9) (2)
bl (=7 (f*9)(2) +72(f*9) (2)
If the function p;(z) is analytic and has positive real part in U and p;(0) = 1, then

1+ w(z)
1 —w(z)

Since w(z) is a Schwarz function. Define

= B(w(2)). (2.2)

p1(2) =1+ciz+cz?+ .. (2.3)

, "

o) 14l | 229 @+ (F0) (2)
bl (1) (f*9) () +72(F9) (2)

— 1| = 14dyz+dez®+....... (z€U).

In view of the equations (2.2) and (2.3), we have

Since
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-1 1 A ¢
%J*(z%(u)* """" }
1

Therefore

) ( 8 ) =1+ %Blclz + [;Bl (cQ - C%) + 1Bgc§] 2o, (25)

and from (2.5), we obtain
1 c? 1
d1 = %Blcl and d2 = §B1 (CQ — 1> =+ 7326%.

Then, from (2.4), we see that

1 b 2(1427)asbs (1 +7)"a3b3
dlzi( +7)a22 and d2: ( + 7)&33_( +fY) a22. (26)
b b b
Now from (2.4), (2.5) and (2.6), we have
b3101
ag = ————,
2T 2(149)by
and )
bBl (& 1 BQ 2
= -+ -= bB .
“ 4(1+27)bs{ +2B1 i 14
Therefore, we have
2 2
ag — paz = 7 (1 n 27 {02 vei}, (2.7)
where
1 B 2ubBy (1 +2v)b
1- 2 _pp 4 2 1(+27)3 . (2.8)
2 By (147)"b3

Our result now follows by an application of Lemma 1. The result is sharp for the
functions

c(frg) () 4722 (frg) (2)

1
- ; — = O(2 2.9
b= (f*9)(2)+y2(f*g) (2) =) 29

and

1"

LU 2Uxg) D402 (frg) ()
b= (f*9)(z)+72(f*g) (2)
This completes the proof of Theorem 1.

Putting g(z) = 1% and v = 0 in Theorem 1, we obtain the following corollary
improving the result obtained by Ravichandran et al [14, Theorem 4.1].
Corollary 1. Let ®(2) = 1+ Bz + Bz + ... (By > 0). If f(z) given by (1.1)

belongs to the class S} (®) and b € C*, then

B,
1.]—=
x{,B

lag — ,ua2| +(1—2u)bBy

}. (2.11)
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The result is sharp.
Putting g(2) = 1= and v = 1 in Theorem 1, we obtain the following corollary.

Corollary 2. Let ®(z) = 1+ Byz + Bz + ... (B1 > 0). If f(2) given by (1.1)
belongs to the class Cp, (®) and b € C*, then

b| B B
|a3_ua§|g||61-max{17B?—‘,—(l—g[u)bBl
The result is sharp.

Putting g(2) = 125 and b = 1 in Theorem 1, we obtain the following corollary:

Corollary 3. Let ®(2) = 1+ Bz + Bz + ... (By > 0). If f(z) given by (1.1)
belongs to the class M, (®), then

} . (2.13)
The result is sharp.

Puttingg(z):z—i—i [(A=0)(B—a)(k—1)+1]"2*F (a, 3,\,0 >0, A> 4, B>a, meN),

} . (2.12)

B 2By (142
2, g 2uBi(1+2)

B
’%—ua%’ S S— -max < 1, 1 5
) By (1+7)

<
“2(1+2y

k=2
b=1 and v = 0 in Theorem 1, we obtain the following corollary.
Corollary 4. Let ®(z) = 1+ Byz + Baz? + ... (B1 > 0). If f(2) given by (1.1)
belongs to the class M"s | 5 (®), then

as —/L@%‘ < By 77-max < 1, &—I—
=220 —0)(B—a)+1] B,

<1 2R -0)(B-a) +21]’“> B,
(A= 6) (8 —a) + 1"
(2.14)

} |

The result is sharp.

Putting g(z) =z + >_ {%&k—n} Tr(an)2* (mezZ; £>0; > 0;
k=2

g <s+1; q,8 € Ny and T'y(a1) be given by (1.6)) in Theorem 1, we obtain the
following corollary:

Corollary 5. Let ®(2) = 1+ Bz + Bz + ... (By > 0). If f(z) given by (1.1)
belongs to the class N, (X, £, m,q, s, o1, f1; @) and b € C*, then

ag — paj| < b B1 (140" .
SRS 9 (14 29) (1 + £+ 20)"Ts(v)

‘max {1,

The result is sharp.

