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A COUPLED COINCIDENCE POINT THEOREM ON ORDERED
PARTIAL B-METRIC-LIKE SPACES

K.P.R.RAO,K.V.SIVA PARVATHI,M.IMDAD

ABSTRACT. In this paper, we prove a coupled coincidence point theorem in
ordered partial b-metric-like spaces besides furnishing an illustrative example
to demonstrate our main result.

1. INTRODUCTION

The concept of b-metric space was introduced by Czerwik [3] which runs as
follows:
Definition 1.1([3]): A b-metric on a non empty set X is a function d : X x X —
[0,00) such that for all z,y,z € X and k > 1, the following three conditions are
satisfied:
(i) d(z,y) = 0 if and only if x =y,
(ii) d(z,y) = d(y, »),
(if) d(z,y) < Kld(z, 2) + d(z,y)]
As usual, the pair (X, d) is called a b-metric space.
Example 1.2: Let X = R and d(z,y) = (z — y)? for all 2,y € X. Then d is a
b-metric with k = 2 but not a metric as d(1,—1) > d(1,0) + d(0, —1).
Ali Alghamdi et al.[1] introduced the concept of b-metric-like spaces and proved
some fixed point theorems involving a single map.
Definition 1.3([1]): A b-metric-like on a non empty set X is a function
d: X xX —[0,00) such that for all z,y,z € X and a constant k > 1, the following
three conditions are satisfied:
(i) d(z,y) = 0 implies z =y,
(i) d(z,y) = d(y,z),
(i) d(e,y) < Kld(z, ) + d(z,y)] -
The pair (X, d) is called a b-metric-like space.
Example 1.4: Let X = [0,00) and d(x,y) = (z +y)? for all z,y € X. Then d is a
b-metric-like space with k = 2 but not a b- metric .
Matthews [6] introduced the concept of a partial metric space which runs as follows:
Definition 1.5([6]): A mapping p: X x X — [0,00) (where X is a nonempty set)
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is said to be a partial metric on X if (for any z,y, 2 € X) the following conditions
are satisfied:

(i) =y < p(z,z) = p(z,y) = p(y,y),

(i) p(z,z) < p(z,y), p(y,y) < p(z,y),

(iii) p(z,y) = p(y, ©),

(iv) p(z,y) < p(z, 2) + p(2,y) — p(z, 2).

The pair (X, p) is called a partial metric space.

In [2],Bhaskar and Lakshmikantham introduced the concept of coupled fixed points
and obtained some coupled fixed point theorems. Later Lakshmikantham and Ciric
[5] introduced the following definitions.

Definition 1.6([5]): An element (z,y) € X x X is called

(i) a coupled coincidence point of the mappings F': X x X - X and g: X — X if
gr = F(z,y) and gy = F(y,z).

(ii) a common coupled fixed point of the mappings F': X x X — X and g: X — X
if x = gx = F(x,y) and y = gy = F(y, x).

Definition 1.7([5]): Let (X, <) be a partially ordered set with F': X x X — X
and g : X — X. Then F is said to have mixed g-monotone property if for any
z,y € X, we have

()x1,22 € X, g1 = gro = F(21,Yy) < F(22,9)
(i))y1,y2 € X, 9y1 X gy2 = F(z,y1) = F(2,92).

In the sequel, we need the following lemma.
Lemma 1.8([4]): Let X be a non-empty set and g : X — X be a mapping. Then
there exists a subset E of X such that g(E) = g(X) and the mapping g : E — X
is one-one.

Note that for x,y € [0, 00) with z < y, we have

T Yy
14+x S 14y °

2. MAIN RESULT

Now, we give the following definition (by combining Definitons 1.3 and 1.5 )
Definition 2.1: A partial b-metric-like on a non empty set X is a function
p: X xX — [0,00), wherein for all z,y,z € X and a constant k£ > 1, the fol-
lowing conditions are satisfied:

(p1) p(x,y) = 0 implies = = y,

(p2) p(z,2) < p(z,9).p(y,y) < p(2,9),

(pS) ( ) (y,a:),

(p4) p(z,y) < klp(z, 2) + p(2,y) — p(z, 2)].

The pair (X, p, k) is called a partial b-metric-like space.

Definition 2.2: Let (X,p,k) be a partial b-metric-like space and {x,} a se-
quence in X with z € X. Then the sequence {z,} is said to be convergent to
x if nli_{rgop(xmx) = p(x,x).

Definition 2.3: Let (X, p, k) be a partial b-metric-like space.

