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COMMON FIXED POINT THEOREM OF COMPATIBLE
MAPPINGS OF TYPE (K) IN FUZZY METRIC SPACES

K. B. MANANDHAR, K. JHA AND G. PORRU

ABSTRACT. In this paper, we introduce the notion of compatible of type (K) in
fuzzy metric space and obtain a common fixed point theorem for self mappings
on complete fuzzy metric space with example. Our result generalizes and
improves other similar results in literature.

1. INTRODUCTION

Fixed point theory is an important area of functional analysis. The study of
common fixed point of mappings satisfying contractive type conditions has been a
very active field of research. In 1965, the concept of fuzzy set was introduced by
Zade[9]. Then, fuzzy metric spaces have been introduced by Kramosil and Michalek
[12]. George and Veeramani [1] modified the notion of fuzzy metric spaces with the
help of continuous t-norms. In 1986, G. Jungck [4] introduced notion of compatible
mappings. In 1993, G. Jungck, P. P. Murthy and Y. J. Cho [5] gave a general-
ization of compatible mappings called compatible mappings of type (A) which is
equivalent to the concept of compatible mappings under some conditions. In 1996,
H. K. Pathak, Y. J. Cho, S. S. Chang and S. M. Kang [6] introduced the concept of
compatible mappings of type (P) and compared with compatible mappings of type
(A) and compatible mappings. In 1998, R. P. Pant [14] introduced the notion of
reciprocal continuity of mappings in metric spaces. In 1998, Y.J. Cho, H.K. Pathak,
S.M. Kang and J.S. Jung [17] introduced the concept of compatible mappings in
fuzzy metric space. Recently, K. Jha, V. Popa and K. B. Manandhar [8] introduced
the concept of compatible mappings of type (K) in metric space. Many authors
have obtained fixed point theorems in fuzzy metric space using these compatible
notions.

The purpose of this paper is to establish a common fixed point theorem for com-
patible mappings of type (E) in fuzzy metric spaces with example.

Definition 1.1 [1] A binary operation * : [0,1] x [0,1] — [0,1] is a continu-
ous t-norm if * is satisfying the following conditions:
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(a) * is commutative and associative;

(b) * is continuous;

(c) a %1 = a for all a € [0, 1];

(d) a*b < cxd whenever a < cand b <d, and a,b,c,d € [0, 1].

Definition 1.2 [1] A 3-tuple (X, M, «) is said to be a fuzzy metric space if X
is an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X? x (0, 00)
satisfying the following conditions: for all z,y,z € X and s,t > 0,

(FM1) M(z,y,t) > 0;

(FM 2) M(x,y,t) =1 if and only if x = y;

(FM 3) M(z,y,t) = M(y,z,1);

(FM 4) M(x,y,t) * M(y,z,5) < M(x,z,t+ s);
(FM 5) M(x,y,.): (0,00) — (0, 1] is continuous.

Then M is called a fuzzy metric on X. The function M (z,y,t) denote the degree
of nearness between x and y with respect to ¢.
Also, we consider the following condition in the fuzzy metric spaces (X, M, ).

(FMG6) t L — coM(z,y,t) =1, for all z,y € X.

Example 1.1[1] Let (X, d) be a metric space. Denote a xb = ab for all a,b € [0,1]
and let M be fuzzy set on X2 x (0,00) defined as follows:

_ ot
M(z,y,t) = a7
Then (X, M, *) is a fuzzy metric space. We call this fuzzy metric induced by a
metric d is the standard fuzzy metric.

Definition 1.3 [1] Let (X, M, %) be a fuzzy metric space. Then a sequence {z,}
in X is said to be convergent to x in X if for each € > 0 and each t > 0, there exist
ng € N such that M (z,,z,t) > 1 — € for all n > nyg.

a sequence {x,} in X is said to be Cauchy if for each € > 0 and each ¢ > 0, there
exists ng € N such that M (a,,zm,,t) > 1 — € for all n,m > ng. A fuzzy metric
space in which every Cauchy sequence is convergent is said to be complete.

