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EFFECTIVENESS OF HADAMARD PRODUCT OF BASIC SETS

OF POLYNOMIALS OF SEVERAL COMPLEX VARIABLES IN

HYPERELLIPTICAL REGIONS

M. A. ABUL-DAHAB, A. M. SALEEM, Z. M. KISHKA

Abstract. In this paper, we study some extended results for Hadamard prod-
uct set for many simple monic sets of polynomials of several complex vari-

ables in hyperelliptical regions, then we obtain the effectiveness conditions

for Hadamard product in hyperelliptical regions. Moreover an upper bound
for the order of Hadamard product set is given. Our new results extend and

improve a lot of known results (see [2, 11]).

1. Introduction

The development of Hadamard product bases arises in a wide variety of ways,
namely in convolution of periodic functions, characteristic functions in probability
theory (e.g. Bochners theorem) but also in combinatorics in the study of association
schemes. It should be also stressed the recent usage of Hadamard product base
technique in the study of automorphic L-functions arising in number theory (see e.g.
Lagarias, Suzuki/Journal of Number Theory 118 (2006), 98-116 and the references
given there). The idea of studying effectiveness properties of the Hadamard product
set of sets of polynomials in a single complex variable was introduced in [9, 10].
In [11] Nassif and Rizk introduced an extension of this product in the case of two
complex variables using spherical regions. It should be mentioned here the recent
study of Hadamard product set in Clifford Analysis (see [1]).

In the present paper, we aim to investigate the extent of a generalization of
Hadamard product set in Cn using hyperelliptical regions.
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To avoid lengthy scripts, the following notations are adopted throughout this
work (see [3, 4, 5, 6, 7, 8, 12]).

m = (m1,m2, ...,mn); < m >= m1 +m2 + ...+mn;

h = (h1, h2, ..., hn); < h >= h1 + h2 + ...+ hn;

z = (z1, z2, ..., zk); zm = zm1
1 .zm2

2 .....zmnn ; 0 = (0, 0, ..., 0);

|z|2 = |z1|2 + |z2|2 + ...+ |zn|2; tm = tm1
1 .tm2

2 .....tmnn ;

r = (r1, r2, ..., rn); r∗ = r if rs = r ∀ s ∈ I; I = {1, 2, 3, ..., n}.

In these notations m1,m2, ...,mk and h1, h2, ..., hk are non-negative integers while
t1, t2, ..., tn are non-negative numbers, 0 < ts < 1, |t| = (

∑n
s=1 t2s)

( 1
2 ) = 1. Also,

square brackets are used here in functional notation to express the fact that the
function is either a function of several complex variables or one related to such
function. In the space of several complex variables Cn; an open hyperelliptical
region of radii rs, is here denoted by E[r] and its closure by E[r], where rs; s ∈ I
are positive numbers. In terms of the introduced notations, these regions satisfy
the following inequalities:

E[r] = {w : |w| < 1}
E[r] = {w : |w| ≤ 1},

(1.1)

where w = (w1, w2, ..., wk), ws = zs
rs

; s ∈ I.

Suppose now that the function f(z), given by

f(z) =

∞∑
m=0

am zm, (1.2)

is regular in E[r] and

M [f ; [r]] = sup
E[r]

|f(z)|.

From (1.1) we easily see that {|zs| ≤ rs ts : |t| = 1} ⊂ E[r], where t is the vector
(t1, t2, ..., tn). Hence it follows that

|am| ≤ σm
M [f ; [ρ]]

Πk
s=1(ρs)ms

, (1.3)

for all 0 < ρs < rs; s ∈ I, where

σm = inf
|t|=1

1

tm
=
{< m >}<m>

2

Πn
s=1 m

ms
2
s

, (1.4)

and 1 ≤ σm ≤ (
√
n)<m> on the assumption that m

ms
2
s = 1, whenever ms = 0; s ∈

I.
Thus, it follows that

lim sup
<m>→∞

{ |am|
σm Πk

s=1 (ρs)<m>−ms

} 1
<m>

≤ 1

Πk
s=1 ρs

. (1.5)

Since ρs can be chosen arbitrary near to rs; s ∈ I, we conclude that

lim sup
<m>→∞

{ |am|
σm Πn

s=1 (rs)<m>−ms

} 1
<m> ≤ 1

Πn
s=1 rs

. (1.6)
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Then, it can be easily proved that the function f(z) is regular in the open hyper-
elliptical E[r]. The numbers rs, given by (1.6), is thus conveniently called the radii
of regularity of the function f(z).