Putting v = 0 in Theorem 1, we obtain the following corollary.

Corollary 6. Let ®(z) = 1+ Byz + Baz? + ... (B1 >0). If f(2) given by (1.1)
belongs to the class Sy (g; ®) and b € C*, then

B2 2,ub3
— 1-— bB
B ( b3 ) '

D2 - .
B (147)2 (14 04 2)27 (Ta(o))?

(2.15)

} |

b| B
|ag — pa3| < '2‘1)31 -max{l,

} . (2.16)

The result is sharp.
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Putting v =1 in Theorem 1, we obtain the following corollary.
Corollary 7. Let ®(z) = 1+ Byz + Baz? + ... (B1 > 0). If f(2) given by (1.1)
belongs to the class Cp (g; @) and b € C*, then

B2 3,U,b3
— 1- bB
B < 207 )

b| B
|ag — pa3| < '6‘b31 ~max{1,
The result is sharp.
Putting b= (1 — p) e cosn (jn| < 3, 0 < p<1)and ®(z) = iigz (-1<B<A<1)in
Theorem 1, we obtain the following corollary:
Corollary 8. If f(z) given by (1.1) belongs to the class N7 [p,n, A, B, g], then

(A= B)(1—p)cosn.
2(1+42v)bs

}. (2.17)

ay — a3 <

-max{l,

The result is sharp.

(2.18)
2u(A — B) (1 —p)e ™ cosn(1+ 27)bs

—B+(A-=B)(1—p)e “cosn — 117782
2

} |

By using Lemma 2, we can obtain the following theorem.
Theorem 2. Let ®(2) = 1+ Byz + Boz? + ... (By > 0). If f(z) given by (1.1)
belongs to the class N7 (g, b; @) and b > 0, then

bB B 2ubB1 (1 4+2v)b
1 22 bB, — H 1(—’_2’7)3 ifu§01,
2(14+27)bs | By (1+7)" b3
az — pa3| < __ B if o1 < p < oo,
—bB B 2ubB1 (1 +2v)b
1 72+bB17 1% 1(‘27)3 ifuZUQ,
2(1+29)bs | By (1+~)" b3
(2.19)
where
(1+7)2b% B,
=—= |—-14—+4+0bB
a1 2bB1 (1—}-27) bg +Bl + o
and
(1+7)2b% By
=——"= |14+ —+bB|.
72 2[)31 (1—}-27) b3 + Bl + !

The result is sharp.
Proof. To show that the bounds are sharp, we define the functions K (6 > 2) by

v 9) ()72 Koy rg) ()| _ /
| (1=7) (Ky, *9) (2) + 72 (K, % 9) (2)

and the functions F, and G, (0<p<1) by

14
b

, "

2(Fpr9) () #9027 (Fpxg) () | g (240N b o F(0)-1
(1=7) (F, * g) (2) + 72 (F, x9) () ( ) »(0) 0)-1,

1
142
+b
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and

1| 2(G,59) (2) +722(Goxg) (2) 2(z + p) /
14+ 1 =0 (=) G,(0)=0=G,(0)-1
i (1 =) (Gpxg)(2) +72 (G, *g) (2) ( 1+PZ) ) ®

Cleary the functions K, F, and G, € N7 (g,b; ®). Also we write K, = K,,. If
< o1 or u > o9, then the equality holds if and only if f is K, or one of its
rotations. When o1 < p < o9, then the equality holds if f is K., or one of its
rotations. If ;4 = o1, then the equality holds if and only if f is F, or one of its
rotations. If ;1 = o2, then the equality holds if and only if f is G, or one of its
rotations. If 07 < p < g9, in view of Lemma. This completes the proof of Theorem
2.

Remark 1. Putting g(z) = 2+ 3 [(A—8) (B — a) (k — 1) + 1]™ 2 (a, B, \,
k=2

0>0,A>6,8>ameN), b=1and v =0 in Theorem 2, we obtain the result
obtained by Ramadan and Darus [13,Theorem 1].

Putting g(z) = 1% and b = 1 in Theorem 2, we obtain the following corollary
improving the result obtained by Shanmugam and Sivasubramanian [17, Theorem
2.1].

