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Z,-CONVERGENCE OF DOUBLE SEQUENCES OF FUNCTIONS

ERDINC DUNDAR AND BILAL ALTAY

ABSTRACT. In this work, we discuss various kinds of ideal convergence for
double sequences of functions with values in R. We introduce the concepts of
12, I5-pointwise convergence and the concepts of Zz, Z5-pointwise Cauchy for
double sequences of functions and show the relation between them.

1. BACKGROUND AND INTRODUCTION

The concept of convergence of a sequence of real numbers has been extended
to statistical convergence independently by Fast [12] and Schoenberg [30]. This
concept was extended to the double sequences by Mursaleen and Edely [23]. A lot
of development have been made in this area after the works of Salét [29], Méricz
[22] and Fridy [14, 15]. Furthermore, Gokhan et al. [17] introduced the notion
of pointwise and uniform statistical convergence of double sequences of real-valued
functions. In general, statistically convergent sequences satisfy many of the prop-
erties of ordinary convergent sequences in metric spaces [12, 14, 15, 27]. Cakan and
Altay [4] presented multidimensional analogues of the results presented by Fridy
and Orhan [13].

The idea of Z-convergence was introduced by Kostyrko et al. [19] as a generaliza-
tion of statistical convergence which is based on the structure of the ideal Z of subset
of the set of natural numbers. Nuray and Ruckle [25] indepedently introduced the
same with another name generalized statistical convergence. Kostyrko et al. [20]
gave some of basic properties of Z-convergence and dealt with extremal Z-limit
points. Das et al. [5] introduced the concept of Z-convergence of double sequences
in a metric space and studied some properties of this convergence. Also Das and Ma-
lik [6] introduced the concept of Z-limit points, Z-cluster points and Z-limit superior
and Z-limit inferior of double sequences. Balcerzak et al. [3] discussed various kinds
of statistical convergence and Z-convergence for sequences of functions with values
in R or in a metric space. Gezer and Karakug [16] investigated Z-pointwise and uni-
form convergence and Z*-pointwise and uniform convergence of function sequences
and then they examined the relation between them. Diindar and Altay [10] studied
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the concepts of Zy-Cauchy and Z5-Cauchy for double sequences in a linear met-
ric space and investigated the relation between Zs-convergence and Z;5-convergence
of double sequences of functions defined between linear metric spaces. Also some
results on Zp-convergence may be found in [2, 7, 8, 9, 11, 18, 21, 24, 28, 31].

In this study, we discuss various kinds of ideal convergence for double sequences
of functions with values in R. We introduce the concepts of Zy, Z5-pointwise con-
vergence and 7y, Z5-pointwise Cauchy sequences for double sequences of functions
and show the relation between them.

2. DEFINITIONS AND NOTATIONS

Now, we recall the concept of statistical, ideal convergence of sequences and basic
concepts. (See [1, 5, 10, 12, 17, 19, 23, 26, 28]). Throughout the paper N denotes
the set of all positive integers and R the set of all real numbers.

A double sequence & = (Zyn)m,nen of real numbers is said to be convergent to
L € R if for any € > 0, there exists N. € N such that |z,,, — L| < &, whenever
m,n > N.. In this case we write

lim x,,, = L.
m,n— 00

A double sequence = (Zyn)m nen Of real numbers is said to be bounded if
there exists a positive real number M such that |z,,,| < M, for all m,n € N. That
is

|z|loo = sup |Tmn| < oo.

Let K € N x N. Let K,,,, be the number of (j,k) € K such that j <m, k < n.
That is,
Ko = {5, k) : g <m,k <n},
where | A| denotes the number of elements in A. If the double sequence {%} has
a limit then we say that K has double natural density and is denoted by
Kmn
dg(K) = lim

m,n—o0 1M.MN

A double sequence & = (x5, ) of real numbers is said to be statistically convergent
to L € R, if for any € > 0 we have d2(A(e)) = 0, where A(e) = {(m,n) e Nx N:
|Zmn — L] > €}

A double sequence of functions {f.,} is said to be pointwise convergent to f
on a set S C R, if for each point z € S and for each € > 0, there exists a positive
integer N = N (z,¢) such that

|fmn(x) - f(x)l <¢g,

for all m,n > N. In this case we write

hril fmn(‘r) = f(:L') or fumn — f,

m,n
on S.
A double sequence of functions {f;;} is said to be pointwise statistically conver-
gent to f on a set S C R, if for every € > 0,
. 1 N .
lim —[{(i,j),i <m and j <n:|fi;(z) - f(z) 2 €}| =0,

m,n—o00 MmN
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for each (fixed) x € S, i.e., for each (fixed) x € S,
|f”(l’) - f($)| <kg, aa(z,j)

In this case we write

7,Jj—>00

on S.