Definition 1.1. [3, 4, 5, 6, 7, 8, 12] A set of polynomials

{Pm[z]} = {P0[z], P1[z], P2[z], ..., Pn[z], ...},
is said to be basic when every polynomial in the complex variables zs, s ∈ I, can be
uniquely expressed as a finite linear combination of the elements of the set {Pm[z]}.

Thus according to [12] the set {Pm[z]} will be basic if and and only if there exists
a unique row-finite matrix P such that

PP = PP = I, (1.7)

where P = [Pm;h] is the matrix of coefficients, P is the matrix of operators of the
set {Pm[z]} and I is the unit matrix.

For the basic set {Pm[z]} and its inverse {Pm[z]}, we have

Pm[z] =
∑
h

Pm;h zh, (1.8)

Pm[z] =
∑
h

Pm;h zh, (1.9)

zm =
∑
h

Pm;h Ph[z] =
∑
h

Pm;h Ph[z]. (1.10)

Thus, for the function f(z) given in (1.2) we get

f(z) =
∑
m

Πm Pm[z], (1.11)

where

Πm =
∑
h

Ph;m ah =
∑
h

Ph;m
fh(0)

h!
, (1.12)

and h! = h(h − 1)(h − 2)...3.2.1. The series
∑∞

m Πm Pm[z] is the associated basic
series of f(z).

Definition 1.2. [3, 4, 5, 6, 7, 8, 12]. The associated basic series
∑∞

m Πm Pm[z] is
said to represent f(z) in

(i) E[r] when it converges uniformly to f(z) in E[r],
(ii) E[r] when it converges uniformly to f(z) in E[r],

(iii) D(E[r]) when it converges uniformly to f(z) in some hyperelliptical sur-

rounding the hyperelliptical E[r], not necessarily the former hyperelliptical.

Definition 1.3. [3, 4, 5, 6, 7, 8, 12] The set {Pm[z]} is said to be simple set, when
the polynomial Pm[z] is of degree < m >, that is to say

Pm[z] =

(m)∑
(h) =0

Pm;h zh. (1.13)

A simple set {Pm[z]} is said to be absolutely monic if the coefficient Pm,m of
zm1
1 zm2

2 ...zmss in (1.13) is unity.
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Definition 1.4. [2, 7, 8] The basic set {Pm[z]} is said to be algebraic of degree j
when its matrix of coefficients P satisfies the usual identity

α0 P
j + α1 P

j−1 + ...+ αjI = 0.

Hance, we have a relation of the form

Pm,h = δm,hγ0 +

j−1∑
r=1

γr P
(r)
m,h, (1.14)

where P
(r)
m,h are the elements of the power matrix P r and γr, r = 1, 2, ..., j − 1 are

constant numbers.

Definition 1.5. [3, 4, 5, 6, 7, 8, 12] Let Nm = Nm1,m2,...,mn be the number of

non-zero coefficients Pm;h in the representation (1.9). A basic set satisfying the
condition

lim
<m>→∞

{Nm}
1

<m> = 1, (1.15)

is called a Cannon set and if

lim
<m>→∞

{Nm}
1

<m> = a > 1,

then the set is called a general basic set.

