Electronic Journal of Mathematical Analysis and Applications,
Vol. 2(2) July 2014, pp. 152-162.

ISSN: 2090-729(online)
http://fcag-egypt.com/Journals/EJMAA /

INITIAL COEFFICIENT ESTIMATES FOR BI->-CONVEX AND
BI-4-STARLIKE FUNCTIONS CONNECTED WITH
ARITHMETIC AND GEOMETRIC MEANS

H. M. SRIVASTAVA, N. MAGESH AND J. YAMINI

ABSTRACT. In the present work, we propose to investigate the coefficient es-
timates for certain subclasses of bi-A-convex and bi-pu-starlike functions of the
Ma-Minda type in the open unit disk U. Some interesting applications of the
results presented here are also discussed

1. INTRODUCTION

Let A denote the class of functions of the form:
f(z)=z+ Z anz", (1)
n=2

which are analytic in the open unit disk
U={z:2¢€C and |z| < 1}.

We shall denote by S the class of functions in .4 which are also univalent in U.
For two functions f and g, analytic in U, we say that the function f(z) is sub-
ordinate to g(z) in U, and write

f(z) <g(z) (2,
if there exists a Schwarz function w(z), analytic in U with
w(0) =0 and |lw(z)| < 1 (z€U),
such that
flz)=g(w(z)  (z€U).

In particular, if the function g is univalent in U, the above subordination is equiv-
alent to

f(0)=g(0) and  f(U) Cg(U).
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It is well known that every function f € S has an inverse f~!, defined by

@) =2 (2€D)

and
)= (Jul <l ot 2 7).

where
FHw) = w — agw? + (263 — az)w® — (5a3 — Hagaz + ag)w* + ... (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let X denote the class of all functions in A, which are bi-univalent in U and
given by (1). For a brief history of functions in the class 3, see [24] (see also [3],
[11] and [17]). In fact, judging by the remarkable flood of papers on the subject
(see, for example, [2, 4, 5, 6, 7, 8, 9, 12, 14, 15, 19, 22, 23, 25, 26, 29, 27, 30| as
well as the references to the related earlier works cited in each of these papers), the
recent pioneering work of Srivastava et al. [24] appears to have revived the study
of analytic and bi-univalent functions in recent years. Many interesting examples
of functions which are in (or which are not in) the class 3, together with various
other properties and characteristics associated with the bi-univalent function class
¥ (including also several open problems and conjectures involving estimates on the
Taylor-Maclaurin coefficients of functions in ), can be found in the literature (see,
for example, [1] and [30]; see also some of the aforecited papers).

Some of the important and well-investigated subclasses of the univalent function
class S include (for example) the class S*(«) of starlike functions of order « in U
and the class () of convex functions of order « in U. By definition, we have

2f'(2)
f(2)

S*(a):z{f:f@S;mdéR( )>a (zeU;OSa<1)}

and

2f"(2)
f'(z)
For 0 £ o < 1, a function f € ¥ is said to be in the class 83 (a) of bi-starlike
functions of order « in U or in the class Kx () of bi-convex functions of order « in
U if both f and f~! are, respectively, starlike or convex functions of order « in U.
For 0 < 8 £ 1, afunction f € X is in the class SS&(8) strongly bi-starlike functions
of order 3 in U if both the functions f and f~! are strongly starlike of order 3 in
U (see [3]).

The arithmetic means of some functions and expressions is very frequently used in
mathematics, especially in Geometric Function Theory. Making use of the arith-
metic means, Mocanu [16] introduced the class M(A) of A-convex functions in U
(0 £ XA £ 1) (which are now referred to as Mocanu-convex functions) as follows:

K(a)::{f:feSand%(1+ )>a (zeU;0§a<1)}.

2f'(2) 2f"(2)
MA::{f:feSand%(l—)\ —l—)\[l—i— >0 zel)yp.
™ (-0 e (zeU)
In some case, the class M(\) proclaims the class of starlike functions in U. In
some other case, the class M()\) proclaims the class of convex functions in U. In
general, the class M () of A\-convex functions in U determines the arithmetic bridge
between starlikeness and convexity.
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By using the geometric means, Lewandowski et al. [10] defined the class £(u) of
p-starlike functions in U (0 < p < 1) as follows:

Lp) = {f:feS and %([Z]{CQS)]H[1+z%$)]l_u>>0 (zeU)}.