Let X # 0. A class Z of subsets of X is said to be an ideal in X provided:

i)0eZ,ii) A,BeZ implies AUB € Z,iii)) A€Z, BC Aimplies B € Z.

7 is called a nontrivial ideal if X ¢ 7.

Let X # (). A non empty class F of subsets of X is said to be a filter in X
provided:

)0 & F,ii) A,B € F implies AN B € F, iii) A€ F, AC B implies B € F.

Lemma 2.1. [19] If Z is a nontrivial ideal in X, X # 0, then the class
FI)={MCX:(3AcI)(M=X\A)}
is a filter on X, called the filter associated with T.

A nontrivial ideal Z in X is called admissible if {x} € Z for each z € X.

Throughout the paper we take 75 as a nontrivial admissible ideal in N x N.

A nontrivial ideal Z5 of N x N is called strongly admissible if {i} x N and N x {i}
belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Let 79 = {A C N x N: (3m(A4) € N)(i,j > m(A) = (i,j) € A)}. Then I9 is
a nontrivial strongly admissible ideal and clearly Z, is strongly admissible if and
only if Z9 C Z.

Let (X,p) be a linear metric space and Zo C 2NN be a strongly admissible
ideal. A double sequence & = (Z;,,) of elements of X is said to be Zy-convergent
to L € X, if for any € > 0 we have

A(e) = {(m,n) e NX N: p(xyn, L) > e} € Is.
In this case we say that x is Zs -convergent to L € X and we write

Iy — lim x,,, = L.
m,n— 00

If 7y is a strongly admissible ideal on N x N, then usual convergence implies
I>-convergence.

Let (X, p) be a linear metric space and Z, C 2N be a strongly admissible ideal.
A double sequence & = (24,5, ) of elements of X is said to be Zj-convergent to L € X
if and only if there exists a set M € F(Zz) (i.e., N x N\M € Z,) such that

lim z,, =L,

m,n—00
for (m,n) € M and we write
7y — lim xp, = L.
m,n— 00

Let (X, p) be a linear metric space and Z, C 28N be a strongly admissible ideal.
A double sequence x = () of elements of X is said to be Zy-Cauchy if for every
e > 0, there exist s = s(¢),t = t(¢) € N such that

A(e) ={(m,n) € NXN: p(Zpmn, Tst) > €} € Iy.
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We say that an admissible ideal Z, C 2N*N satisfies the property (AP2) if for
every countable family of mutually disjoint sets { A1, As, ...} belonging to Zo, there
exists a countable family of sets {Bi, Bz, ...} such that A;AB; € 19, i.e., A;AB;
is included in the finite union of rows and columns in N x N for each j € N and
B =;Z, Bj € I, (hence B; € I for each j € N).

Now, we begin with quoting the lemmas due to Das et al. [5] which are needed
throughout the paper.

Lemma 2.2 ([5], Theorem 1). Let Zo C 2Y*N be a strongly admissible ideal. If
I%9 = limy, n—soo Tmn = L then Iy —limy, p—yoo Tmn = L.

Lemma 2.3 ([5], Theorem 3). If Zy is an admissible ideal of N x N having the
property (AP2) and (X, p) is an arbitrary metric space, then for an arbitrary double
sequence T = (Tymn)mmnen of elements of X, To — limy, noyoo Tmn = L implies
T3 — limuns00 Tmn = L.

3. Iy AND Z;-CONVERGENCE OF DOUBLE SEQUENCES OF FUNCTIONS
Throughout the paper we take convergent instead of pointwise convergent.

Definition 3.1. Let Z, C 2¥*N be a strongly admissible ideal. A double sequence
of functions {fmn} is said to Ta-convergent to f on a set S C R, if for everye >0
{(m,n) e NXN:|finn(x) — f(2)] > €} € I,
for each (fized) x € S. This can be written by the formula
(Ve e S) (Ve>0) (3H €Zz) (V(m,n) € H) |fmn(x)— f(z)| <e.

This convergence can be showed by

f mn I, f :
The function f is called the double Iy- limit (or Pringsheim Iy-limit) function of
the {frn}-

Theorem 3.2. Let T, C 2N be a strongly admissible ideal. Ty-limit of any double
sequence {fmn} of functions on S C R if exist is unique.