Now, let Dm = Dm1,m2,...,mn be the degree of the polynomial of the highest
degree in the representation (1.9), that is to say, if Dh = Dh1,h2,...,hn is the degree
of the polynomial Pm, then Dh < Dm ∀ hs < ms. Since the elements of the basic
set are linearly independent, then Nm ≤ 1 + 2 + 3 + ...+ (Dm+1) ≤ λ1 D2

m, where
λ1 is a constant.Therefore, the conditions (1.15) for a basic set to be a Cannon set

implies the following condition (see [2]):

lim
<m>→∞

{Dm}
1

<m> = 1. (1.16)

For any function f(z) of several complex variables, there is formally an associated
basic series

∑∞
h=0 Πh Ph[z]. When this associated series converges uniformity to

f(z) in some domain it is said to represent f(z) in that domain. In other words, as
in the classical terminology of Whittaker (see [13]), the basic set {Pm[z]} will be
effective in that domain. The convergence properties of basic sets of polynomials
are classified according to the classes of functions represented by their associated
basic series and also according to the domain in which they are represented.
To study the convergence properties of such basic sets of polynomials in hyperel-
liptical regions (c.f.[2, 4]), we consider the following notations for Cannon sums:

Ω[Pm,E[r]] = σm Πn
s=1{rs}<m>−ms

∑
h

|Pm,h|M(Pm,E[r]). (1.17)

Also, the Cannon function for the basic sets of polynomials in hyperelliptical regions
was defined as follows:

Ω[P,E[r]] = lim sup
<m>→∞

{Ω[Pm,E[r]]}
1

<m> . (1.18)

Concerning the effectiveness of the basic set of polynomials of several complex
variables in hyperelliptical regions, we have from [3], the following results.
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Theorem 1.1. The necessary and sufficient condition for the Cannon basic set
{Pm[z]} of polynomials of several complex variables to be effective in the closed
hyperellipse E[r] is that

Ω[P,E[r]] =

n∏
s=1

rs.

If r→ 0+, then we will obtain the effectiveness at the origin as in the following
corollary:

Corollary 1.1. The necessary and sufficient condition for the basic set {Pm[z]} of
polynomials of several complex variables to be effective at the origin is that

Ω[P,E[0+]] = 0.

For more information about the study of basic sets of polynomials, we refer to
[3, 4, 5, 6, 7, 8, 12].

2. Hadamard product set

In [9, 10], Hadamard product of simple monic sets of polynomials of a single
complex variable was introduced and its effectiveness properties were studied. Also,
in [11] Nassif and Rizk extended this study in the case of two complex variables
and they introduced the following definition:

Definition 2.1. Let {Pm,n(z, w)} and {qm,n(z, w)} be two simple monic sets of
polynomials, where

Pm,n(z, w) =

(m,n)∑
(i,j)=0

Pm,ni,j ziwj ,

qm,n(z, w) =

(m,n)∑
(i,j)=0

qm,ni,j ziwj .

Then Hadamard product of the sets {Pm,n(z, w)} and {qm,n(z, w)} is the simple
monic set {Um,n(z, w)} given by

Um,n(z, w) =

(m,n)∑
(i,j)=0

Um,ni,j ziwj ,

where

Um,ni,j =
σm,n
σi,j

qm,ni,j qm,ni,j ; ((i, j) ≤ (m,n)).

In this work we will give an inevitable extension in the definition of Hadamard
product of basic sets of polynomials of two complex variables as to yield favorable
results in the case of several complex variables in hyperelliptical regions in Cn, by
using k basic sets of polynomials instead of two sets. Now, we will extend the above
product by using k basic sets of polynomials of several complex variables, so we
will denote these polynomials by {P1,m(z)}, {P2,m(z)},...,{Pk,m(z)} and in general
write {Ps,m(z)}; s ∈ I1, I1 = {1, 2, 3, ..., k}.
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Definition 2.2. Let {Ps,m(z)}; s ∈ I1 be simple monic sets of polynomials of
several complex variables, where

Ps,m(z) =

(m)∑
(h)=0

Ps,m,h zh. (2.1)

Then Hadamard product of the sets {Ps,m(z)} is the simple monic set {Hm(z)}
given by

Hm(z) =

(m)∑
(h)=0

Hm,h zh, (2.2)

where

Hm,h =
(σm
σh

)k−1 (
Πk
s=1 Ps,m,h

)
. (2.3)

If, we substitute by k = 2 and consider polynomials of two complex variables
instead of several complex variables, then we will obtain Definition 2.1.