Definition 1.4 [17] The self mappings A and S of a fuzzy metric space (X, M, )
are said to be compatible iff lim,, o M(ASz,,SAx,,t) = 1 whenever {z,} is a
sequence in X such that lim,, ., Az, = lim,_,~, Sz, = x for some z inX and ¢t > 0.

Definition 1.5 [5] The self mappings A and S of a fuzzy metric space (X, M, x)
are said to be compatible of type (A) if lim,,_, o d(ASxy, SSx,,t) = 1 and
lim,, o d(SAx,, AAz,,t) = 1 whenever {z,} is a sequence in X

such that lim,, o Az, = lim,_ . Sz, = x for some x in X and ¢t > 0.

Definition 1.6 [6] The self mappings A and S of a fuzzy metric space (X, M, x)
are said to be compatible of type (P) if lim, oo d(SSx,, AAx,,t) = 1 whenever
{z,} is a sequence in X such that lim, . Az, = lim,_,~ Sz, = x for some z in
X and t > 0.

Definition 1.7 [13] The self mappings A and S of a fuzzy metric space (X, M, x)
are called reciprocally continuous on X if lim,, o, ASx, = Az and lim,, ,, SAx, =
Sz whenever {z,} is a sequence in X such that lim,,_, o, Az, = lim, o ST, = x
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for some x in X.

Definition 1.8 [8] The self mappings A and S of a metric space (X, d) are said to
be compatible of type (K) lim,, o, AAz, = Sz and lim,,_, o SSz, = Az, whenever
{zn} is a sequence in X such that lim, o, Az, = lim, . Sz, = x for some z in X.

Definition 1.9 The self mappings A and S of a fuzzy metric space (X, M, x)
are said to be compatible of type (K) iff lim,,_,oo M (AAz,,Sz,t) =1 and

lim,, 0o M (SSzy, Az, t) = 1, whenever {z,} is a sequence in X such that

lim,, o0 Az, = lim,, oo S, = 2 for some z in X and ¢ > 0.

The following examples show that the compatible of type (K) in fuzzy metric space
is independent with compatible, compatible of type (A), compatible of type (P)
and reciprocal continuous.

Example 1.2 Let X = [0,2] with the usual metric d(z,y) = |z — y|, define

M(z,y,t) = m for all z,y € X,t > 0 and a xb = ab for all a,b € [0,1]

then (X, M, «) is a fuzzy metric space. We define self-mappings A and S as Az =
2,Sr=0forx € [0,1]—{%}, Arx =0,Sr=2for x = % and Azx = Q*T‘r,sz 5 for
x € (1,2]. Then, A and S are not continuous at = 1, %

Consider a sequence {z,,} in X such that z,, =1+ % for all n € N.

2—xn
Then,wehaveA:rn:%%%zxandSmn:%%%:x.

Also, we have AAx,, = A(%) =22 ASz, = A(%) =2—2,5(z) =2 and
SSx, = S(%) =0— 0,54z, = S(25=) =0 — 0, A(z) = 0. Therefore, (4, S) is
compatible of type (K) but the pair (A, S) is neither compatible nor compatible of

type (A) (compatible of type (P), reciprocal continuous).

Example 1.3 Let X = [0,2] with the usual metric d(z,y) = |z — y|, define
M(z,y,t) = m for all z,y € X,¢t > 0 and a xb = ab for all a,b € [0,1] then
(X, M, *) is a fuzzy metric space.

Define self-mappings A and S as Az =z =1 for x € [0,1), Ax = Sz = % forx =1
and Az =2 —z, Sz =z for x € (1,2].

Consider a sequence {z,,} in X such that z,, =1+ % for all n € N.

Then, we have Az,, = (2—z,) - 1=z, and Sz, =z, —» 1 = . Since, 2 —z,, < 1
for all n € N, we have AAx,, = A2 —z,)=1—1, ASz, = A(z,) =2 -2, = 1
and SSz, = S(zp) =zp —» 1,542, =S2—2,)=1—1.

