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EFFECTIVENESS OF HADAMARD PRODUCT OF BASIC SETS
OF POLYNOMIALS OF SEVERAL COMPLEX VARIABLES IN
HYPERELLIPTICAL REGIONS

M. A. ABUL-DAHAB, A. M. SALEEM, Z. M. KISHKA

ABSTRACT. In this paper, we study some extended results for Hadamard prod-
uct set for many simple monic sets of polynomials of several complex vari-
ables in hyperelliptical regions, then we obtain the effectiveness conditions
for Hadamard product in hyperelliptical regions. Moreover an upper bound
for the order of Hadamard product set is given. Our new results extend and
improve a lot of known results (see [2} [11]).

1. INTRODUCTION

The development of Hadamard product bases arises in a wide variety of ways,
namely in convolution of periodic functions, characteristic functions in probability
theory (e.g. Bochners theorem) but also in combinatorics in the study of association
schemes. It should be also stressed the recent usage of Hadamard product base
technique in the study of automorphic L-functions arising in number theory (see e.g.
Lagarias, Suzuki/Journal of Number Theory 118 (2006), 98-116 and the references
given there). The idea of studying effectiveness properties of the Hadamard product
set of sets of polynomials in a single complex variable was introduced in [9} [10].
In [I1] Nassif and Rizk introduced an extension of this product in the case of two
complex variables using spherical regions. It should be mentioned here the recent
study of Hadamard product set in Clifford Analysis (see [I]).

In the present paper, we aim to investigate the extent of a generalization of
Hadamard product set in C™ using hyperelliptical regions.
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To avoid lengthy scripts, the following notations are adopted throughout this
work (see [3], 4 [ [6] [7, 8, 12]).

m:(ml,m27.. My); <M >=mq 4+ mg~+ ...+ Mpy;

(hl,hg,..., n)i <h>=hi+ho+...4 hp;
= (21,22, ..y 2k); 2T =225 %z 0=(0,0,...,0);
|z|2 = \zl|2+|22|2+...+\zn|2; =

r=(r,re,..r); r'=rifry=rV sel, I={1,23 ..,n}

In these notations mq,ma, ..., my and hq, hs, ..., hy are non-negative integers while
t1,ta,...,t, are non-negative numbers, 0 < t, < 1, [t| = (31, t2)(2) = 1. Also,
square brackets are used here in functional notation to express the fact that the
function is either a function of several complex variables or one related to such
function. In the space of several complex variables C"; an open hyperelliptical
region of radii rs, is here denoted by Ej;) and its closure by E[r], where rg; s € 1
are positive numbers. In terms of the introduced notations, these regions satisfy
the following inequalities:

Ep ={w:|w| <1}

(1.1)
Ep) ={w:|w| <1},
where w = (wy, wa, ..., wk), ws = j—s, sel.
Suppose now that the function f(z), given by
f(z) = am 2™, (1.2)
m=0

is regular in E[r] and

M[f; [r]] = sup |f(z)].

Ep

From (1.1) we easily see that {|zs] < rgts: [t| =1} C Ejy), where t is the vector
)

(t1,t2,...,t,). Hence it follows that
M(f; [pl]
aml < (13)
" " Hl:=1(pb)mq
for all 0 < ps < rs; s € I, where
1 <m>}"%
= inf A= LEm>F (1.4)
[t|=1 tm Hn = ms?
and 1 < oy, < (/n)<™> on the assumption that msz‘ =1, whenever my; =0; s €
I
Thus, it follows that
. |am| Zm > 1
limsu { } < ——. 1.5
<m>HEO Om Iy (ps)<m>—m Iy ps (15)

Since ps can be chosen arbitrary near to rg;s € I, we conclude that

. |am| <m> 1
1 { } - 1.6
o U T (1) 0> = T, (1.6)
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Then, it can be easily proved that the function f(z) is regular in the open hyper-
elliptical Eyy. The numbers 7, given by (1.6), is thus conveniently called the radii
of regularity of the function f(z).