3. Effectiveness of Hadamard product set

In this section, we will study the effectiveness of the extended Hadamard product
of simple monic sets of polynomials of several complex variables defined by (2.2)
and (2.3) in closed hyperelliptical regions and at the origin.

Let {Ps,m(z)} be simple monic sets of polynomials of the several complex vari-
ables zs; s ∈ I1, so that we can write

Ps,m(z) =

(m)∑
(h)=0

Ps,m,h zh, (3.1)

where
Ps,m,m = 1; s ∈ I1.

The normalizing functions of the sets {Ps,m(z)} are defined by

µ[Ps; [r]] = lim sup
<m>→∞

{
σm Πk

s=1r
<m>−ms
s M(Ps,m; E[r])

} 1
<m>

, (3.2)

where M(Ps,m; E[r]) is defined as follows:

M(Ps,m; E[r]) = sup
E[r]

|Ps,m(z)|.

We observe that, since the sets {Ps,m(z)} are monic, then by applying Cauchy’s
inequality in (2.1), we have

|Ps,m,h| ≤
σm

Πk
s=1r

hs
s

sup
E[r]

|Ps,m(z)|,

which implies that,

M(Ps,m; E[r]) ≥
Πk
s=1r

ms
s

σm
.

So that (2.2) gives

µ[Ps; [r]] ≥ Πk
s=1rs. (3.3)
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Next, we show if Rs are positive numbers greater than rs; s ∈ I1, then

µ[Ps; [R]] ≤ Πk
s=1Rs

Πk
s=1rs

µ[Ps; [r]], Rs > rs. (3.4)

In fact, this relation follows by applying (2.2) to the inequality

M(Ps,m; E[R]) ≤ K(
Πk
s=1Rs

Πk
s=1rs

)<m> M(Ps,m; E[r]),

which in its turn, is derivable from (3.2), Cauchys inequality and the supremum of
|zm|, where K = O(< m > +1).

Now, let {Ps,m(z)} be simple monic sets of polynomials of several complex vari-
ables and that {H?

m(z)} is the set defined as follows

H?
m(z) = Πk

s=1Ps,m(z). (3.5)

The following fundamental lemma is proved

Lemma 3.1. If, for any rs > 0; s ∈ I1
µ[Ps; [r]] = Πk

s=1rs. (3.6)

Then

µ[H?; [r]] = Πk
s=1rs. (3.7)

Proof. We first observe that, if Rs be any finite numbers greater than rs; s ∈ I1,
then by (3.2), (3.3) and (3.4), we obtain that

µ[Ps; [R]] = Πk
s=1Rs. (3.8)

Now, given r?s > rs, we choose finite numbers r
′

s such that

rs < r
′

s < r∗s . (3.9)

Then by (3.2) and (3.6), we obtain that

M(Ps,h; E[r]) <
ζ

σh
(Πk

s=1r
′

s)
hs ; ζ > 1. (3.10)

Also from (3.5), we can writ

H?
m(z) =

(m)∑
(h)=0

Πk
s=1 Ps,m,h zh (3.11)

Hence (3.9) and (3.10) lead to

M(H?
m; E[r]) ≤ ζK

(
1− (

r
′

s

r?s
)k
)−k

M(Ps,h; E[r?]); s ∈ I1. (3.12)

Making < m >→∞ and applying (3.6), we get

µ[H?; [r]] = lim sup
<m>→∞

{
σm Πk

s=1r
<m>−ms
s M(H?

m; E[r])
} 1
<m>

≤ µ[Ps; [r?] = Πk
s=1r

?
s ,

(3.13)

which leads to the equality (3.7), by the choice of r?s near to rs, s ∈ I1, and our
lemma is therefore proved �
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From Lemma 3.1 if we consider the simple monic sets {Ps,m(z)} accord to con-

dition (2.6), then it is not hard to prove by induction for the j-power sets {P (j)
s,m(z)}

that

µ[P (j)
s ; [r] = Πk

s=1rs. (3.14)

Before getting the results for the effectiveness in the closed hyperelliptical E[r] and
at the origin, we need the following technical lemmas.