We note that the class £(p) of p-starlike functions in U constitutes the geometric
bridge between starlikeness and convexity.

Let ¢ be an analytic and univalent function with positive real part in U such that
©(0) = 1, ¢'(0) > 0, » maps the unit disk U onto a region starlike with respect
to 1, and is symmetric with respect to the real axis. The Taylor-Maclaurin series
expansion of such functions is of the form given by

p(2) =1+ Biz+ Byz> + B3z’ + - (B1 >0). (3)

Throughout this paper, we assume that the function ¢ satisfies the above conditions
(including also the above-stated condition By > 0 on the coefficient By) unless it
is stated otherwise.

By §*(p) and K(p) we denote the following classes of functions:

S*(p) := {f :feS and Z]{;S) < p(z) (z € [U)}

1

K(np)::{f:fes and 1+ZJJ;($)<<,0(Z) (zEU)}.
The classes S*(p) and K(p) are the extensions of the classical sets of starlike and
convex functions in U. In such a form, these classes were defined and studied by
Ma and Minda [13]. A function f is bi-starlike of Ma-Minda type in U or bi-convex
of Ma-Minda type in U if both f and f~! are, respectively, Ma-Minda starlike in U
or Ma-Minda convex in U. These classes are denoted, respectively, by S&(y) and
Ks(p) (see [1]).

We now introduce the function classes M(\, ¢) and L(u, ) as follows:

and

M()\,go)::{f:feS and

2f'(2)
f(2)

2f"(z)
f'(z)

(1-X) +)\(1+ )-<g0(z) (0§)\§1;26U)}
(4)

and

E(/,L,w)::{f:feS and

(zfgi§)>#(1+z;c’,;i§)>lH'<‘P(Z) O=p=1; zGIU)}.
(5)

The classes M(\, ) and L(u, ) are, respectively, the classes of Mocanu-convex
functions in U and p-starlike functions in U of Ma-Minda type. A function f is
bi-Mocanu convex in U of Ma-Minda type or bi-u-starlike in U of Ma-Minda type
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if both f and f~! are, respectively, Mocanu-convex in U or p-starlike in U. These
function classes are denoted by Mx (A, ¢) and Lx(u, @), respectively (see [1]).
Motivated by some of the above-mentioned works, we define the following subclass
of the bi-univalent function class >.

Definition 1. Let A : U — C be a convex univalent function in U such that

h0)=1, h(z)=h(z) and R{a()} >0 (z€U).

Then a function f(z) given by (1) is said to be in the class /\/lg(é,,u,)\,h) if the
following conditions are satisfied:

fex, &b <(1 -\ {Zf/(z)r +A {Zf/(z)r {1 + Zf"(z)} W) < h(2) cos f+isin 3

f(2) f(z) f'(z)
(6)
(ZGU; —g<5<g; 0SA<SL 0<S <t 1§5§2)
and
g ’ H " 1—p
i wg’(w)} {wg (UJ)] { wyg (U))] -
e 1-A + A 1+ < h(w)cos B + isin 8
<( IFe 9(w) 7 w) o)
(7)
(et -2 <B<50SASLOSpSH12552),
where the function g is given by
g(w) = w — agw? + (2a3 — az)w® — (5a3 — 5agaz + az)w* + - - (8)
as the extension of f~! to U.
Remark 1. If we set
1+ Az
= = _— < < .
h(z) = ha p(z): T B> (-1£B<AZL1; z2€U) 9)

in the class Mg(&, 1, A, h), we have the class which we denote, for convenience, by
Mg((sv Hs )‘7 hA,B)-
Remark 2. Setting 6 = 1 and g = 0 in the above Definition, we have

ME(1,0,\,h) =2 ME(X, ).
In particular, for 5 = 0, the class
MU\ ) = Mxs (), h)

was introduced and studied by Ali et al. [1].
Remark 3. By setting 6 =1 and A = 1 in the above Definition, we have

ME (L, 1, ) =2 LS (p, ).
In particular, for 5 = 0, the class
ﬁ%(ua h) = £E(Ma h)
was introduced and studied by Ali et al. [1]. Remark 4. If we take