Definition 1.1. [3, 4[5, [6] [7, 8 12] A set of polynomials

{Pmlz]} = {Polz], Pr[z], Polz], ..., Palz], ...},

is said to be basic when every polynomial in the complex variables z4, s € I, can be
uniquely expressed as a finite linear combination of the elements of the set {Pm|[z]}.

Thus according to [12] the set { Pm[z]} will be basic if and and only if there exists
a unique row-finite matrix P such that

PP=PP=1, (1.7)

where P = [Ppy.n] is the matrix of coefficients, P is the matrix of operators of the
set {Pm[z]} and I is the unit matrix.

For the basic set {Pn[z]} and its inverse {Pm[z]}, we have

Z] = me;h zh’ (18)
h

o= 3 P o (1.9
h

Zth Pz Zth Pz (1.10)

Thus, for the function f(z) given in (1.2) we get
=S Pl (1.11)

where

\/

and h! = h(h — 1)(h — 2)...3.2.1. The series Y > I, Pmlz] is the associated basic
series of f(z).

Definition 1.2. [3 4[5 6] [7, B, 12]. The associated basic series Y o Iy, Pmlz] is
said to represent f(z) in

(1.12)

(i) Ep; when it converges uniformly to f(z) in Ep,

(i) Epy when it converges uniformly to f(z) in Ep,
(iii) D(E}y) when it converges uniformly to f(z) in some hyperelliptical sur-
rounding the hyperelliptical E[r], not necessarily the former hyperelliptical.
Definition 1.3. 3[4 5] 6] [7, 8, 12] The set { Pm[2z]} is said to be simple set, when

the polynomial Pp,[z] is of degree < m >, that is to say

(m)
> Pamz" (1.13)
(h) =0

A simple set {Pm[z]} is said to be absolutely monic if the coefficient Py m of

2z 25" .20 in (1.13) is unity.
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Definition 1.4. [2, [7, 8] The basic set {Pmn[2z]} is said to be algebraic of degree j
when its matrix of coefficients P satisfies the usual identity

(7)) Pj—‘r()él Pj_1+...+OéjI:0.

Hance, we have a relation of the form

j—1
Pm,h = 5m,h'70 + Z'yr Pr(1:,)h7 (1.14)
r=1

where Pg)h are the elements of the power matrix P” and ~,., r=1,2,....,7 — 1 are
constant numbers.

Definition 1.5. [3, 4 5l [6, [7, 8, 12] Let Nm = Nuy.ms,....m, be the number of
non-zero coefficients Py, 1, in the representation (1.9). A basic set satisfying the
condition

lim  {Np}== =1, (1.15)

<m>—0o0

is called a Cannon set and if

lim {Nm}ﬁ =a>1,

<m>—00

then the set is called a general basic set.

Now, let Dy = Dy, ms,...,m, be the degree of the polynomial of the highest
degree in the representation (1.9), that is to say, if Dy = Dp, h,,...h, 1S the degree
of the polynomial Py, then Dy, < Dy, V hs < ms. Since the elements of the basic
set are linearly independent, then Ny, <142+ 3+ ... + (Dmy1) < A1 D2, where
A1 is a constant.Therefore, the conditions (1.15) for a basic set to be a Cannon set

implies the following condition (see [2]):

. 1

_Jim {Dm}= =1 (1.16)
For any function f(z) of several complex variables, there is formally an associated
basic series > po o IIn Pn[z]. When this associated series converges uniformity to
f(z) in some domain it is said to represent f(z) in that domain. In other words, as
in the classical terminology of Whittaker (see [I3]), the basic set {Pm[z]} will be
effective in that domain. The convergence properties of basic sets of polynomials
are classified according to the classes of functions represented by their associated
basic series and also according to the domain in which they are represented.
To study the convergence properties of such basic sets of polynomials in hyperel-
liptical regions (c.f.[2, 4]), we consider the following notations for Cannon sums:

QP By = 0 I_ {1} ™7™ 3 " [Pry n| M (P, Epy). (1.17)
h

Also, the Cannon function for the basic sets of polynomials in hyperelliptical regions
was defined as follows:

Q[P,Epy] = limsup {Q[Pm, Ey]} =5 (1.18)
<m>—00
Concerning the effectiveness of the basic set of polynomials of several complex
variables in hyperelliptical regions, we have from [3], the following results.
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Theorem 1.1. The necessary and sufficient condition for the Cannon basic set
{Pml[2]} of polynomials of several complex variables to be effective in the closed
hyperellipse Epy is that

QP Eyl= [] s
s=1

If r — 0T, then we will obtain the effectiveness at the origin as in the following
corollary:

Corollary 1.1. The necessary and sufficient condition for the basic set {Ppy[2]} of
polynomials of several complex variables to be effective at the origin is that

Q[P, E[Oﬂ] = 0.

For more information about the study of basic sets of polynomials, we refer to
[3, 4L 5] [6] 7, [8, 12].

2. HADAMARD PRODUCT SET

In [9 [10], Hadamard product of simple monic sets of polynomials of a single
complex variable was introduced and its effectiveness properties were studied. Also,
in [II] Nassif and Rizk extended this study in the case of two complex variables
and they introduced the following definition:

Definition 2.1. Let {P,, ,(z,w)} and {gmn(z,w)} be two simple monic sets of
polynomials, where
(m;n)
Pon(z,w) = Z P2,
(4,5)=0

(m,n)
G (z0) = > ¢ 2w,
(4,)=0
Then Hadamard product of the sets {Py, (2, w)} and {g¢m,n(z, w)} is the simple
monic set {Up, (2, w)} given by

(m,n)

Un,n (2 Z Ul 2w

(G,5)=
where

o
Ut = JLJ" a;;" iy ((3,9) < (myn)).

In this work we will give an inevitable extension in the definition of Hadamard
product of basic sets of polynomials of two complex variables as to yield favorable
results in the case of several complex variables in hyperelliptical regions in C™, by
using k basic sets of polynomials instead of two sets. Now, we will extend the above
product by using k basic sets of polynomials of several complex variables, so we
will denote these polynomials by {P1 m(2z)}, {Pe,m(2)},....{ Pk,m(z)} and in general
write {Psm(z)}; s €, I ={1,2,3,....k}.
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Definition 2.2. Let {P;m(z)}; s € I; be simple monic sets of polynomials of
several complex variables, where
(m)
Pim(z) = Y Pomnz™ (2.1)
(h)=0
Then Hadamard product of the sets {Ps m(z)} is the simple monic set {Hm(z)}
given by

(m)
Hm(z) = Y Hmnz" (2.2)
(h)=0

where

Om k—1
Hm,h = (E) <H§=1 Ps,m,h) . (23)

If, we substitute by £ = 2 and consider polynomials of two complex variables
instead of several complex variables, then we will obtain Definition 2.1.

3. EFFECTIVENESS OF HADAMARD PRODUCT SET

In this section, we will study the effectiveness of the extended Hadamard product
of simple monic sets of polynomials of several complex variables defined by (2.2)
and (2.3) in closed hyperelliptical regions and at the origin.

Let {Ps.m(z)} be simple monic sets of polynomials of the several complex vari-
ables zs; s € I, so that we can write

(m)
Pim(z) = > Pimnz", (3.1)
(h)=0
where

Pimm=1; se&l.
The normalizing functions of the sets {Psm(z)} are defined by

1
<m>

u[Ps; [r]] = limsup {O’m IF_ pom>—me M(Ps’m;E[r])} , (3.2)

<m2>—0c0
where M (P m; Ey) is defined as follows:

M(Ps,m;E[r]) = Sllp |Ps,m(z)|'
Epy

We observe that, since the sets {Ps m(z)} are monic, then by applying Cauchy’s
inequality in (2.1), we have

o
|Ps7m,h < ﬁ sup |PS,m(Z)‘7

k
s=1"s" Ep

which implies that,

k ms

J— Y A

M(Pym; Byp) > ===
(P Bprg) 2 =2 -

So that (2.2) gives

plPgs [x]] > Ty . (3.3)
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Next, we show if R are positive numbers greater than rg; s € I, then

¢, R,

u[Ps; [R]] < " plPs; [r]], Rs > rs. (3.4)
s=1Ts
In fact, this relation follows by applying (2.2) to the inequality
ITe_, Ry

M(Psm; Ery)) < K( )< M(Pym; Epy),

&
IIE_ 7y

which in its turn, is derivable from (3.2), Cauchys inequality and the supremum of
|z™|, where K = O(< m > +1).

Now, let {P;.m(z)} be simple monic sets of polynomials of several complex vari-
ables and that {H}, (z)} is the set defined as follows

Hy;(2) = T, Py m(2). (3.5)
The following fundamental lemma is proved
Lemma 3.1. If, for anyrs >0; s€ I
pl P [r]] = Ty 7. (3.6)
Then
p[H*; [r]] = Ty 7s. (3.7)
Proof. We first observe that, if R; be any finite numbers greater than ry; s € Iy,
then by (3.2), (3.3) and (3.4), we obtain that
#lPs; [R]] = T, Rs. (3.8)
Now, given r} > r,, we choose finite numbers 7, such that
re <1y < TE. (3.9)
Then by (3.2) and (3.6), we obtain that

M(P; n; Epy) < Ui(r[{::lr;)hs; ¢> 1. (3.10)
h

Also from (3.5), we can writ

(m)
Hiy(z)= Y M5, Pimnz® (3.11)
(h)=0

Hence (3.9) and (3.10) lead to

_ r —k _
M(Hp; Ep) < CK<1 - (ﬁ)k> M(Psn; Epe); s € L. (3.12)
Making < m >— oo and applying (3.6), we get

1
p[H*; [r]] = limsup {am Iy rsmeme M(Hél;f[r])} -

<m>—0c0

< plPy; [r*] = TIE_ 7},

(3.13)

which leads to the equality (3.7), by the choice of r} near to rs, s € I;, and our
lemma is therefore proved [
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From Lemma 3.1 if we consider the simple monic sets {Ps m(2z)} accord to con-

dition (2.6), then it is not hard to prove by induction for the j-power sets {PS(Qrl (z)}
that

[P [r] = Ty 7. (3.14)

Before getting the results for the effectiveness in the closed hyperelliptical E[r] and
at the origin, we need the following technical lemmas.

Lemma 3.2. Let {P; n(2)}; s € I be simple monic algebraic sets of polynomials
of several complex variables, which accord to condition (3.6). Then the set will be
effective in the closed hyperelliptical EM.

Proof. Suppose that the monomial z™ admit the representation
= Zﬁm?h Ph(z)
h

Since, the set {P1 m(z)} is algebraic, then there exists a relation of the form
N .
Piamn = 3% Pl ((h) < (m), (3.15)
j=1

where N is a finite positive integer which together with the coefficients (v;)¥ je1s 18
independent of the indices (h) and (m). The coefficients Pl(’rll;h are defined by

(m)

PU( Z Pimnz® 1<j<N. (3.16)
So that,
9m ()
P mh < o —ms o SUp [P (2)],
1 I ™ ms B m (3.17)
or
[P | Ty s> R < oy M(PY) Eqy), (3.18)

According to (3.14) for given r¥ > ry, s € I; and from the definition corresponding
to u[P; rY, ; [r]] we may deduce that

K *\m
M(P{p: Bp) < —— (7)™, (3.19)

Applying (3.18) and (3.19) in (3.16), it follows that
on (5_y75)™
Om (l_[}g:lrrs)hS7

where a = max{|y;|; 1 <j < N} and n be a constant.
In view of the representation
= Zﬁm;h Ph(Z)
h

|ﬁ§32nh| <nKa (3.20)
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The Cannon sum of the set {Pl(&(z)} in the hyperelliptical regions Epy) will be
(m)

