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SOME SUBORDINATION AND SUPERORDINATION RESULTS
WITH AN INTEGRAL OPERATOR

H. E. DARWISH, A. Y. LASHIN, AND S. M. SOILEH

ABSTRACT. In this article, we obtain some subordination and superordination
preserving properties of meromorphic multivalent functions in the punctured
open unit disc associated with an integral operator. Sandwich-type result is
also obtained.

1. INTRODUCTION
Let H = H(U) denote the class of analytic functions in the open unit disc
U={z€C:|z| <1}
Forn e N={1,2,..} and a € C, let
Hla,n) ={f €H: f(z) =a+anz" +an12"™ + ..}

Let f and g be members of H. The function f is said to be subordinate to g, or
g is said to be superordinate to f, if there exists a function w analytic in U, with
w(0) =0 and |w(z)| < 1(z € U), such that f(z) = g(w(z))(z € U).

In such a case, we write

f=<g (z€U) or f(z)=<g(z) (z€0).

If the function ¢ is univalent in U, then we have (cf. [5]),

f=g (zeU) < f(0) =¢(0) and f(U) C g(U).
Definition 1 [5]. Let ¢ : C> — C and let h(z) be univalent in U. If p(z) is analytic
in U and satisfies the differential subordination:

¢(p(2); 2p(2)) < h(2) (2 € D), (1.1)
then p(z) is called a solution of the differential subordination. The univalent func-
tion ¢(z) is called a dominant of the solutions of the differential subordination, or
more simply a dominant, if p(z) < ¢(z) for all p(z) satisfying (1.1). A dominant
¢ that satisfies ¢ < ¢ for all dominants g of (1.1) is said to be the best dominant.
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Definition 2 [6]. Let ¢ : C? — C and let h(z) be analytic in U. If p(z) and
w(p(z), zp'(z)) are univalent in U and satisfy the differential superordination:

h(z) < ¢(p(2), 2p'(2)) (z € V), (1.2)

then p(z) is called a solution of the differential superordination. An analytic func-
tion ¢(z) is called a subordinant of the solutions of the differential superordination,
or more simply a subordinant if ¢(z) < p(z) for all p(z) satisfying (1.2). A univalent
subordinant g that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be the
best subordinant.

Definition 3 [5]. Denote by F the set of all functions ¢(z) that are analytic and
injective on U\ E(q), where

Bl@) = {¢ € 00 img(s) = <

and are such that

q(Q)#0 (¢ €U\E(q)).

Further let the subclass of F for which ¢(0) = a be denoted by F(a), F(0) = Fy and

Definition 4 [6]. A function L(z,t) (z € U,¢t > 0) is said to be a subordination

chain if L(.,t) is analytic and univalent in U for all ¢ > 0, L(z,.) is continuously

differentiable on [0, 4+00) for all z € U and L(z,t1) < L(z,t2) for all 0 < ¢; < to.
Let ¥ denote the class of functions of the form

f(z) = % +) ast (1.3)
k=1

which are analytic in the punctured unit open unit disc U*. For functions f € X
given by (1.3), and g € X given by

1
= -+ by2*
9(2) > ; k2,

define the Hadamard product (or convolution) of f and g by
1 o0

(Fr)() = -+ D ahiz* = (g ().
k=1

Analogous to the integral operator defined by Jung et al. [1], Lashin [2] intro-
duced and investigated the following integral operator

Qop:X— X (1.4)

defined in terms of the familiar Gamma function by

Qusf(d) = gt w7 [ 0= Dt ar

0

_ 1 I'(B+a)
EERE)

I'(k+p8+1)
F'k+p+a+1)

arpz® (a>0; §>0; zeU),

M8

k=1
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By setting
o0

fap(2) = 1 ﬁ—i—a Zrk+ﬁ+a+1)akzk (>0; B>0; z€U"), (1.5)
k=1

Fk+p+1)

Wang et al. [8] defined and studied an integral operator Qg_ﬂ : ¥ — X which is
defined as follows:
Let f(i‘ﬁ (2) be defined such that

fap(2) % 2 5(2) = (a>0; B>0; A>0; z2€U"). (1.6)

1
2(1—2)*
Then

Qapf(2) = fap(2)* f(2) (z €U, f €3 (1.7)
From (1. ) (1.6) and (1.7) it follows that