(i) A sequence {z,} in (X,p, k) is said to be Cauchy sequence if

lim p(z,,2,) exists and is finite .
n,m—00

(ii) A partial b-metric-like space (X, p,k) is said to be complete if every Cauchy
sequence {z,} in X converges, to a point z € X so that
lim  p(z,,zn) =pz,z) = nan;Op(xn,x).

One can easily verify the following remark.
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Remark 2.4: Let (X, p, k) be a partial b-metric-like space and {z,} a sequence in
X such that lim p(z,,z) =0. Then
n—oo
(i) x is unique,
(i) gp(x,y) < lim p(zn,y) < kp(z,y) for all y € X
n—oo

(iti) p(n, z0) < kp(wo, T1)+k*p(21, 22)+- - +k" ' p(Tn_2,Tn 1) +k" ' p(Tn_1,20)
whenever {zx}7_, € X.

Ali Alghamdi et al.[1] introduced the following class of functions.

Let W% be the class of those functions £ : (0,00) — (0, =) which satisfy the con-
dition L(t,) — (7z)" = t, — 0, where k > 0.

Using these functions, we now prove a coupled coincidence point theorem in ordered
partial b-metric-like spaces.

Let (X, p, k) be a partial b-metric-like space and F : X x X — X and

g: X — X. For z,y,u,v € X, we denote

p(gx, gu),p Egy %v() ()g)w (( F)()yp(%% (y, 7)),
_ prlgu, u,v)),plgv, v,u)),
M(z,y,u,v) = max L [p(gz, F(u,0)) + plgu, F(z 1)),
37 [p(gy, F(v,u)) + p(gv, F(y, z))]

Notice that M (x,y,u,v) = M(y,x,v,u) for all x,y,u,v € X.
Now, we are equipped to prove our main result as follows.
Theorem 2.5: Let (X,p,k, X) be an ordered partial b-metric -like space and
F:XxX — X, g: X — X be the mappings which satisfy the following conditions:
(25.1)F(X x X) C g(X), g(X) is complete,
(2.5.2) F has the mixed g-monotone property,
(2.5.3) p(F(z,y), F(u,v)) < LM (z,y,u,v))M(z,y, u,v)
for all z,y,u,v € X with gx < gu, gy = gv, where L € \Ilﬁ
(2.5.4) there exist two elements zg, yo € X such that gzg = F(xo,y0) and
9y0 = F(yo, o),
(2.5.5) (a) Suppose F' and g are continuous

or
(b) g(X) has the following properties:
(i) If a non-decreasing sequence {a,} — a, then a,, < a, V n,
(ii) If a non-increasing sequence {a, } — a, then a < a,, V n.
Then F' and g have a coupled coincidence point in X x X.
Proof . By (2.5.4), there exist two elements xg,yo € X such that gzo < F(zo,yo)
and gyo = F(yo,x0). Since F(X x X) C ¢g(X), we can choose x1,y; € X such
that gz1 = F(x0,y0) and gy1 = F(yo,x0). Again we can choose x2,y2 € X such
that gro = F(z1,y1) and gys = F(y1,21). Continuing this process indefinitely,
we construct sequences {x,} and {y,} in X such that gx,1 = F(zn,yn) and
9Yn+1 = F(Yn, zp) for all n > 0.
Now for n > 0, we shall prove that

9Tp = gTpi1 and gy, = GYni1- (1)

From (2.5.4), (1) holds for n = 0. Suppose (1) holds for n = m > 0. Now, by
(2.5.2), we have
9Tmy1 = F(Tm, Ym) 2 F(@mi1,Um) 2 F(Tmi1,Ymr1) = gTma2 and
9Ym+1 = F(ymaxm) = F(merlaxm) = F(ym+1wrm+1) = 9Ym+2-
Thus (1) holds for n = m + 1. Hence by mathematical induction, (1) holds for all
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n > 0.

In case, gxn+1 = gz, and gyn+1 = gy, for some n, then (x,,y,) is a coupled
coincidence point of F' and g. Otherwise, assume that gz,, # gx,+1 OF gYn # GYn+1
for all n. Consider

p(gx’l’ngn“rl) p(F(xnflaynfl)yF(xnayn))

S ['(M(xn—lv Yn—1,Tn, yn))M(l‘n—lv Yn—1,Tn, yn)
where
P(9Tn—1,9%n), P(9Yn—1,9Yn), P(9Tn—1, gTn),
p(gynl_l s 9Yn ), P(9%n, 9Tny1)s P(GYns 9Yn+1),
yﬁ[p(g:rn—l, 9Tny1) + (920, 920)],
55 [P(9Yn—1, 9Yni1) + P(9Yn, 9yn)]