Proof. Let a double sequence {f,,,} of functions on S C R. Assume that
Iy — lim _ fin(zo) = fi(z0) and Iy — lim fmn(T0) = fa(w0),

m,n—00
on S, where fi(xo) # fa(xo), for a xg € S. Since fi(xg) # f2(x0), so we may
suppose that fi(xg) > fa(xo). Select
_ fi(wo) = fa(wo)
S
so that the neighborhoods (f1(xo) — ¢, f1(zo) + €) and (f2(z0) — ¢, fa(xo) + €) of
points f1(xg) and fo(xg), respectively, are disjoints. Since

Ty — lim  fpn(zo) = fi(xo) and Zp — myl;lgloo Jmn(x0) = fa(xo),

therefore we have

Ae) = {(m,n) € NxN: |frn(z0) — f1(20)| 2 €} € T5
and

B(e) ={(m,n) € Nx N :|fin(zo) — fa(x0)| > €} € Ls.
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This implies that the sets
A%(e) = {(m,n) e N X N: | fmn(z0) — fi(z0)| <}

and

B(e) = {(m;n) e NxN:|fmn(xo) = falzo)| <&}

belongs to F(Zz) and A°(e) N B¢(e) is a non empty set in F(Zs).
Since A¢(e) N B(g) # 0, we obtain a contradiction to the fact that the neighbor-

hoods (f1(xo) —¢, f1(xo)+¢€) and (f2(zo)—¢, fo(xo)+e) of points f1(zo) and fa(xo),
respectively, are disjoints. Hence, it is clear that fi(zo) = f2(xo) and consequently
we have

fi(x) = fo(x), (ie., f1 = fo),
for each z € S. O

Theorem 3.3. Let I, C 2N be a strongly admissible ideal, {fmn} be a double
sequence of functions and f be a function on S C R. Then

lim  fon(z) = f(x) implies Ty — lim  f.(x) = f(2),

m,n— o0 m,n—oo

for each x € S.

Proof. Let € > 0 be given. Since limy, o0 frmn (z) = f(x) for each z € S, therefore
there exists a positive integer ko = ko(e, x) such that | f,(x) — f(z)| < e, whenever
m,n > ko. This implies that the set

A(e) = {(m,n) e NXN:[fnn(z) - f(2)] > €}
c (Nx{1,2,..,(ko—D}HU({L2,..., (ko — 1)} x N)).
Since Z, be a strongly admissible ideal, therefore
(Nx{1,2,...,(ko — 1)} U({1,2,..., (ko — 1)} x N)) € To.
Hence, it is clear that A(e) € I, and consequently we have
fmn T, f
(]

Theorem 3.4. Let T, C 2"%N be a strongly admissible ideal, { frn} and {gmn} be
double sequences of functions, f and g be functions on S C R and

T — liri)loo fmn(z) = f(x) and I — m)ljlrgoo Imn(x) = g(2),

m,n

for each x € S. Then, for every (m,n) € K we have

(i) If frnn(x) > 0 then f(x) >0 and (i) If frn(x) < gmn(x) then f(z) < g(z),
for each x € S, where K C N x N and K € F(I,).

Proof. (i) Suppose that f(zx) < 0. Select ¢ = f@ for each x € S. Since Iy —
limy, n—oo fmn(z) = f(x), so there exists the set M such that
M ={(m,n) e NXN:|fpn(z) — f(x)| < e} € F(Iz).

Since M, K € F(Z3) then M N K is a non empty set in F(Zz). So, we can find out
a pair (mg,ng) in K such that

|fmono($) - f($)| < €.
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Since f(z) < 0and € = —@ for each z € S, then we have

Fmone (@) < 0.
This is a contradiction to the fact fi,,(x) > 0 for every (m,n) € K. Hence we have
f(z) >0, for each z € S.

(ii) Suppose that f(z) > g(x). Select € = M for each = € S, so that the
neighborhoods (f(z) —e¢, f(z)+¢) and (g(z) —¢, g(z) +¢) of f(x) and g(x), respec-
tively, are disjoints. Since Zo—1limy, n—o00 fmn(2) = f(x) and Zo—1limy, 1—o0 gmn(x) =
g(z) and F(Zs) is a filter on N x N, therefore we have

A={(m,n) e NXN: |fmn(z) — f(z)] <e} € F(Zs)
and
B={(m,n) e NXN: |gmn(z) — g(x)] < e} € F(Zy).

This implies that ) # AN BN K € F(Z). There exists a pair (mg, ng) in K such
that

|fmon0(x) - f($)| < ¢ and |gm0no(x) - g(x)l <é&.
Since f(x) > g(z) and e = M for each z € S, then we have

Fimono (%) > Gmono (2).