F(B+a) e~ WenlE+B8+1) k "
cU*), (1.8
a0f(2) = T(B) ;hk+nmw+ﬁ+a+1ﬂ” (zel9), {18
where () is the Pochhammer symbol defined by
k=0
(A = {A()\+1) (A+k—1), (keN:={1,2,. })} : (1.9)
Clearly, we know that
Qtly,ﬁ = Qa,,@’-
It is readily verified from (1.8) that
2Qp1) (2) = 2Q0H f(2) = A+ DQA 5 (2) (1.10)

2Qasf) (2) = B+a—-1)Q)_1 5f(2) = (B+a)Qd 5 (2). (1.11)
2. A SET OF LEMMAS

The following lemmas will be required in our present investigation.
Lemma 1 [7]. The function L(z,t) : Ux [0,1) — C of the form
L(z,t) = a1 (t)z + az(t)z? + ... with (ay(t) #0, t >0 ) and tlim lai(t)] = o0 is a
— 00

subordination chain if and only if

0L (1)
§R{aLa(z,t)}>0 (z€U; 0<t < o0).
ot

Lemma 2 [3]. Suppose that the function H : C> — C satisfies the following
condition:
R{H (is,t)} <0
for all real s and
t<—-n(l1+s%)/2, (neN).
If the function p(z) = 1+ pp2"™ + prr12™ 1., is analytic in U and

R{H (p(2),2p'(2))} > 0 (2 € V),
then,
R{p(2)} >0 (z€N).
Lemma 3 [4]. Let k, v € C with k # 0 and h € H(U) with h(0) = c. If

R{kh(z) +~} >0 (2 €U),
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then, the solution of the following differential equation

2q'(2) . _
q(z) + ")+ h(z) (z€U; q(0)=¢)

is analytic in U and satisfies the inequality
R{kq(z) +~v} >0 (2 € ).
Lemma 4 [5]. Let p € F(a) and let
q(2) =a+anz" +an 12"+

be analytic in U with
q(z) #a and n>1.

If ¢ is not subordinate to p, then there exist two points

20 = roe’? € U and {, € dU\E(q),

such that
q(Ur,) C p(U), q(20) = p(Co) and z0q'(20) = mGop'(Co)  (m > n).

Lemma 5 [6]. Let ¢ € H[a, 1] and ¢ : C* — C. Also set

0(q(2),24'(2)) =h(z) (2 €).
If L(z,t) = v(q(2),tzq'(2)) is a subordination chain and p € H[a, 1] N F(a), then.

h(z) < ¢(q(2),2'(2)) (2 €T).
implies that

q(z) <p(z) (2€0).

Furthermore, if ¢(q(z),z¢'(z)) = h(z) has a univalent solution ¢ € F(a), then ¢ is
the best subordinant.

In this article, we investigate the subordination and superordination preserving
properties of the integral operator Qé’ 5 with the Sandwich-type Theorems.

2. MAIN RESULTS

We begin with proving the following subordination theorem involving the oper-
ator Qéﬁf defined by (1.8).
Theorem 1. Let f, g € ¥ and

6(2) _ 2) = M SO N
%{14’ ¢/(Z) } > 5<¢)( )* ( g,g(g)(z) ) ( a,ﬁ(g)( )) ) EU) s
(3.1)

A>0;, a>1; >0, u>0),
where ¢ is given by
14 p2BHa—1)2— 12 (B+a—1)?
B 4p(f+a—1)
Then the subordination condition

a1,z " Qa1 Z "
(M) (2Q2,5(N)(2)" = (M) (2Q35(9)(2))",  (33)

)

(z € U). (3.2)
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implies that

(2Qa,5(N()" =< (2Q25(9)(2))", (3-4)
where (zQ:}tﬂ (9) (z))uis the best dominant.
Proof. Let us define the functions F(z) and G(z) in U by

F(z):= (2Qa ()" and  G(2) := (2Q4 5(9)(2))" (z € V). (3.5)
We first show that if the function ¢ is defined by

o 2G"(2)

(z € ), (3.6)
then,

R{q(z)} >0 (z€U).
From (1.11) and the definition of functions G and ¢, we obtain that

=G (2)

Differentiating both sides of (3.7) with respect to z yields
o) — 1 / G (2)
(b(z)_(Hu(5+a—1)>G(Z)+u(ﬁ+a—1)' (3:8)
Combining (3.6) and (3.8), we easily get
2¢"(2) _ 2q'(2) _
1+ 702 _q(z)+u(6+a—1)+q(z)_h(2) (z €. (3.9)
It follows from (3.1) and (3.9) that
R{()+uB+a-1)}>0 (z€D). (3.10)

Moreover, by using Lemma 3, we conclude the differential equation (3.9) has a
solution ¢(z) € H(U) with h(0) = ¢(0) = 1. Let

v
utp(f+a—1)
where 0 is given by (3.2). From (3.9), and (3.10), we obtain

R{H(q(2),2¢'(2))} >0 (2 € D).