Lemma 3.2. Let {Ps,m(z)}; s ∈ I1 be simple monic algebraic sets of polynomials
of several complex variables, which accord to condition (3.6). Then the set will be
effective in the closed hyperelliptical E[r].

Proof. Suppose that the monomial zm admit the representation

zm =
∑
h

Pm;h Ph(z).

Since, the set {P1,m(z)} is algebraic, then there exists a relation of the form

P 1,m;h =

N∑
j=1

γj P
(j)
1,m;h; ((h) ≤ (m)), (3.15)

where N is a finite positive integer which together with the coefficients (γj)
N
j=1, is

independent of the indices (h) and (m). The coefficients P
(j)
1,m;h are defined by

P
(j)
1,m(z) =

(m)∑
(h)=1

Ps,m,h zh; 1 ≤ j ≤ N. (3.16)

So that,

|P (j)
1,m,h| ≤

σm

Πk
s=1r

<m>−ms
s

sup
E[r]

|P (j)
1,m(z)|, (3.17)

or

|P (j)
1,m,h| Π

k
s=1r

<h>−hs
s ≤ σh M(P

(j)
1,m; E[r]), (3.18)

According to (3.14) for given r?s > rs, s ∈ I1 and from the definition corresponding

to µ[P
(j)
1 ; [r]] we may deduce that

M(P
(j)
1,m; E[r]) <

K

σm
(Πk

s=1r
?
s)ms , (3.19)

Applying (3.18) and (3.19) in (3.16), it follows that

|P (j)

1,m,h| < η K α
σh
σm

(Πk
s=1r

?
s)ms

(Πk
s=1rs)

hs
, (3.20)

where α = max{|γj |; 1 ≤ j ≤ N} and η be a constant.
In view of the representation

zm =
∑
h

Pm;h Ph(z).



60 M. A. ABUL-DAHAB, A. M. SALEEM, Z. M. KISHKA EJMAA-2015/3(1)

The Cannon sum of the set {P (j)
1,m(z)} in the hyperelliptical regions E[r] will be

Ω[P
(j)
1,m; E[r]] = σm Πk

s=1r
<m>−ms
s

(m)∑
(h)=0

|P (j)
1,m,h|M(P

(j)
1,h; E[r]). (3.21)

From (3.19), (3.20) and (2.21) (for r?s > rs), we find that

Ω[P
(j)
1,m; E[r]] < η K α (Πk

s=1r
?
s)<m>. (3.22)

Hence the Cannon function of the set {P (j)
1,m(z)} in the hyperelliptical regions E[r]

turns out to be

Ω[P
(j)
1 ; E[r]] = lim sup

<m>→∞

{
Ω[P

(j)
1,m; E[r]]

} 1
<m>

= Πk
s=1r

?
s , (3.23)

which, by the choice of r?s , s ∈ I1, implies that

Ω[P
(j)
1 ; E[r]] = Πk

s=1rs.

As very similar, we can obtain that the sets {P (j)
ν,m(z)}; ν = 2, 3, 4, ..., k will be

effective in the hyperelliptical regions E[r]. Our lemma is therefore proved. �

The following theorem will give us the effectiveness of the Hadamard product
set in the closed hyperelliptical E[r].

Theorem 3.1. Let {Ps,m(z)}; s ∈ I1 be simple monic sets of polynomials of several

complex variables, which are effective in the hyperelliptical E[r] for all rs ≥ ρ
(s1)
s >

0; s, s1 ∈ I1. Then the extended Hadamard product set {Hm(z)} defined as in (2.3),
(2.3) and is algebraic, will be effective in the hyperelliptical E[r] for all

Πk
s=1rs ≥ Πk

s=1ρ
(s1)
s ; s1 ∈ I1

and this result is best possible.