This is a contradiction to the fact f,,(2) < gmn(x) for every (m,n) € K. Thus we
have

f(@) < g(=),
for each x € S. O

Theorem 3.5. Let Iy C 2N be a strongly admissible ideal, {fmn}, {Gmn} and
{hmn} be double sequences of functions and k be a function on S C R. If
(i) {frn} < A{gmn} < {hmn}, for every (m,n) € K, where Nx N D K € F(I,)
and
(11) Ty — limy, n—yo00 frmn(x) = k(z) and Ly — limy, p—yo0 Amn(x) = k(z),
then Ty — iy, n—00 gmn (x) = k().

Proof. Let € > 0 be given. By condition (ii) we have

{(m,n) e NX N: |fn(z) —k(z)| >} €Iy
and

{(m,n) e N X N: |hpn(z) — k(z)| > ¢} € I,
for each x € S. This implies that the sets

P={(m,n) e NXN:|fn(z)—k(z)] <e}
and

R ={(m,n) e NXN:|hp(z) — k(z)| < e}
belongs to F(Zy) for each x € S. Let

Q ={(m,n) e NXN: |gnn(x) — k(x)| < e},
for each x € S. It is clear that, the set P N RN K is contained in (). Since

PNRNK € F(Zy) and PN RN K C Q, then from the property of filter we have
Q € F(Z,). Hence

{(m,n) e NXN: |gmn(z) — k()| > e} € Iy,
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for each x € S. This completes the proof. (Il

Definition 3.6. Let Z, C 2"*N be an admissible ideal. A double sequence of
functions {fmn} is said to be pointwise Tj-convergent to f on S C R, if and only
if there exists a set M € F(Z3) (i.e. N x N\M € Z,) such that

hrgoo Jmn(x) = f(2),

m,n

for (m,n) € M and we write

m,n— oo

Theorem 3.7. Let I, C 2"N be a strongly admissible ideal, {fmn} be a double
sequence of functions and f be a function on S C R. Then

5 — lim  fon(z) = f(x) implies Ty — mlylLliloO fmn () = f(z),

m,n— oo
for each x € S.

Proof. Since 73 — limy, p—soo frn(z) = f(), so there exists a set M € F(Iy) (i.e.,
N x N\M € Z,) such that

(m,n)eM
Let € > 0. Then there exists kg = ko(e,z) € N such that |f.(x) — f(2)] < ¢, for
all (m,n) € M such that m,n > k¢ and for each x € S. Then, we have
A(e) = {(m,n) e NXN:[fnn(z) = f(2)] > €}
c HU[MN(({1,2,3,....,(ko — 1)} x NJU(N x {1,2,3,..., (ko — 1)}))],

for each z € S. Since Z, C 28*N is a strongly admissible ideal, then
HU[MN(({1,2,3,....,(ko — 1)} x N)U (N x {1,2,3, ..., (ko — 1)}))] € Z»
and therefore A(e) € Zy. This implies that
To— lim (o) = f(2),

m,n— 00

O

Theorem 3.8. Let I C 28N be a strongly admissible ideal, (X,d,) and (Y,d,)
are metric spaces, fmn : X = Y is a double sequence of functions and f : X =Y is
a function. If 'Y has no accumulation point, then I35 and Zy-convergence coincide.

Proof. By Theorem 3.7, we must show that if {f,,,} double sequence of functions
is Zp-convergent, so it is Z5-convergent. We suppose that

Iy — limOO Jfmn(2) = f(2),

m,n—

for € X and f(z) € Y. Since Y has no accumulation point, so there exists a
6 > 0 such that

for each € X. Since Ty — limyy, n—yo0 frmn (@ ) (

) then we have
{(m,n) e Nx N:dy(frn(z), f(z)) >} € Iy,
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for each x € X. This gives
{(m,n) e Nx N:dy(frmn(x), f(x)) <} ={(m,n) e NXN: frn(z) = f(2)} € F(ZL).

Therefore, we have

m,n— o0

4. Z75-CAucHY OF DOUBLE SEQUENCES OF FUNCTIONS

Definition 4.1. Let Z, C 2Y%N be a strongly admissible ideal. A double sequence
of functions { fmn} is said to be Ty-Cauchy on S C R, if for every e > 0 there exist
s =s(e),t =t(e) € N such that

{(m,n) E N X N: |fin(z) — fst(z)] > €} € Io,
for each x € S.

Theorem 4.2. Let T, C 2"N be a strongly admissible ideal. { fmn} is To-convergent
on S C R if and only if it is Iy-Cauchy sequences.