1+ (1-20)z2

h(z) = ho(2) : T

(0Sa<1; zel) (10)
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in the class Mg (0, t, A, h), we are led to the class which we denote, for convenience,
by /\/lg(é, Ay by In particular, for 6 = 1, p =0 and 8 = 0, the class

ML(1,0,\, hy) = M (), ha)

was introduced and studied by Li and Wang [12].
Remark 5. Upon replacing h(z) by h(z) as given by (10) in Remark 3, we have

L5 (y h) =: L5 (11; ha)-
Remark 6. Putting 4 = 1 in the class
ML, 1, 1) =2 L5 (4 ),

we have

ME(1,1,1,h) = L(1,h) =: S(B, h).
The class S5 (5, h) was introduced by Orhan et al. [18]. In particular, for 5 = 0,
the class S5(0,h) =: S5 (h) was considered by Ali et al. [1] and Srivastava et al.

[23]. Moreover, in the special case when 5 = 0 and h(z) is replaced by hq(z) given
by (10), the class

85(0, ha) =: S5(ha)
was introduced by Brannan and Taha [3] and studied by Bulut [2], Caglar et al.

[4], Li and Wang [12], Magesh and Yamini [15], Magesh et al. [14], and others.
Remark 7. Taking p = 0 in the class

ME, 1, ) =: L (. h),
we have
ME(1,0,1,h) = L£5(0,h) =: Ks (8, h).
The class K£(8, h) was introduced by Orhan et al. [18]. In its particular case when
B =0, the class Kx(0,h) =: Kx(h) was considered by Ali et al. [1]. Furthermore,
in the particular case when = 0 and h(z) is replaced by h,(z) given by (10), the

class Kx(0,hy) =: Ks(he) was introduced by Brannan and Taha [3] and studied
by Li and Wang [12], Magesh and Yamini [15], and others.

In our investigation of the estimates for the Taylor-Maclaurin coefficients |as| and
|as| for functions in the above-defined general bi-univalent function class ./\/lg (0, by A, h),
which indeed provides a bridge between the classes of bi-A-convex functions in U
and bi-p-starlike functions in U, we shall need each of the following lemmas.
Lemma 1. (see [20]). If p € P, then |p;| < 2 for each j € N, where P is the
family of all functions p, analytic in U, for which

R{p(2)} >0, (z € ),
where
p(2) =1+piz+p2®+--- (z € U),

N being the set of positive integers.
Lemma 2. (see [21] and [28]). Let the function ¢(z) given by

p(2) =) B.z"  (z€D) (11)

n=1
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be convex in U. Suppose also that the function h(z) given by
h(z) = Z By 2" (z€U)
n=1

is holomorphic in U. If
h(z) <¢(z)  (2€D),
then
|hn| £ By (neN:={1,2,3,---}). (12)

2. A SET OF MAIN RESULTS

In this section, we find the estimates for the coefficients |az| and |ag| for functions
in the general bi-univalent function class Mg(d, A h).
Theorem 1. Let the function f(z) given by (1) be in the class Mg(é,u, A h). Also
let
T op<T 0<a<1, 0<pu<1  and 15552

2 2
Then
2B cos 3
< 13
'“2|—\/(1—A)5(1+5)+A(u2—3u+4) (13)
and s
B7 cos” 3 L B cos 3 (14)

laz| = [(T=XN6+A2—=pw)]2  2(1=X)6+2X(3 —2u)’

where the coefficient By is given as in (3).

Proof. Tt follows from (6) and (7) that
’ g ’ 1" 1-
oiB <(1 N [zf (z)} LA [zf (z)}H [1+ zf (Z)} M) = p(z) cos B+ isin 3

f(2) f(2) f'(2)
(15)
and
o (o [2g @] Twg @) wg @)
(“ 05| A ) e ) plu)cosfisin g,
(16)
where
p(z) < h(z) (z€U) and g(w) < h(w) (we)
have the following forms:
p(z) =1+piz+p2+--  (2€0) (17)
and
0(2) =1+ quw+ @u? +--- (w € U). (18)
Equating the coefficients in (15) and (16), we get
eP[(1 = N3 + A2 — p)]ag = py cos B, (19)

B12(1 = A)d+ A3 — 2)]as — [(1 — N)&(3 — ) — A2 + 5p — 8)]‘;5} = ps cos 3,

(20)
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—eP[(1= N3+ A2 — p)laz = g1 cos 8 (21)

and
eP (L= N85 +6) + A(p? — 11p+ 16)]%% —2[(1 = A)J + A(3 —2u)]ag| = g2 cos B.