Corollary 9. Let ®(z) = 1+ Byz + Bz + ... (B1 > 0). If f(2) given by (1.1)

belongs to the class M, (), then

B B 2uBq (142
et S ] Bl—w if 1<
2(14+2v) | By (1+7)
as — pa?l < _B ifm <p<
-B B 2uB1 (142
! 72 Blf a 1( +27) lfMZU%
2(14+2y) | B (1+7)
where )
(1+7) { Bs }
=———|-14+—+ B4,
n 2B (1+27) By '
and )
(1+7) { By }
=—— " |14+ 24B].
P 9B 1+ 2y) B, !

The result is sharp.

Putting g(2) = %5 and v = 0 in Theorem 2, we obtain the following corollary:

Corollary 10. Let ®(z) =1+ Byz + Baz? + ... (B1 > 0). If f(z) given by (1.1)
belongs to the class Sy (®) and b > 0, then

bB; [ Bs , i}
B
az — paj| < 71 if o7 < p < o3,
—bB; | B
— 22 (1-2u)bB, if > o3,
2 B4

where

1 B,
r 1+22 4B
717 B, { Tt T 1} :
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and . B
2
;= 1+ —=—=+4+0bB,|.
72 = 9B, { Tt 1}
The result is sharp.
Putting g(2) = 1% and v = 1 in Theorem 2, we obtain the following corollary:

Corollary 11. Let ®(2) =1+ Byz + Boz? + ... (B > 0). If f(z) given by (1.1)
belongs to the class Cp, (®) and b > 0, then

bBy | Bo . o
6|:B1+(1_§'u)b31:| if p <oi”,
bB
|a37ua§ < =t if o7* < p < od¥,
—bB; [ By . -
5 [Bl—l—(l—gu)bBl} it p > a3,
where ) B
s’k . 22
0'1 = 3bBl |: ].+ Bl +b.81:| y
and ) B
2
'=—— |1+ =" +0b0B].
2 =3B, [ tE T 1]

The result is sharp.

Putting g(z) =z + >_ {%ﬁ} Telar)zd (meZ; £>0; >0
k=2

qg<s+1; q,s € Ng) and T'r(c1) be given by (1.6) in Theorem 2, we obtain the
following corollary:

Corollary 12. Let ®(2) =1+ Byz + Ba2? + ... (B1 > 0). If f(z) given by (1.1)
belongs to the class N, (X, £,m,q,s, o1, (1;®) and b > 0, then

bB; 14¢ 1" [Bs 4 bR, — 26bB1(1427) (14420)™ (14+0)™ Ta(an)
2(1+27)T5(c1) | T+0+2X B 1 (1+7)762 (1+6+X)2™ (T2(a1))?
lf 1Y S X1,
2 bB 1re 1™ .
asz — [Haq S 2(14’2"/)%3(0‘1) |:1+Z—:,2)\i| if X1 S 1% S X2
_ bB, ¢ 1" B 4B, — 2ubBi(42y) A+ (1LE0™ Ty(an)
2(1+27)T3(a1) | TH+2X B 1 (1+7)%62 (I4-L-+X1)>™ (T2(a1))?
if p > xa2,
where
_ 1y’ (14040)°™ (L))’ By
T B, (L4 2y) T et |1 HOP
and )
_ (149 (1402 (Dy(a1)? By
X2 =SB (1 + 2y) TP et [N g P

The result is sharp.

The proof of Theorem 3 is similar to the proof Theorem 2, so the details are
omitted.
Theorem 3. Let ®(z) = 1 + B1z + Bez? +..... (B1 >0). Let f(2) given by (1.1)
belongs to the class N7 (g,b; @) and b > 0. Let o3 be given by

(1 +’Y)2 b3 By
— TV R 122y . 2.20
78 = B (14 29)bs | By O (2.20)
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If 09 < p < o3, then

1+ [ B 2ubBy (1 + 2 B
as—ua§|+w 1= B2y, 4 B —&-27)1)3 af? < — 2B
2081 (1+29)bs | B (1+~)%b2 2(1+27)bs

(2.21)

If 03 < u < 09, then

1+9)%2 [, B 2ubBy (1 + 27) bs | bB
as - padl 40ty Br g 2B E20b e S
208, (1+29)bs | By (1+)%62 2(1+27)bs

(2.22)

where o1 and o5 are given in Theorem 2. The result is sharp.
Remark 2. Putting g(z) =2+ Y. [A=0) (B—a) (k—1)+1]" 2¥ (o, B, \, §
k=2

>0, A>0, 8>a, meNy), b=1and v =0 in Theorem 3, we obtain the result
obtained by Ramadan and Darus [13,Remark 2].