M(l‘nflvynflaxna yn) = max

klp(gxn—1,9%n) + p(9%n, 9Tnt1) — P(gTn, gTn
357 [P(9Tn—1, 9Tn11) + P(gn, grn)] < 3% M )+kz(7(gxn g:c;)) ( :

< max {p(gxn—la gzn);p(gl’n, gxn+1)} )

and
P(9Tn—1,9%n), D(GYn—1, GUn); }
M(Tp—1,Yn—1,Tn, < max
(%=1, Yn—1,Zn: Yn) { P(9%n, 9Zn11), D(9Yns GYnt1)
é M(xnflaynflvmnayn)
Thus
p(gxnflagxn)ap(gynflvgyn)a
M (xq,— _1,T = max . 2
(%=1 Yn-1, Zn: Yn) { P(9Tn, 9Tns1), P(9Yn,s GYn+1) @
So,

P(9Tn—1,92n), P(9Yn—1, 9Un), }
P(9%n, 9Tn41), P(9Yns GYn+1)
Similarly by using M (Yn-1,Zn—-1,Yn,Tn) = M(Tn-1,Yn-1,%n,Yn), we can show
that

DG, 9ns1) < LM (Tt Yt s ) max{

p(gxn—la gxn)yp(gyn—lygyn); }

< L(M(xzp_1,Yn_1,% max
P(9Yns 9Yn+1) < LIM(Tn—1,Yn—1,Tn, Yn)) { P(9%n, 9Tns1), P(GYns GYns1)

Thus

(920, 9Tnt1), P(92n-1,9%n), D(9Yn—1, 9Yn), }
max < L(M(xp—1,Yn—1,Tn, max .
{ P(9Yns GYnt1) }_ (M(@n-1,Yn-1Zn,Yn)) { P(9%n: 9Tn+1), P(9Yn: GYns1)

(3)
= max T, T , ,
P(9%n, 9Zn+1), P(9Yns GYn+1) } { plgzn: gzns1) plgyn, gymia) }
then using L(M (Zyn—1,Yn—1,Tn, Yn)) < #, we get a contradiction from (3).
Hence

P(9Tn, 9Tni1), } { P(9Tn—1,92n), }
max < LM (Zp—1,Yn-1, Tn, max .
{ P(9Yns 9Yns1) | ~ (M(@n-1,Yn-1,Zn:Yn)) P(9Yn—1, 9Yn):

If max{ p(gﬂﬁnfl,gxn),p(gynfl,gyn),

Put p, = max { p(gTn, 9Tn+1), P(9Yn, 9Yn+1) }. Then
Pn < E(M(xn—la Yn—1,Tn, yn))pn—l < Pn-1 (4)

Thus {p,} is a non-increasing sequence of non-negative real numbers and hence
also converges to some real number s > 0. Suppose s > 0.
From (4), we have s < lim L(M(zp—1,Yn—1,%n,Yn))s  so that

n—oo
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1< lim L(M(Zp_1,Yn—1,Tn,Yn))-

n— o0
Now we have

k% < nl;ngo LM (Zn—1,Yn—1,Tn,Yn)) < k% which in turn yields that

lim L(M(Zp—1,Yn—1,TnYn)) = 7z- Hence lim M(zp_1,yn—1,2n,yn) = 0.
n—oo n—oo

Thus from(2), we have

Jim max {p(gn, 9Tn+1), P(9Yn> 9Yn+1)} = 0. (5)

Also, from (p2) we have

Jim max {p(gan, 92n), P(9Yn, gyn)} = 0. (6)
Now, we prove that
lim  max {p(gzn, 97m), p(9yn; gym)} = 0. (7)

Suppose (7) is not true. Then

lim  max {p(9zn, 9Zm), P(gYn, gym)} > 0. (8)

n,m—oo

Let m > n. Then from (1), we have gz, < gz,, and gy, = gym.-
From (2.5.3), we have

p(gxn+1ugxm+1) p(F(irnvyn7F(xmaym)) (9)

< ‘C(M(xnv Yns Tm, ym))M(xnv Yns Tm, ym)
where

(9%, 9Tm ), D(GYny 9Ym)> P(9Tn, 9Tni1),

: . P(9Yn, 9Yn+1)s P(9Zm» 9Tma1), P(9Yms GYm+1)s

lim M (xn, Yn, Tm, = lim max
n,m—00 (@, Y T Yom) n,m—>00 37 [P(9%n, 9T ms1) + P(gTm, 9Tns1)],