H(u,v) =u+ + 9, (3.11)

To verify the condition
1
R{H (iv,t)} <0 (v eR; t < —5(1 + 112)) , (3.12)
we proceed as follows:

R{H (iv, 1)} :m{iw - ! +5}

(B+a—1)+iv

_ tu(f+a—1) 5< Es(v)
wB+a—1)+nf* T 2p(B+a—1)+iv*

where

Es(v) = [u(B+a—1) =200 —pu(B+a—-1)20u(B+a—1)—1].  (3.13)
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For ¢ given by (3.2), we can prove easily that the expression Es(v) given by (3.13)
is greater than or equal to zero. Hence, from (3.11), we see that (3.12) holds true.
Thus, using Lemma 2, we conclude that

R{q(z)} >0 (z€U).
Moreover, we see that the condition:
G'(0) #0

is satisfied. Hence, the function G defined by (3.5) is convex (univalent) in U.
Next, we prove that the subordination condition (3.3) implies that

F(z) < G(») (z €,

for the functions F' and G defined by (3.5L Without loss of generality, we can
assume that G is analytic and univalent on U and

G'(¢) #0 (¢ €0U).

For this purpose, we consider the function L(z,t) given by

— Gl (1+1)
L(z,t) :== G( )+7N(B+a_l)

0<t<oo; z€U; a>1; f>0; u>0).

oL(z )| (1+1)
=2 =0 (14 ety #o

(0<t<oo; zeU; a>1; B>0; u>0).
This shows that the function

2G'(2), (3.14)

We note that

L(z,t) =a1(t)z + ...
satisfies the condition a1(¢) # 0 (0 < t < 00). Furthermore, we have
20L(z,t)/0z 2G"(2)
T LT — -1 1 1 .
%{GL(z,t)/E)t} éR{u(ﬁ+a )+ (1+1)(1+ G,(z)) >0

Therefore, by using of Lemma 1, we deduce that L(z,t) is a subordination chain.
It follows from the definition of subordination chain that

(s zGl(z)

= L(z,0)
and
L(z,0) < L(z,t) (0 <t < 00),
which implies that
L(¢,t) ¢ L(U,0) = ¢(U) (¢ € 9U; 0 <t < o0), (3.15)

if F is not subordinate to G, by using Lemma 4, we know that there exists two
points zg € U and (y € JU, such that

F(Zo) = G(Co) and ZoF/(Zo) = (1 + t)COG/(CO) (0 <t< OO) (316)
Hence, by using (3.5), (3.14), (3.16) and (3.3), we have
(1+1) 1

L(C()vt) = G(CO) + 1 Z()F/(Zo)

mCOG/(CO) = F(z) + [

B+a-1)
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A 2
- (W) (ZOQi,ﬁ(f)(ZO))# € ¢(U).

This contradicts (3.15). Thus, we deduce that F' < G. Considering F = G, we see
that the function G is the best dominant. This completes the proof of Theorem 1.
Theorem 2. Let f, g € ¥ and

24(2) _ 2) — M SO M
%{14‘ QS/(Z) }> 6<¢( )_ ( 3’3(9)(2)> ( a,ﬂ(Q)( )) ; €U>7 (317)

A>0;, a>0; 8>0; u>0),

where § is given by

1+ A2p2 — |1 = N2p?|
- dpup
Then the subordination condition

A+l Py M1 (5
M (2@ 5(N(2)" < M Q) 5(0) ()", (3.19)
a5(f)(2) 5(9)(2)

implies that

0

(z € U). (3.18)

(2Q2 () ()" < (2Q) 5(9)(2))", (3.20)

where (zQéﬁ(g)(z))uis the best dominant.
Proof. Let us define the functions F(z) and G(z) in U by

F(z) = (2Q4,5()(2))" and  G(2) = (2Q4 5(9)(2))" (= € V). (3.21)
Taking the logarithmic differentiation on both sides of the second equation in (3.21)
and using the equation (1.10). The proof is similar to that of Theorem 1.

