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NATURAL METRICS AND BOUNDEDNESS OF
SUPERPOSITION OPERATOR ACTING BETWEEN B! AND

F*(p,q,s)

A. EL-SAYED AHMED, A. KAMAL, T.I. YASSEN

ABSTRACT. In this paper, we study Lipschitz continuous and boundedness of
the superposition operator Sy acting between the hyperbolic B}, and the hy-
perbolic F*(p, ¢, s) spaces. We characterize all entire functions that transform
hyperbolic Bloch-type spaces into another by superposition operator. We prove
that all superposition operators induced by such entire functions are bounded.

1. INTRODUCTION

Let X and Y be two metric spaces of analytic functions on the unit disk and ¢
denotes a complex-valued function in the plane C such that ¢ o f € Y whenever
f € X we say that ¢ acts by superposition from X into Y. If X and Y contain
the linear function, then ¢ must be entire function. We denote the unit disc of the
complex plane by . The superposition operator S, on X is defined by

Se(f)=(pof), feX.

If Sof € Y for f € X, note that if X and Y are also linear spaces, the operator
S is linear if and only if ¢ is a linear function that fixes the origin. Let H(ID) denote
the classes of functions holomorphic in the unit disc D. A function f € H (D) belongs
to a-Bloch space B*,0 < a < o if

£l = sup(1 = [z[)*|f'(2)] < oo.
zeD
The little a-Bloch space B, o consisting of all f € B, such that
lim (1 |2/*)|f'(z)] = 0.
—1-

|=|
If (X,d) is a metric space, we denote the open and closed balls with center z and
radius r > 0 by B(z,r) :={y € X : d(y,z) <r} and B(z,r):={y € X :d(z,y) <
r}, respectively.
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Superposition operators in Bergman space AP studied in [5, 6]. Later, Buckley
and Vukotic considered superposition operators from Besov spaces into Bergman
spaces in [3], univalent interpolation in Besov spaces and superposition into Bergman
spaces in [4], superposition operators between the Bloch space and Bergman spaces
were characterised in [1], and those between the conformally invariant @, spaces
and Bloch-type spaces in [15].

2. BASIC CONCEPTS AND PROPOSITIONS

The class of hyperbolic functions is a subset of the class B(D) of all analytic
functions f in the unit disc D such that |f(z)| < 1 for all z € D.
They are usually defined by using either the hyperbolic derivative f*(z) =

O of f € B(D), and ¢*(2) = 25E0=0/(2) (et [9)).

The hyperbolic Bloch space is defined as follows:

Definition 2.1. (see [11]) For 0 < oo < 1, a function f € B(D) is said to belong
to the hyperbolic a-Bloch class By, if

1£ll5; = sup f*(2)(1 — |2[*)* < co.
z€D
The little hyperbolic Bloch-type class By, , consists of all f € B, such that
lim f*(2)(1—|2/)* = 0.
|z]—1

The Schwarz-Pick lemma implies Bj;, = B(D) for all a > 1 with [|f||z: < 1,
and therefore the hyperbolic a-Bloch-classes are of interest only when 0 < o < 1.
The usual a-Bloch-spaces and their norms are denoted by the same symbols but
without *.

Pérez-Gonzalezet al. defined a natural metric on the hyperbolic a-Bloch class
B}, in [11] as

d(f7g78:;) = dBj;(fmg) + ||f _g”Ba + |f(0) —g(O)|7

where

f/(Z) g/(z) (1 _ ‘Z|2)a

dp;, (f,9) = sup|— F2 1—g(2)]2

acD
for f,g € B

Definition 2.2. (see [10]) For 0 < p,s < 00, —2 < g < oo, the hyperbolic class
F*(p,q,s) consists of those functions f € B(D) for which

191y =550 [ (PP~ 219" (2, 0)dAG) < oc.
acD JD

Moreover, we say that f € F*(p,q,s) belongs to the class F§(p,q,s) if

lim | (f*(2))"(1 = |2*)79" (2, a)dA(2) = 0.

la|—=1 Jp

Where dA is the normalized 2-dimensional Lebesgue measure on D, g(z,a) =
logm is the Green’s function of D with ¢, (2) = == is the Mobius transforma-

tion related to the point a € D. Note that hyperbolic classes are not linear spaces,
since they consist of functions that are self-maps of D.
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For f,g € F*(p,q, s), defined their distance by
d(f,9: F"(p,q. 5)) = dp=(p,q,5)(f, 9) + [If — 9llP(p.q.5) + 1 £(0) — g(0)],

where

=

Qe ra(f:9) = (sup [1re-gera- |z|2>ng<z,a>dA<z>) Lwithp > 1.

zeD

The following result on the complete metric spaces d(.,.; B%) was proved in [11].

Proposition 2.1. The class B equipped with the metric d(.,.;B) is a complete
metric space. Moreover,B;,  is a closed (and therefore complete) subspace of B,.