Proof. Since the set {P1,m(z)} is effective in the hyperelliptical E[r] for Πk
s=1rs ≥

Πk
s=1ρ

(1)
s , then for the Cannon function of this set, we have

Ω[P1; E[r]] = Πk
s=1rs.

Hence, if Πk
s=1ρ

(1,∗)
s be any positive numbers greater then Πk

s=1ρ
(1)
s , it follows that

Ω[P1; E[ρ]] = Πk
s=1ρ

(1)
s < Πk

s=1ρ
(1,∗)
s . (3.24)

Therefore, for the Cannon sum of the set {P1,m(z)}, we get

Ω[P
(j)
1,m; E[ρ]] < η K α (Πk

s=1ρ
(1,∗)
s )<m>. (3.25)

Since the simple set {P1,m(z)} is monic, then in view of (3.18), we infer that

|P1,m,h| < K
σh
σm

(Πk
s=1ρ

(1,∗)
s )ms

(Πk
s=1ρ

(1)
s )hs

. (3.26)

Similarly, we can obtain that

|Pν,m,h| < K
σh
σm

(Πk
s=1ρ

(ν,∗)
s )ms

(Πk
s=1ρ

(ν)
s )hs

; ν = 2, 3, 4, ..., k. (3.27)
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Introducing (3.27) in (3.3). we can obtain

|Hm,h| < Kκ σh
σm

Πk
s=1

(ρ
(s1,∗)
s )ms

(ρ
(s1)
s )hs

; s1 ∈ I1. (3.28)

It follows therefore, that

M[Hm); E[ρ]] = sup
E[ρ]

|Hm(z)| ≤
(m)∑

(h)=0

|Hm,h|M[Ph; E[ρ]]

< λ Kκ σh
σm

(
Πk
s=1

(ρ
(s1,∗)
s )ms

(ρ
(s1)
s )hs

) ( 1

σh
Πk
s=1 ρ

(s1)
s )hs

)
; s1 ∈ I1,

(3.29)

where λ is a constant. Taking the limit as < m >→∞ we obtain the normalizing
function of the set {Hm(z)}, as follows

µ[H; [ρ]] ≤ Πk
s=1 ρ

(s1,∗)
s ; s1 ∈ I1.

Since ρ
(s1,∗)
s can be arbitrary chosen near to ρ

(s1)
s , we conclude that

µ[H; [ρ]] ≤ Πk
s=1 ρ

(s1)
s ; s1 ∈ I1.

Since the set {Hm(z)} is algebraic, then according to Lemma 3.2 above, we
conclude that the simple set {Hm(z)} is effective in the hyperelliptical region E[ρ]

and consequently, in the hyperelliptical region E[r] for all

Πk
s=1rs ≥ Πk

s=1ρ
(s1)
s ; s1 ∈ I1,

and the first assertion of Theorem 3.1 is proved. To complete the proof of Theorem
3.1, we give the following example

Example 3.1. Let the set

P0(z) = 1; Pm(z) = zms +
1

σm
(Πk

s=1ρ
∗
s)
ms ,

q0(z) = 1; qm(z) = zms +
1

σm
(Πk

s=1rs)
ms ,

where ms are not zeros, be effective in E[r] for all Πk
s=1rs ≥ Πk

s=1ρ
∗
s. Now, according

to Definition 2.2 of Hadamard product, we have

H0(z) = 1; Pm(z) = zms +
1

σm
(Πk

s=1ρ
∗
s rs)

ms ,

It is easy to see that this set is not effective in E[ρ] , where 0 < Πk
s=1ρs < Πk

s=1ρ
∗
s rs

as required. Theorem 3.1, is therefore established.