55 P(9Yns 9Ym+1) + P(9Ym> 9Yn+1)]

But
37 [P(9%n, 9T ms1) + P(GTm, GTns1)]
< 1| P9Tn: g2m) + D(gTm; 9Tmi1) = P(GTm, gTm)+
=2k P(9Tm, 9Tn) + P(9Tn, 9Tny1) — P(GTn, g2n)
Hence

lim  M(Zn, Yn, Tm,Ym) < lim  max{p(gzn, 92m), p(9Yn, 9ym)} from (5), (6)

n,1Mm— 00 7n,1M—00
< lim M(xnayn7$maym)'

n,Mm—00

Hence

im M (zn,Yn, Tm, Ym) = lim  max{p(gzn, gTm), P(9Yn, 9Ym)} (10)

n,m—oo n,m— 00

From (9), we have

lim  p(gzpi1, 9my1) < lm LM (Zpy Yn, Tm, Ym))  lim max{ P(g2n, gTm), }

n,m—00 n,m—00 n,m—00 p(gyn; gym)

Similarly, we can show that

lim  p(gyn+1,9Ym+1) < lim LM (2, Yn, Tm, Ym)) lim maX{ Plgn, gm), }

n,m— 00 n,m—>00 n,m—o0 P(9Yns 9Ym)
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Thus
. P(9Tnt1, 9Tmy1), . (9n, gTm),
lim max < lim L(M(xn,Yn,Tm, lim max
n,m—500 { P(gYn+15 9Ym+1) }—n,m%o (M (@, ys T ym)) | { P(9Yn> 9Ym) }
(11)
We have

P9, 9Tm) < kp(gn, 9Pns1) + KP(gTns1, gTme1) + Fp(gEme1, 9m)
which implies that 75 hm p(gxn,gxm) < lim  p(gxni1, gTmi1) from(5).
n,m 7,1Mm— 00

Similarly, 7z lim p(gyn,gym) < lm_ p(gYni1, 9Ym+1)-
7n,M—00
Thus by uslng (11) we have

k% lim max{ p(gxnagxm)’ } S lim max{ p(gxn+1vg$m+1)7 }
n,m—00 P(9Yns 9Ym) n,m—»c0 P(9Ynt1, 9Ym+1)

< lim L(M(%n,Yn,Tm,Ym)) lim max{

n,m— 0o n,m—00

(90, gTm), }
P(9Yns 9Ym) |’

which in turn implies from (8) that
k% < lim LM (T, Yns Ty Ym)) < k% so that lim M (%, Yn, Tm,Ym) = 0.
n—oo

n,m—00
It is a contradiction to (8) in view of (10).
Hence (7) holds. Thus {gz,} and {gy,} are Cauchy sequences in g(X). Since
g(X) is complete, there exist r1,73,21,22 € X such that gz, — r1 = gz and
9Yn — T2 = gZ2.
Suppose (2.5.5)(a) holds.
From Lemma 1.8, there exists a subset F C X such that g(F) = g(X) and the
mapping g : £ — X is one-one. Without loss of generality, we are able to choose
E C X such that 21,2 € E. Now define G : g(F) x g(E) — X by

G(ga, gb) = F(a,b) for all ga, gb € g(E) where a,b € E.

Since F' and g are continuous, it follows that G is continuous. As g : E — X is one-
one and F(X x X) C g(X), G is well defined. Again since F' and g are continuous,
it follows that G is continuous. Since {z,},{yn} C X and g(EF) = ¢(X), there
exists {an},{bn} C E such that g(z,) = g(a,) and g(y,) = g(b,) for all n. So we
have

F(z1,22) = G(921, 922) = nlgrolo G(gan, gbn) = lim Fl(an,by) = nlgrolo 9gan+1 = g2,

n—oo
F(z9,21) = G(g22,921) = nhﬁn;o G(gbn, gan) = nhﬁngo F(b,,a,) = nhﬁn;o gbnt1 = g2o.

Thus (21, 22) is a coupled coincidence point of F' and g.
Suppose (2.5.5) (b) holds.
From (1)and (i) and (ii) of (2.5.5)(b), we have gz,, < gz and gy, = gz» for all n.