(22)
From (19) and (21), we find that
P1=—q1 (23)
and
2¢7[(1 = N3+ A2 — w)*a3 = (b1 + a) cos® B. (24)
Also, from (20) and (22), we obtain
o2 e~ (pa + go) cos B (25)
2T (=N +0)+ M2 —3u+4)
Since p,q C h(U), by applying Lemma 2, we immediately have
(m)
_ ™) -
ol =2 <5 e (26)
and
(m) (o
il =[O <5 mem, (27)

Now, if we apply (26), (27) and Lemma 2 for the coefficients p1, p2, ¢1 and g2, we
readily get

las] < 2B cos 3
=N A =060 +6) + A2 —3u+4)

which gives the bound on |az| as asserted in (13).
Next, in order to find the bound on |ag|, by subtracting (22) from (20), we get

AL = N6+ AB — 2)as — 41— N5+ AB — 240)a3 = e (py — go) cos B (28)
It follows from (24) and (28) that

(p? + ¢2)e™ %P cos? B e B (py — q2) cos B
az = 2 —|— . (29)
2[(1= A5+ A2 — )2 4[(1— )6+ A(3 —2u)]
Applying (26), (27) and Lemma 2 once again for the coefficients p1, p2, ¢1 and ga,
we readily obtain

B? cos? 3 Bycosf
|as| = + ;
[(T=XNd+A2—pw)]?> 2(1=X)d+2X(3—2p)
which evidently completes the proof of Theorem 1. O

In view of Remarks 1 and 4, if we replace h(z) by ha () given by (9) and h(2)
given by (10) in Theorem 1, we can easily deduce Theorems 2 and 3, respectively,
which we choose to merely state here without proof.

Theorem 2. Let the function f(z) given by (1) be in the class /\/lg(é,,u,)\, ha,B).

Then
2(A— B)cosf3
lag| = \/(1 —N)6(1+0) + A2 —3u+4) (30)
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and
(A— B)%cos? 8 (A—B)cosp

(T=X5+X2—=w)]2  2(1=X)5+2X(38—2pu)
Theorem 3. Let the function f(z) given by (1) be in the class Mg(é,p,)\,ha).
Then

laz| = [ (31)

4(1 — «) cos B

4(1 — a)? cos? B 2(1 — a) cos 3
(T=X5+A2—w)]2  2(1—=X)d5+2X38—2p)
Remark 8. For § = 1, u = 0 and 8 = 0, the estimates for the coefficients |as|

and |as| given by Theorem 3 are reduced at once to the estimates obtained earlier
by Li and Wang [12, Theorem 3.2].

and

|as| = [ (33)

3. COROLLARIES AND CONSEQUENCES

In view of Remark 2, we have the following corollaries.
Corollary 1. Let the function f(z) given by (1) be in the class Mg()\,h). Then
B cos 8

14+ A

|az| = (34)

and

B?cos’3  Bjcosf
A+rN2 214
Corollary 2. Let the function f(z) given by (1) be in the class Mx (A, h). Then

|as| = (35)

By
lag| £ T (36)
and )
B B
< 1 L 37
|a3|:(1+/\)2+2+4/\ (37)

Remark 9. The estimates in Corollary ?? provide improvement over the estimates
obtained by Ali et al. [1, Theorem 2.3].

In light of Remarks 2 to 5, we have following corollaries.