The following result on the complete metric spaces d(.,.; F*(p, ¢, s)) was proved
in [8].

Proposition 2.2. The class F*(p, q, s) equipped with the metric d(.,.; F*(p,q, s)) is
a complete metric space. Moreover, FJ(p,q,s) is a closed (and therefore complete)
subspace of F*(p,q,s).

Definition 2.3. The superposition operator Sy : B, — F*(p,q,s) is said to be
bounded, if there is a positive constant C such that ||Sg f | p+(p.q.s) < Cfll5z for all
fenB;.

Definition 2.4. The superposition operator Sy : B, — F*(p,q,s) is said to be

compact, if it maps any ball in B}, , onto a pre-compact set in F*(p, g, s).

Lemma 2.1. For each positive number § and for every sequence (7y,) of complex
numbers such that vo = 0, |v1| > 54, |argyr — 0ol < §, argyn — 6o, or argy, 1T 6o
and

n—1

] max{?)ml, S e - vku} Jor all n>2, W
k=1

there exists a domain Q with the following properties:

(i) Q is simply connected;

(ii)  contains the infinite polygonal line L = \J.° | [Yn—1,7n), where [yn—1,7n]
denotes the line segment from ~v,_1 to Yp;

(iii) There exists a conformal mapping f of A onto Q which takes the origin to a
prescribed point belongs to B*;

(iv) dist(y,0A) = § for each point v on L.

Proof. The proof is very similar to the proof of lemma 3.3 in [2].

3. LIPSCHITZ CONTINUOUS AND BOUNDEDNESS OF SUPERPOSITION OPERATORS
S¢ FROM B}, TO F*(p,q,s)

Lemma 3.1. (see [13]) For 0 < a < 1, there exist two functions f,g € B}, such
that for some constant e,

€

Of@ﬂ+w(@02(fjm§;>0, Vz e D.
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Throughout this paper we assume that

(@"(f(2)) + 67 (9(2))) = ‘

3)

Now, we give the following result.

Theorem 3.1. Assume ¢ is non-constant analytic mapping from D into itself and
let0<a<1,0<p<oo, -1<g<ooand0 < s < 1. Suppose that (3) is
satisfied. Then the following statements are equivalent:

(i) Sy : B:, — F*(p,q,s) is bounded;

(i1) Sg : BY, — F*(p,q,s) is Lipschitz continuous;

(iii)
[f (I 20q s
Sup/ s (L= [27)79%(2, a)dA(2) < oc.
W Jy Tl T D B 06
Proof. To prove (i)« (iii), first assume that (iii) holds, for any
f € B, and |f(z)| is bounded. Then, we obtain

186 fllF sy = Sup/D (6o )" (2))P(1 = [2*)7g° (2, a)dA(z)

acD

sup / (6" (FPIF (P - [22)1g° (2, a)dA(2)
D

aeb

< 16U EIE, s [ AL - g i) < o
- “aep Jo (1= [f(2)[2)P> ’ '
Hence, it follows that (i) holds.

Conversely, by assuming that (i) holds and (3), there exists a constant € > 0 such
that (¢*(f(2))+0*(9(2))) > W > 0, where f, g € B}, and ||Sy f|| p+(p,q,5) <
Cllo(f(2))lss-

We can assume |f/(z)] < |¢g'(z)|. Then, we have

[Ss f]
= neb /]D) (9o F) ()P + (90 9)"(2))F] 97 (2, a)dA(z)

F(p.a8) T 1969M P+ (p,0,5)

> sup/D (" (FNIf (2)P + (6" (9(2))"1g' (2)IP] 97 (2, a)dA(z)

acD

> sup/ID [(@"(F ()" + (@ (D))" IF ()7 (1 = [21*) 9 (2, a)dA(2)

acD

- S“p/ [6°(F(2) + 6" (D))" 1F P (1 - [2P)g" (2, a)dA(2)
a€D JD
P su w _ 22 15(5 a .

- fe]%?/m A= [y &~ #1972 )dA ).

Then, we have

su __ Rl —12]?)%¢%(2,a z P
sup [ A e (12" (2. )dA() < S

So (iii) is satisfied.

+Ss9]

p
00.
(p,q,5 F*(p,q,s) <
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To prove (i)« (iii), assume first that S, : B, — F*(p, ¢, s) is Lipschitz contin-
uous, that is, there exists a positive constant C' such that

d(¢o f.¢og;F"(p.q,s)) < Cd(o(f(2)), ¢(9(2)): By), forall f,g € By.
Taking ¢(g) = 0, this implies
o < C(le(fDss +lo(f ()5, +6(£(0))]), forall f € By (4)

The assertion (iii) for a = 1, follows by choosing f(z) = z in (4). Moreover, from
(3), for f,g € B, we deduce that

(¢*(f(z)) + (f(g(z)))(l —2]))*>e>0, forallzecD. (5)
Therefore, combining (4) and (5), we have
lo(f (2D iss, + lo(g() sy, + l0(f(2)l5.
+llo(g(D s + 16(f(0))] + [¢(9(0))]

F*(p,q,s)

2 |f’(z)|p —ZQqSZCL 2
> e [ e (1= o) (2 a)dA(),

For which the assertion (iii) follows.