QP By = o T rs™>7me 3™ |PY) I M(PE: By (3.21)
(h)=0
From (3.19), (3.20) and (2.21) (for r¥ > r,), we find that
QP Ep) < n K a (I 7)<, (3.22)

Hence the Cannon function of the set {Pl(gl(z)} in the hyperelliptical regions Ejy
turns out to be

_1_
Q[P By = limsup {Q[PBl} ™ = Iy, (3.23)

which, by the choice of 7}, s € I, implies that
Q[Pl(j),E[r]] = H];:l’l"s.

As very similar, we can obtain that the sets {P,,(J,ll(z)}7 v =2,3,4,....k will be
effective in the hyperelliptical regions E[r]. Our lemma is therefore proved. O

The following theorem will give us the effectiveness of the Hadamard product
set in the closed hyperelliptical Ei.

Theorem 3.1. Let {Ps (2)}; s € I be simple monic sets of polynomials of several

complex variables, which are effective in the hyperelliptical E[T] for allrs > p(jl) >

0; s,s1 € I1. Then the extended Hadamard product set { Hy(2z)} defined as in (2.3),
(2.3) and is algebraic, will be effective in the hyperelliptical E[T] for all

ke > T p0Y); 51 €

S

and this result is best possible.
Proof. Since the set {Pym(z)} is effective in the hyperelliptical Ej for IT¥_,r, >
mk_, pgl), then for the Cannon function of this set, we have

Q[Pl;E[r]] = H§:1Ts~

Hence, if TI¥_, pgl’*) be any positive numbers greater then IT%_, pgl), it follows that

Q[Pl;ﬁ[p]] = Hlepgl) < H§:1Pg1’*)- (3.24)
Therefore, for the Cannon sum of the set {P1 m(z)}, we get
QP By)) < 0K a (T p{™)=m. (3.25)

Since the simple set {P; m(z)} is monic, then in view of (3.18), we infer that

1,% m
on (ITE_ plh™))me

|Pimnl < K— . (3.26)
Tm (Il
Similarly, we can obtain that
ka (Vv*) s
1Pymnl < K20 Womaps "™ 954 k. (3.27)

om (T pl”)"
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Introducing (3.27) in (3.3). we can obtain

(517*) mg
Hon| < =22 (2™ o (3.28)
’ om T (p{))hs

It follows therefore, that

()
M[Hw): Byl =sup |Hm(2)] < Y |Hmn| M[Po; Ej]

Ep) (h)=0 (329)
(s1:%)ymn,
<AKIR (H’f (os )™ ) (i i p<s1>)hs). s1€1
Om s=1 (pgsl))hs Oh s=1Fs ’ )

where A is a constant. Taking the limit as < m >— oo we obtain the normalizing
function of the set {Hp,(2)}, as follows
ulH; [pl] < Ty p5 1 € .

(s1)

(*1*) can be arbitrary chosen near to p{™) , we conclude that

Since p
plH; [pl] < TE_y p{Y); 1 € I

Since the set {Hm(z)} is algebraic, then according to Lemma 3.2 above, we
conclude that the simple set {Hm(2z)} is effective in the hyperelliptical region Ej,
and consequently, in the hyperelliptical region E[r] for all

mE_,rg > H?:lpgsl% s1 € In,

and the first assertion of Theorem 3.1 is proved. To complete the proof of Theorem
3.1, we give the following example

Example 3.1. Let the set

m 1 *\ 110
Po#) =1;  Pu(2) = 2" + — (ke pl)"™
m

1
q0(2z) =1;  qm(z) = 2" + 7(H§:1T5)m5,

m

where mg are not zeros, be effective in EM for allT*_ ry > TI*_, p*. Now, according
to Definition 2.2 of Hadamard product, we have

1 *
Hy(2) =1;  Pm(2) = 2" + — ({05 7:)™,
Om
1t is easy to see that this set is not effective in E'[p] , where 0 < T¥_ ps < TF_ pZ 7y

as required. Theorem 8.1, is therefore established.