Corollary 3. Let the function f(z) given by (1) be in the class Lg(u,h). Then

2B cos 3
Sy 38
ol £ (| 22 (39)

B? cos® 3 Bicos 8
C—p? T26-2)
Corollary 4. Let the function f(z) given by (1) be in the class ,Cg(ﬂ, ha). Then

and

|as| = (39)

4(1 — a) cos B

<
‘GQ‘: /142_3/14"‘4

(40)

and
4(1—a)?cos’B (1 —a)cosf

2 n)? 5 on (4D

las| =
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Corollary 5. Let the function f(z) given by (1) be in the class Lx(u, h). Then

laz| = M%B;—i—él (42)

and B2 B
< 1 —. 43
R C M ERETE T “3)

Remark 10. The estimates in Corollary 5 provide improvement over the estimates
derived by Ali et al. [1, Theorem 2.4]

In view of Remarks 6 and 7, we have the following corollaries. Corollary 6. Let
the function f(z) given by (1) be in the class S&(8,h). Then

laz| = v/ Bi cos B (44)

B
ol < B cost g+ P15

Corollary 7. Let the function f(z) given by (1) be in the class S&(h). Then

lag| = \/E (46)

B
jas| < BY + = (47)

Remark 11. For the function h(z) replaced by h,(z) as given in (10), the estimates
in Corollary 7 reduce to a result proven earlier by Li and Wang [12, Corollary 3.3].
Corollary 8. Let the function f(z) given by (1) be in the class Kx(8,h). Then

o] 5 /B2 )

lag| < B%czs25 n By ZOSﬁ'

Corollary 9. Let the function f(z) given by (1) be in the class Kx(h). Then

MENE (50)

B? B
jasl < 21+ 2L (51)
Remark 12. In the special case when we replace the function h(z) by h.(z) given
by (10), the estimates in Corollary 9 would reduce to a known result in [3, Theorem

4.1,

and
(45)

and

and

(49)

and

REFERENCES

[1] R. M. Ali, S. K. Lee, V. Ravichandran and S. Supramaniam, Coefficient estimates for bi-
univalent Ma-Minda starlike and convex functions, Appl. Math. Lett. 25 (2012), 344-351.

[2] S. Bulut, Coefficient estimates for a class of analytic and bi-univalent functions, Novi Sad J.
Math. 43 (2) (2013), 59-65.

[3] D. A. Brannan and T. S. Taha, On some classes of bi-univalent functions, in Mathematical
Analysis and Its Applications (S. M. Mazhar, A. Hamoui and N. S. Faour, Editors) (Kuwait;
February 18-21, 1985), KFAS Proceedings Series, Vol. 3, Pergamon Press (Elsevier Science
Limited), Oxford, 1988, pp. 53-60; see also Studia Univ. Babes-Bolyai Math. 31 (2) (1986),
70-77.



EJMAA-2014/2(2) INITIAL COEFFICIENT ESTIMATES 161

(4]
(5]
(6]
(7]
(8]
9
[10]
(11]
(12]

(13]

(14]
(15]
(16]
(17)
(18]
19]

[20]
21]

22]

23]
[24]

[25]

[26]

27)
(28]

29]

M. Caglar, H. Orhan and N. Yagmur, Coefficient bounds for new subclasses of bi-univalent
functions, Filomat 27 (2013), 1165-1171.

O. Crisan, Coefficient estimates for certain subclasses of bi-univalent functions. Gen. Math.
Notes 16 (2013), 93-102.

E. Deniz, Certain subclasses of bi-univalent functions satisfying subordinate conditions,J.
Class. Anal. 2 (2013), 49-60.

B. A. Frasin and M. K. Aouf, New subclasses of bi-univalent functions, Appl. Math. Lett. 24
(2011), 1569-1573.

S. P. Goyal and P. Goswami, Estimate for initial Maclaurin coefficients of bi-univalent func-
tions for a class defined by fractional derivatives, J. Egyptian Math. Soc. 20 (2012), 179-182.
T. Hayami and S. Owa, Coefficient bounds for bi-univalent functions, Pan Amer. Math. J.
22 (4) (2012), 15-26.

Z. Lewandowski, S. S. Miller and E. Zlotkiewicz, Generating functions for some classes of
univalent functions, Proc. Amer. Math. Soc. 56 (1976), 111-117.

M. Lewin, On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc. 18
(1967), 63-68.

X.-F. Li and A.-P. Wang, Two new subclasses of bi-univalent functions, Internat. Math.
Forum 7 (2012), 1495-1504.

W. C. Ma and D. Minda, A unified treatment of some special classes of univalent functions,
in Proceedings of the Conference on Complex Analysis (Tianjin, 1992), pp. 157-169, Lecture
Notes in Analysis. I, International Press, Cambridge, Massachusetts, 1994.