Putting g(z) = 1% and b = 1 in Theorem 3, we obtain the following corollary
improving the result obtained by Shanmugam and Sivasubramanian [17, Remark
1].
Corollary 13. Let ®(z) = 1+ Byz+ Baz? +..... (B1 > 0). Let f(z) given by (1.1)
belongs to the class M, (®). Let o3 be given by

(1+9)° [B:
=V __|22,p]. 2.20
BB 1t 2) B (2:20)
If m < p < ns, then
- _
2, (1+7) By 2pBy (14 27) 2 B,
ag — pay|+=———""-=|1—- 5 B+ ———————| |a2|” < —F——F—.
3 — 2B (1+27) | B (1+7)? | ool < 559y
(2.21)
If n3 < p < n2, then
- ]
az — pay|l+————"—— |1+ = +B — ——— | |ao| £ ——,
7 Y (e R e i rwe o L Trw
(2.22)

where 777 and 79 are given in Corollary 9. The result is sharp.
Putting g(2) = % and v = 0 in Theorem 3, we obtain the following corollary:
Corollary 14. Let ®(2) = 1+ Bz + Baz? +..... (B1 > 0). Let f(z) given by (1.1)

belongs to the class S; (®) and b > 0. Let o3 be given by

If o < p < 03, then

1 B bB
2 2 2 1
|a3—ua2‘+ﬁ |:1_B1—(1—2[L)b31:| |(L2‘ S T
If 05 < p < o3, then
1 B bB
2 2 2 1
|a37ua2‘+ﬁ |:1+Bl+(12/£)b31:| |a2\ ST,

where of and o4 are given in Corollary 10. The result is sharp.
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Putting g(2) = %5 and v = 1 in Theorem 3, we obtain the following corollary:

Corollary 15. Let ®(2) = 1+ Byz+ Baz? + ... (By > 0). Let f(z) given by (1.1)
belongs to the class Cy, (®) and b > 0. Let o3* be given by

o (L+7)%03  [Bo
3 7 20B1 (1+29)bs
If o7* < p < 05", then
2 B 3 bB
2 2 K 2 1
- —|1—=——-(1——= | bB < —.
’a‘3 Ma2‘+3b31 |: B1 ( ) ) 1:| |a2| =76
If 05" < p < 03", then

2 B 3 bB
|a3 - MG§‘+E {1 + =2 + <1 - ;) bB1:| |a2|2 < 71’

where o1* and o3* are given in Corollary 11. The result is sharp.

Putting g(z) =z + >_ {%&k_l)} Iplar)z (meZ; £>0; A>0;
k=2

g <s+1; q,s € Ng) and T'x(cr1) be given by (1.6) in Theorem 3, we obtain the
following corollary:

Corollary 16. Let ®(z) = 1+ Bz + Ba2? + ... (B1 > 0). Let f(z) given by (1.1)
belongs to the class N, (X, £, m,q,s, a1, (1;®) and b > 0. Let x3 be given by

1+4)%02 [B
o= 2bé1 ?11) 272) bs [Bi * bBl]
If x1 < p < xs3, then
|a3 - ,ua%] +
2bg+v)2b§ (1I/3+/\)2m _ (T2(a1))® {1 _ B2 _ bB, + 2ubBl(1t2v) (1+€+2/\)’””(21jn—€)m Fs(al)z] |a2|2
1(1+27)bg (14+0)™ (1+£+20)™  Ts(a1) 1 (1+7) (14+£4X) (T'2(a1))
bBy (1+0)™

< :
T2(1+429)(L+L+20N)" Ds(ar)
If x3 < pu < X2, then

|a3 — ua%’ +
(1+7)b3 (A+642)2" (Ta())? B 2ubBy (1427) (1+4+20)™ (14£)™ Ts(oq) 2
2bB1(1+2fy2)b3 A+O™(A++20)™ F23(0¢11) 1+ B% +0B; — (1ir7)2 (14£+X)2™ (F;(all))2 |az|
bBy (1+0)™

T2(1+2y) (1 +L+20)"T3(ay)’
where x; and x9 are given in Corollary 12. The result is sharp.
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