O
From Theorem 3.1, we deduce the following result

Corollary 3.1. Let {Psm(2)}; s € I1 be simple monic sets of polynomials of
several complex variables, which are effective at the origin. Then, the Hadamard
product set {Hm(2)} defined as in (2.2), (2.3) and is algebraic will be effective at
the origin.
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To get the results concerning the effectiveness in the hyperspherical regions S,
(cf. [2, TI])as special cases from the results concerning effectiveness in the hyper-
elliptical regions E[r], put r = rg; s € I; in Theorem 3.1, we can arrive to the
following result

Corollary 3.2. The effectiveness of the sets {Psm(2)}; s € I in the equiellipse
Ejj+ yields the effectiveness of the set { Hm(2)} in the hyperspherical S,.

Remark 3.1. Similar results for Hadamard product of algebraic general basic set of
polynomials of several complex variables in hyperelliptical regions and hyperspher-
ical regions can be obtained.

4. GROWTH OF HADAMARD PRODUCT SET

The mode of increase of a basic set P,(z) is determined by the order and type
of the basic set. For a simple basic set {P,(z)}, the order p is defined by [13]

log wn,
p= lim limsup M

b
r—oo  ph00  NlOgn

where w,,(r) stands as usual for the Cannon sum, given above. If 0 < p < 1, the
type T is given by

1

7 = lim sup ¢ lim sup M
r—oo P n—ooo n

It has been shown in [I2] that the upper bound of the class of entire functions
of several complex variables represented by a given basic set is determined by the
mode of increase of the basic set. The significance of the order and type of a basic
set lies in the fact that they define the class of entire functions represented by the
basic set.

To complete our study, we investigate the order of the Hadamard product set
{Hm(2)} in the equi-hyperellipse E- .

Suppose that {Ps m(2z)}; s € I1, is a simple monic set for which
<m >gs(<m>7<h>)

[(m) +1]

where o, are positive constants and M, > 1, are finite numbers, s € I;.

Then for the maximum modulus M(Hy,; Ey)-) of Hadamard product set { Hr(2)},
it follows that

(m) k—1 <h>
_ o ,
M(Huni B-) = sup [Hin(2) < > 1(22) <H§4famm>|

Py mmn = M; on; 0<(h) < (m), (4.1)

Ep» (=0 B Oh
(m) rl (4.2)
< M Z ( )g<h> < m >¢ <m>
520 <m >

< M <m>°"™> for <m>¢>r,

where M = H’;:l M, and o = H§=1 Os-
Now, If the set {Hm(z)} is algebraic, then we have a relation of the form

N
Hun = Y HYL: () < (m)). (4.3)
j=1
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Introducing (4.1), (4.2) and (4.3) in the Cannon sum Q[Hm; Ey-] of Hadamard
product set { Hm(z)}, we find that

(m)
QHm Ep] = 0m Z |H | M(Hy; Epy-)

(h)=0
= v G) B

= Om Z Z 17 Hopon| M(¢En; Epy-)
(h)=0 j=0

< KBom <m>2<™> < K (vV2){<m>) <m>*<m>
Thus

log Q[Hpm: Ep
I'= lim limsup og & o < o. (4.4)
=00 cm>—00 < M > log <m >

It is easy to see that ' > g, therefore the set { Hp,(z)} is of order T' = o = II¥_; o,
at most. This completes the proof of the following theorem:

Theorem 4.1. The Hadamard product algebraic set { Hp(2)} will be of order T’ =
o =TI*_, o5 at most when the simple monic sets {Ps m(2)}; s € I accord to the
restriction (4.1).

Remark 4.1. Tt is worthy ensure that all results obtained in this work are also true
for the inverse sets, power sets and inverse power sets of the concerned sets.
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