From definition of completeness of g(X) and from (7), we have

lim p(gzn,g921) = p(gz1,921) = lim  p(g9xn, gzm) =0 (12)
n—oo n,m—>oo

lim p(gyn, g22) = p(922,922) = lim  p(gyn, gym) =0 (13)
n—oo n,7n—>oo

Now

P(gZni1, F(21,22)) = p(F(2n,yn), F(21, 22)) (14)

< ‘C(M(‘Tm Yns 21, 22))M($naym 21, 22)
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lim M(l‘n, Yny 21, ZZ)
n— oo

P(9Tn, 921), P(GYns 922), P(9%n, 9Tri1),

— lim max{ P0Yn 9Uni1),Pl921, P21, 22)) p(g22, F(22, 1)),
n=oo %[ P(gn, F(21,22)) + p(g21, 9Tn+1)];s
5 P(9Yn, F(22,21)) + p(g22, gyn+1)]

070,0,0,]?(9217F(Zh22)),p(922,F(22,21))7
?%c[kp(gzl,F(Zl,Zg)) + 0}7
37 [kp(922, F(22,21)) + 0]

IN
s
"

from (12), (13), (5) and Remark 2.4

= max{p(gzlaF(ZlaZQ))vp(gZQ7F(227zl))}
< lim M(xn,Yn, 21, 22).

n—oo
Hence
nll)H;OM<xn,ynazlaz2> - maX{p(gZ]_,F(Z]_,ZQ)),p(gZQ7F(ZQ721))} (15)
Now

72p(921, F(21,22)) < p(921, F(21, 22))
< lim p(gzn41, F(21,22)) from Remark 2.4

n— oo

. p(971, F (21, 22)),
nlL)ITéoﬁ(M(xnayn7zla22))maX{ p(gz;,F(2127221)) } from (14)7(]‘5)

IN

Similarly we can show that

1 . p(gz1, F (21, 22)),
pPloz, Flz, 1)) < JLIEO“M(%%’ZWDWX{ ploza F(z2, ) |-

Thus

1 { p(gzla (Zl, 22

) . p(gz 7F(Z ) Z ))’
max DO }s lim c(M(xmyn,zm»maX{ bl }
( )

n—oo p(gZQ,F(ZQ,Zl))

p\gz1, (Zh 22) 5
If max > 0, then from property of L, we have
{ p(922, F(22,21)) } propery

nh_)n;o My, Yn, 21, 22) = 0 which is a contradiction in view of (15).

Hence gz1 = F(z1,22) and gzo = F(23, 21).

Thus (21, 22) is a coupled coincidence point of F' and g. This completes the proof.
Now, we furnish an example to illustrate Theorem 2.5.

Example 2.6: Let X = [0,1] and p(x,y) = max{x?,y*}. Then p is a partial b-
metric-like with £ = 2. Define x < y as ¢ < y. Consider the functions F' : X x X —
X and g : X — X which are defined as gr = = and

2 yifx <
F(x,y):{ e P SV

0,ifz>y

Let £: (0,00) = (0, 1) be defined by L(t) = ﬁ.
Let g < gu and gy = gv.That is let * < u and y > v.
Case(i): Assume z < y and u < v.

Then p(z,u) = max{z? u?} = u? < M(z,y,u,v).
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p(F(, ), F(u,0)) = max { sy, qriemy |
2 2 M (z,y,u,v

= 10 < e < ey = LM (@ y,u0) M (2, u,0)
Case(ii): Assume x <y and u > v .
Then p(gz, F(x,y)) = max{z?, ﬁr“y%} = 2% < M(z,y,u,v).
p(F(Z‘,y),F(U,U)) = m

o2 M (z,y,u.0
< ae < amiariey ey = LM (@, y,u,0) M(2,y,u,0)
Case(iii): Assume z >y and u > v.
Then p(F(z,y), F(u,v)) =0 < L(M (z,y,u,v))M(x,y,u,v) .
The case x > y and v < v does n’t arise as * < uw and y > v. Thus the condition
(2.5.3) is satisfied.One can easily verify the remaining conditions.Clearly (0,0) is a
coupled coincidence point of F' and g.
Corollary 2.7: Let (X, p, k, <) be an ordered complete partial b-metric-like space
and F': X x X — X be a mapping satisfying

(2.7.1) F has the mixed monotone property,
(2.7.2) p(P(e,y), P(u,0)) < £(M (2, y, 1, 0))M(z,y,u,0)
for all z,y,u,v € X with x < wu, y > v, where L € \Ilﬁ and

M(z,y,u,v) = max 1

(2.7.3) there exist two elements xg,yo € X such that z¢o < F(zg,yo) and
Yo = F(yo,x0),
(2.7.4) (a) Suppose F is continuous
or
(b) X has the following properties:
(i) If a non-decreasing sequence {z,} — x, then z,, < z, V n,
(ii) If a non-increasing sequence {y,} — y, then y < y,, V n.

Then F' has a coupled fixed point in X x X.
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