�

From Theorem 3.1, we deduce the following result

Corollary 3.1. Let {Ps,m(z)}; s ∈ I1 be simple monic sets of polynomials of
several complex variables, which are effective at the origin. Then, the Hadamard
product set {Hm(z)} defined as in (2.2), (2.3) and is algebraic will be effective at
the origin.
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To get the results concerning the effectiveness in the hyperspherical regions Sr
(cf. [2, 11])as special cases from the results concerning effectiveness in the hyper-
elliptical regions E[r], put r = rs; s ∈ I1 in Theorem 3.1, we can arrive to the
following result

Corollary 3.2. The effectiveness of the sets {Ps,m(z)}; s ∈ I1 in the equiellipse

E[r]∗ yields the effectiveness of the set {Hm(z)} in the hyperspherical Sr.

Remark 3.1. Similar results for Hadamard product of algebraic general basic set of
polynomials of several complex variables in hyperelliptical regions and hyperspher-
ical regions can be obtained.

4. Growth of Hadamard product set

The mode of increase of a basic set Pn(z) is determined by the order and type
of the basic set. For a simple basic set {Pn(z)}, the order ρ is defined by [13]

ρ = lim
r→∞

lim sup
n→∞

logωn(r)

n log n
,

where ωn(r) stands as usual for the Cannon sum, given above. If 0 < ρ < 1, the
type τ is given by

τ = lim sup
r→∞

e

ρ
lim sup
n→∞

[ωn(r)]
1
nρ

n
.

It has been shown in [12] that the upper bound of the class of entire functions
of several complex variables represented by a given basic set is determined by the
mode of increase of the basic set. The significance of the order and type of a basic
set lies in the fact that they define the class of entire functions represented by the
basic set.

To complete our study, we investigate the order of the Hadamard product set
{Hm(z)} in the equi-hyperellipse E[r]∗ .

Suppose that {Ps,m(z)}; s ∈ I1, is a simple monic set for which

Ps,m;h = Ms
< m >%s(<m>−<h>)

[(m) + 1]
σh; 0 ≤ (h) < (m), (4.1)

where %s are positive constants and Ms ≥ 1, are finite numbers, s ∈ I1.
Then for the maximum modulus M(Hm; E[r]∗) of Hadamard product set {Hm(z)},

it follows that

M(Hm; E[r]∗) = sup
E[r]∗

|Hm(z)| ≤
(m)∑

(h)=0

|
(σm
σh

)k−1 (
Πk
s=1 Ps,m,h

)
| r

<h>

σh

≤ M

(m)∑
(h)=0

(
r

1
%

< m >
)%<h> < m >% <m>

< M < m >%<m>, for < m >% > r,

(4.2)

where M = Πk
s=1 Ms and % = Πk

s=1 %s.
Now, If the set {Hm(z)} is algebraic, then we have a relation of the form

Hm;h =

N∑
j=1

γj H
(j)
m;h; ((h) ≤ (m)). (4.3)
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Introducing (4.1), (4.2) and (4.3) in the Cannon sum Ω[Hm; E[r]∗ ] of Hadamard
product set {Hm(z)}, we find that

Ω[Hm; E[r]∗ ] = σm

(m)∑
(h)=0

|Hm;h|M(Hh; E[r]∗)

= σm

(m)∑
(h)=0

N∑
j=0

|γj H(j)
m;h|M(PEh; E[r]∗)

< K β σm < m >% <m> < K (
√

2)( < m >) < m >λ <m> .

Thus

Γ = lim
r→∞

lim sup
<m>→∞

log Ω[Hm; E[r]∗ ]

< m > log < m >
≤ %. (4.4)

It is easy to see that Γ ≥ %, therefore the set {Hm(z)} is of order Γ = % = Πk
s=1 %s

at most. This completes the proof of the following theorem:

Theorem 4.1. The Hadamard product algebraic set {Hm(z)} will be of order Γ =
% = Πk

s=1 %s at most when the simple monic sets {Ps,m(z)}; s ∈ I1 accord to the
restriction (4.1).

Remark 4.1. It is worthy ensure that all results obtained in this work are also true
for the inverse sets, power sets and inverse power sets of the concerned sets.
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