élso,‘lwe have A(z) = § = S(t) but AS(z) = A(1) = A(3) = 2,5A(z) = A(1) =
373"

However, we have 2 = AS(z) # SA(z) = 5, at « = 1. Therefore, (4, S) is not
compatible of type (K) but it is compatible, compatible of type (A) and compatible
of type (P).

Lemma 1.1 [10] Let (X, M, x) be a fuzzy metric space. Then for all z,y in
X, M(z,y,.) is non-decreasing.

Lemma 1.2 [15] Let (X, M, *) be a fuzzy metric space. If there exists ¢ € (0,1)
such that M(x,y,qt) > M(x,y,t) for all x,y and ¢t > 0 then z = y.

Lemma 1.3 [3] The only t-norm * satisfying r *r > r for all r € [0,1] is the
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minimum t-norm, that is, a * b = min {a, b} for all a,b € [0, 1].

2. MAIN RESULT

Theorem 2.1 Let (X, M, *) be a complete fuzzy metric space and A, B, S and
T be a self mappings of X satisfying the following conditions:
)A(X) CcT(X),B(X) Cc S(X),
(ii) M (Ax, By, kt) > M(Sxz,Ty,t) * M(Az, Sx,t) « M(Bx,Ty,t) * M(Ax, Ty,t),
forall z,y € X, k € (0,1) and ¢t > 0, and
(iii) S and T are continuous.
If (A,S) and (B,T) compatible of type of (K), then A, B, S and T have a unique
common fixed point.
Proof: Since A(X) C T(X) and B(X) C S(X), so for any 2y € X, there exists
x1 € X such that Axg = Txq, and for this z, there exists x5 € X such that
Bxy = Szo. Inductively, we define a sequence {y,} in X such that
Yon—1 = A.’EQn,Q =Txo,_1 and Yon = Bxo,_ 1 = szn s for all n = 1,2,...
From (ii), we get
M (Y2n+1,Yon+t2, kt) = M (Ao, Broni1, kt)
Z M(Sl‘gn, Tl‘gn+1, t)*M(Al‘gn, Sl‘gn, t)*M(BJZQn, Tﬂizn_;,_l, t)*M(A.TQn, T1‘2n+1, t)
= M (y2n, Y2n+1,t) * M (Y2n+1,Y2n,t) * M (Y2nt2, Yon+1,t) * M (y2nt1, Y2nt1,t)
> M(y2n; yan+1,t) * M (Yan+1, Yan+2,t)
From lemma 1.1 and 1.3 we have

M (Yon+1, Y2n+2, kt) = M (y2n; y2n+1,t) (1)
Similarly, we have
M (Y2n+2, Y2n+3, kt) = M(Y2n+1, Yon+2,t) (2)
From (1) and (2), we have
M (Ynt1, Ynt2, kt) = M (Yn; Ynt1,1) (3)

From (3), we have M(Yni1,Ynt2:t) = M Yn,Yns1:7) = M(Yn—1,Yns 72) = - =
M (y1,y2, k) — lasn — oo .
So, M (yn,Ynt1,t) = lasn — oo for any ¢ > 0. For each € > 0 and each ¢ > 0, we
can choose ng € N such that M (yn, ynt+1,t) > 1 — eforalln > ng. For m,n € N,
we suppose m > n. Then, we have that
M (Y, Yms t) = MYy Ynt1, i) ¥ M(yn+ 1, yns2, 5755 ) % oo % M (Y15 Yo 7757)
>(1—€)*(1—¢€)*...(m —n) times. This implies
M(yn, Ym,1t) > (1 — €) and hence {y,} is a Cauchy sequence in X.
Since (X, M, ) is complete, {y,} converges to some point z € X, and so that
{Axon_o},{Sx2n},{Bxon-1} and {Tz2,_1} also converges to z. Since (4, S) and
(B, T) are compatible of type (K), we have

AAxo,_o — Sz,85x9, — Az, BBxoy_1 — Tz, TT29,_1 — Bz (4)