We now derive the following superordination result.
Theorem 3. Let f.g € 2. and

WO -y (s (RO r
8%{1+ e }> 5<¢( )( @) )( 0s(9)(2)" EIU),
(3.22)

A>0;, a>1; >0; u>0),
where § is given by (3.2). If the function

.1 (f)(z)) )
AT | (2@0 5z
( as(H)(2) (2Qa.5(f)(2))

o
is univalent in U and (ng 5(f) (z)) € F, Then the superordination condition

A . - . }
(Sl (arawe - (%™ oranar . e

implies that
(2@2.5(9)(2))" < (2Q% 5()(2)", (3:24)
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o
where (ngﬁ(f)(z)> is the best subordinant.
Proof. Suppose that the function F, G and ¢ are defined by (3.5)and (3.6), respec-
tively. By applying similar method as in the proof of Theorem 1, we get
R{q(z)} >0 (z€U).

Next to arrive at our desired result, we show that G < F. For this, we suppose that
the function L(z,t) be define by (3.14). Since G is convex, by applying a similar
method as in Theorem 1, we deduce that L(z,t) is subordination chain. There-
fore, by using Lemma 5, we conclude that G < F. Moreover, since the differential
equation

. <l C T
6(2) = Ga) + gy = 6(G(), 6 (2)

has a univalent solution G, it is the best subordinant. This completes the proof of
Theorem 3.
Theorem 4. Let f, g € ¥ and

24 (2) _ 2) = M 2O N
5}%{1+ o) }> 5<¢()—< o (2Q2 5(9)(2)) ;2€U |, (3.25)

A>0;, a>0; 8>0; u>0),
where § is given by (3.18). If the function

A+1 -
(W) QX 5(N)(2)"

as(N()
is univalent in U and (zQé 5(f) (z))# € F, Then the superordination condition
Q35 (9)(2) A w [ Qac1s(N)2) A "
<Q3,3(9)(z) ) (QasG)GI)" ( 2G) ) (QapNE), 529

implies that
(2Q2,5(9)(2)" < (2Qa 5(/)(2)" (3.27)

where (ng’ﬁ(f)(z))M is the best subordinant.

Proof. the proof is similar to that of Theorem 3.

Combining the above - mentioned subordination and superordination results
involving the operator Qé 5 the following ”Sandwich-type result ” is derived.
Theorem 5. Let f, g; € ¥ (j =1,2). and

295 (2) Qa-1,5(9)(2) "
id J -6 () = | 2oL A ) :
{1 + ¢;(z) } > <¢J(Z) < gﬂ(gj)(z) ) (ZQaﬂ(g])(Z)) >
(7j=1L2, A>0, a>1; >0; u>0; zelU)),
where ¢ is given by (3.2). If the function

371 Nz w
(S0 carane)

a,p
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is univalent in U and (zQéB (f) (z))u € F, then the condition
Qé_l,ﬂ(gl)(z) SO NG Qg_Lﬁ(f)(Z) 0> )
< T 00C) ) (FQapla)()” < ( AN ) D)
. <Q31,g(gz)(2)

a,5(92)(2)

) (2Q2 5(92)(2))", (3.28)
implies that
(2Q2 5(91)(2))" =< (2Q2 5(/)(2))" < (2Q) 5(92)(2))" . (3.29)

123 1
where (ngﬂ(gl)(z)> and (ZQ?;B (92)(2)) are respectively, the best subordinant

and the best dominant.
Theorem 6. Let f, g; € X(j =1,2) and

OV (o (SEWO) 0
%{H %) }> 5<¢J(2)< 3,5<gj><z>>(z o)) ’Z€U>’

A>0;, a>0; 8>0; u>0),
where 0 is given by (3.18). If the function

(Qifﬁl(f)(z)

as())

is univalent in U and (zQéyB () (z))H € F, then the condition
Qi}l (gl)(z) A Iz Qg}l(f)(z) A Iz
(czg,g@lxz)) (Rl < (Qé,g(f)(Z) (Qas(D)
. Qo (92)(2)
3,5(92)(2)

) (2Q5,5()(2)"

) (2Q0 5(92)(2))", (3.30)
implies that
(ZQé\é,ﬁ(gl)(Z))u =< (ng\hﬁ(f)(z))” =< (Zngﬁ(‘qZ)(z))M, (3.31)

1 Iz
where (ngﬁ(gl)(z)> and (zQéB (92)(2’)) are respectively, the best subordinant
and the best dominant.
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