N. Magesh, T. Rosy and S. Varma, Coefficient estimate problem for a new subclass of bi-
univalent functions, J. Complez Anal. 2013 (2013), Article ID 474231, 1-3.

N. Magesh and J. Yamini, Coefficient bounds for certain subclasses of bi-univalent functions,
Internat. Math. Forum 8 (2013), 1337-1344.

P. T. Mocanu, Une propriété de convexité généralisée dans la théorie de la représentation
conforme, Mathematica (Cluj) 11 (34) (1969), 127-133.

E. Netanyahu, The minimal distance of the image boundary from the origin and the second
coefficient of a univalent function in |z| < 1, Arch. Rational Mech. Anal. 32 (1969), 100-112.
H. Orhan, N. Magesh and V. K. Balaji, Initial coefficient bounds for a general class of bi-
univalent functions, Preprint 2013 [arXiv:1303.2527v1, 2013].

Z.-G. Peng and Q.-Q. Han, On the coefficients of several classes of bi-univalent functions,
Acta Math. Sci. Ser. B Engl. Ed. 34 (2014), 228-240.

C. Pommerenke, Univalent Functions, Vandenhoeck and Ruprecht, Gottingen, 1975.

W. Rogosinski, On the coefficients of subordinate functions, Proc. London Math. Soc. (Ser.
2) 48 (1943), 48-82.

H. M. Srivastava, Some inequalities and other results associated with certain subclasses of uni-
valent and bi-univalent analytic functions, in: Nonlinear Analysis: Stability, Approzimation,
and Inequalities (Panos M. Pardalos, Pando G. Georgiev and Hari M. Srivastava, Editors.),
Springer Series on Optimization and Its Applications, Vol. 68, Springer-Verlag, Berlin, Hei-
delberg and New York, 2012, pp. 607-630.

H. M. Srivastava, S. Bulut, M. Caglar and N. Yagmur, Coefficient estimates for a general
subclass of analytic and bi-univalent functions, Filomat 27 (2013), 831-842.

H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and bi-
univalent functions, Appl. Math. Lett. 23 (2010), 1188-1192.

H. M. Srivastava, G. Murugusundaramoorthy and N. Magesh, Certain subclasses of bi-
univalent functions associated with the Hohlov operator, Global J. Math. Anal. 1 (2) (2013),
67-73.

H. M. Srivastava, G. Murugusundaramoorthy and K. Vijaya, Coefficient estimates for some
families of bi-Bazilevic functions of the Ma-Minda type involving the Hohlov operator, J.
Class. Anal. 2 (2013), 167-181.

A. E. Tudor, Bi-univalent functions connected with arithmetic and geometric means, J. Global
Res. Math. Arch. 1 (3) (2013), 78-83.

Q.-H. Xu, H. M. Srivastava and Z. Li, A certain subclass of analytic and close-to-convex
functions, Appl. Math. Lett. 24 (2011), 396-401.

Q.-H. Xu, Y.-C. Gui and H. M. Srivastava, Coefficient estimates for a certain subclass of
analytic and bi-univalent functions, Appl. Math. Lett. 25 (2012), 990-994.



162 H. M. SRIVASTAVA, N. MAGESH AND J. YAMINI EJMAA-2014/2(2)

[30] Q.-H. Xu, H.-G. Xiao and H. M. Srivastava, A certain general subclass of analytic and bi-
univalent functions and associated coefficient estimate problems, Appl. Math. Comput. 218
(2012), 11461-11465.

H. M. SRIVASTAVA
DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF VICTORIA, VICTORIA, BRITISH
CoLuMBIA V8W 3R4, CANADA

E-mail address: harimsri@math.uvic.ca

N. MAGESH
POST-GRADUATE AND RESEARCH DEPARTMENT OF MATHEMATICS, GOVERNMENT ARTS COLLEGE
FOR MEN, KRISHNAGIRI 635001, TAMILNADU, INDIA

E-mail address: nmagi-2000@yahoo.co.in

J. YAMINI
DEPARTMENT OF MATHEMATICS, GOVERNMENT FIRST GRADE COLLEGE, VIJAYANAGAR,
BANGALORE 560104, KARNATAKA, INDIA

E-mail address: yaminibalaji@gmatil. com