From (ii), we get

M(AAJZQR,Q, BBxanl, k‘t) > M(SA.Tgn,Q, TBajgn,l, t)*M(AAxgn,Q, SA.TQTL,Q, t)*
M(BBxz2n—1,TBxgop_1,t) * M(AAxe,_2, T Bxo,—1,) Taking limit as n — oo and
using (4), we have

M(Sz, Tz, kt) > M(Sz,Tz,t)« M(Sz,Sz,t)« M(Tz,Tz,t)« M(Sz,Tz,t)
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(Sz,Tz,t)« 1% 1x M(Sz,Tz,t) > M(Sz,Tz,t).
It follows that

Sz=Tz (5
Now, from (ii), we get M (Az, BBxan_1,kt) > M(Sz,TBxop_1,t) * M(Az,Sz,t) *
]\4(32,’7 TBl‘Qn,l, t) * ]\4(142:7 TBJ?Qn,h t)
Again, taking limit as n — oo and using (4) and (5), we have
M(Az, Tz, kt) > M(Sz, Sz, t)«xM(Az, Tz, t)xM(Tz, Tz, t)«M(Az, Tz, t)(Az,Tz,t).
and hence

Az=Tz (6)
From (i), (5) and (6), we get M(Az, Bz, kt) > M(Sz,Tz,t) « M(Az,Sz,1t) *
M(Bz,Tz,t)«*M(Az,Tz,t) = M(Az, Az, t)xM (Az, Az, t)xM (Bz, Az, t)«x M (Az, Az, t)

> M(Az, Bz,t).
and hence
Az = Bz (7)
From (5), (6) and (7), we have
Az=Bz=Tz= 5z (8)

Now, we show that Bz = z. From (ii), we get

M (Axoyn, Bz, kt) > M(Sxzapn, Tz, t)%*M (Axap, Stapn, t)xM (Bz, Tz, t)«M (Axa,, Tz, t).
And, taking limit as n — oo and using (5) and (6), we have

M(z,Bz,kt) > M(z,Tz,t) « M(z,2,t) * M(Bz,Tz,t) « M(z,Tz,t)

= M(z,Bz,t) « 1« M(Az, Az, t) * M(z, Bz,t) > M(z, Bz,t).

And hence Bz = z. Thus from (8), we get 2 = Az =Bz =Tz = Sz and so z is a
common fixed point of A, B, S and T'.

In order to prove the uniqueness of fixed point, let w be another common fixed
point of A, B, S and T. Then, Aw = Bw = Sw = Tw, therefore, using (ii), we get
M(z,w,kt) = M(Az, Bw,kt) > M(Sz,Tw,t) * M(Az,Sz,t) * M(Bw,Tw,t) *
M(Az,Tw,t) > M(z,w,t). From Lemma 2, we get z = w. This completes the
proof of theorem.

We have the following example.

Example 2.1 Let X = [2,10] with the metric d defined by d(z,y) = |z — y|
and define M(x,y,t) = @ for all z,y € X,t > 0. Clearly (X, M, x) is a com-
plete fuzzy metric space. Define A, B, S and T : X — X as follows: Ax = 2 if
r<3,Ar=3ifx>3;Bx=2ifx <5 Bxr=3ifz>5and Sz, Tz = z for all
Tz e X,

Then A, B, S and T satisfy all the conditions of the above theorem and have a
unique common fixed point x = 2.

If A= B and T = S, then we get following result.

Corollary 2.2. Let (X, M, *) be a complete fuzzy metric space and A and S
be a self mappings of X satisfying the following conditions:

(i) A(X) C S(X),

(ii) M (Ax, Ay, kt) > M(Sxz, Sy, t) * M(Axz, Sx,t) « M(Ax, Sy,t) * M (Azx, Sy, t),
for all z,y € X,k € (0,1) and ¢t > 0, and

(iii) S is continuous. If (A4,S) compatible of type of (K), then A and S have a
unique common fixed point.
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Remarks. Our result extends and generalizes the results of Cho[l15], Koireng
and Rohon[11] and Jha et al. [8]. Also, our result improves other similar results in
literature.
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