Proof. Suppose that {fin} is Zo-convergent to f on S. Then

A (g) - {(m,n) ENXN: |frm(@) — f(z)] > g} €T,

for € > 0 and for each x € S. This implies that

4 (5) = {(mm) € NN ) — @) < 5} € D),

for each 2 € S and therefore A°(5) is non empty. So we can choose positive integers
k.l such that (k,1) € A(5) and |fu(z) — f(z)] < 5. Now, we define the set
B(e) = {(m,n) € Nx N: |fpn(x) — fru()] > €},
for each = € S, such that we show that B(e) C A (5). Let (m,n) € B(e), then we
have
e< |fmn(x)_fkl(x)| < |fmn(w)_f(‘r)|+‘fkl(x)_f(m)|
€
< Umnla) — F@) 45,

for each x € S. This implies that
€
5 < |fmn(x) - f($)|

and therefore (m,n) € A(5). Hence, we have B(s) C A(%). This shows that
{fmn} is To-Cauchy sequence.

Conversely, suppose that {fyn} is Zo-Cauchy sequence. We prove that {fp,n} is
Zo-convergent. Let (g,4) be a strictly decreasing sequence of numbers converging
to zero. Since {fmn} is Zo-Cauchy sequence, there exist two strictly increasing
sequences (kp) and (I;) of positive integers such that

A(qu) = {(m’n) €ENxN: |fmn(m> - fkplq($)| 2 6[)(1} S 125 (p7 q= 17 27"')5
for each x € S. This implies that

0 # {(m,n) € NXN: |frn(x) = fry1,(2)] < epg} € F(T2), (0, a= 1, 2,(4,1)
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for each x € S. Let p, ¢, s and t be four positive integers such that p # ¢ and s # t.
By (4.1), both the sets

C(apq) = {(m7n) e NxN: ‘fmn(x) - fkplq(x)l < gpq}
and
D(est) ={(m,n) € NXN: [frn(x) = fr1,(2)] < s}

are non empty sets in F(Zy), for each x € S. Since F(Z3) is a filter on N x N,
therefore

(b 7é C(€pq) n D(ast) S ]:(IQ)
Thus, for each pair (p,q) and (s,t) of positive integers with p # ¢ and s # t, we
can select a pair (mp,q),(s,6) U(p,q),(s,t) € N X N such that
|fmpqstnpqst ((E) - fkplq ($)| < Epq and ‘fmpqstnpqst (QC) - fkslt (Z’)| < Est,
for each x € S. It follows that
|fk7plq (l‘) - fk?slt ($)| < |fmpqstnpqst (.13) - fkplq ('T)| + |fmpqstnpqst (Z‘) - fkslt (Z‘)|
S Epq + Est — 07

as p, q, s,t — oo. This implies that { fx,i, } (p,q = 1,2,...) is a Cauchy sequence and
therefore it satisfies the Cauchy convergence criterion. Thus, the sequence { fx, i, }
converges to a limit f (say). i.e.,

im  fy,1,(z) = f(x),

P,q—0

for each z € S. Also, we have €, = 0 as p, ¢ — 00, so for each € > 0 we can choose
positive integers pg, qo such that

€ €
Epoa0 < 5 and | fr,1, (z) — f(x)] < 2 (for p > po and ¢ > qo). (4.2)
Now, we define the set

A(e) = {(m,n) € NXN: |frmn(z) — f(2)| = €},

for each z € S. We prove that A(e) C A(gpyq,). Let (m,n) € A(e), then by second
half of (4.2) we have

e < |fmn(@) = f(@)] < [fnn(@) = frpgiay (@) + [ Frpg 1y, (2) — F(2)]
< @) = iyt @)+ 5,
for each x € S. This implies that

5 < (@) = fipyty, @)

and therefore by first half of (4.2)

Epogo < | frn(z) — Thpolag ()],

for each x € S. Thus, we have (m,n) € A(epyq,) and therefore A(e) C A(gpyqe)-
Since A(gpoq,) € I2 so A(e) € Iy by property of ideal. Hence, {fy,i,} is Zo-
convergent. O

S

Now we introduce the notion of Z5-Cauchy sequence.
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Definition 4.3. Let Z, C 2N be a strongly admissible ideal. A double sequence
of functions { fmn} is said to be Ts-Cauchy sequence on S C R, if there exists a set
M € F(1y) (i.e., H=NxN\M € 1) and ko = ko(e,x) € N such that for every
e >0 and for (m,n),(s,t) € M

|fmn(x) - fst($)| < E.

whenever m,n, s,t > ko. In this case we write

lim | fmn(z) — fse(z)| = 0.

m,n,s,t—o00

Theorem 4.4. Let T, C 2N be a strongly admissible ideal. If { fmn} is T3 -Cauchy
sequence, then it is Io-Cauchy sequence on S C R.

Proof. The proof is straightforward and so is omitted. O
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