Assume now that (iii) is satisfied, we have
d(¢po f,pog; F*(p,q,s))
= dF*(p,q,s)(¢o fv(bo g) + HQSO f - ¢ Og”F(p,q,s)
+|o(£(0)) — ¢(g(0))]

< dis (B(F(2)) $(9(2))) (sup / ('f'()"’F*(p, 0 s)dA<z>) ’

W ), T )P

£ ()P »
o) - ol (s [ AP .54
HB0)) — Hlg0))] < Cdb(F(=), Sl(=))s B2,

Thus S, : B}, — F*(p, g, s) is Lipschitz continuous. This completes the proof.

Remark 3.1. We know that a superposition operator Sy : B}, — F*(p,q,s) is
said to be bounded i a8 <
Cllo(f(2)llBz; for all f € By, Theorem 3.1 shows that Sy : B}, — F*(p,q,s) is
bounded if and only if it is Lipschitz continuous, that is, if there exists a positive con-

stant C such that d(¢o f, pog; F*(p,q, s)) < Cd(¢(f(2)),p(g(2)); BL), forallf,ge
B

4. COMPACTNESS OF SUPERPOSITION OPERATOR

The compactness of the superposition operator Sy has been defined by Definition
2.4. The following proposition is based on the compactness of the operator Sy.

Proposition 4.1. Assume ¢ is analytic mapping from D into itself. Let0 < a <1,
—l<g<ooand 0<p,s <oo.IfSy: B — F*(p,q,s) is compact, it maps closed
balls onto compact sets.
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Proof. It B C B}, is a closed ball and g € F*(p, g, s) belongs to the closure of S4(B),
we can find a sequence (f,)%2; C B such that ¢ o f,, converges to g € F*(p,q, s)
as n — oo. But (f,)52; is a normal family, hence it has a subsequence (fn,)32;
converging uniformly on the compact subsets of D to an analytic function f. As in
earlier arguments of proposition 2.1 in [11], we get a positive estimate which shows
that f must belong to the closed ball B. On the other hand, also the sequence
¢ (fn; )3";1 converges uniformly on compact subsets to an analytic function, which
is g€ F*(p,q,s). We get g = ¢o f, i.e. g belongs to S,(B). Thus, this set is closed
and also compact.

Compactness of superposition operators acting between B and F*(p, q, s) classes
can be given in the following result.

Theorem 4.1. Assume ¢ is analytic mapping from D into itself. 0 < p < oo,
—1<g<ooand0<s<1. Then Sy: B} — F*(p,q,s) is compact if

: £ (2) [P
! _ e
ol aeb /|f(z)|>r (L= 1f(z)[2)Pe

Proof. We first assume that (6) holds. Let B := B(g,0) C B%, g € BX and § > 0,
be a closed ball, and let (f,)22; C B be any sequence. We show that its image
has a convergent subsequence in F*(p, g, s), which proves the compactness of Sy by
definition.

Again, (fn)52; C B(D) is normal, hence, there is a subsequence (f,;)?<; which
converges uniformly on the compact subsets of D to an analytic function f. By
Cauchy formula for the derivative of an analytic function, also the sequence (f;, )72,
converges uniformly on the compact subsets of D to f,,. It follows that also the
sequences (¢o f,,)32; and (¢o f,’Lj )71 converge uniformly on the compact subsets
of D to ¢ o f and ¢ o f’, respectively. Moreover, f € B C B since for any fixed
R,0 < R < 1, the uniform convergence yield

f'z) g
L=[f(z)*  1-19(2)
+ sup. 1'(2) = ' ()| (1= |2*)* + [ £(0) = 9(0)]

(1= |21*)79° (2, a)dA(z) = 0. (6)

sup
|z|<R

(1= 2"

n; (2) _d(?)

L=1fn;(2)2 1—lg(2)
+ lim ( P [fn, (2) = 9" (DI = 2% + |fa; (0) = g(O)]) < 0.

(1= 21"

Hence, d(f,g;B%) <é.

Let € > 0. Since (6) is satisfied, we may fix r,0 < r < 1, such that
/ |f'(2) P
sup Tpa
a€D J|f(z)|>r (1 - |f(Z)‘ )
By the uniform convergence, we may fix N1 € N such that
|#(0) o fn; —@(0)o f| <e, forallj> Njy. (7)

The condition (6) is known to imply the compactness of Sy : B, — F(p,q,s),
hence possibly to passing once more to a subsequence and adjusting the notations,

(1- |z|2)qgs(z, a)dA(z) < e.
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we may assume that
lpo fn, =00 fllppgs <& forallj> Ny NyeN. (8)
Since (fn;)521 C B, f € B and |f, (2)| < |f'(2)| it follows that

swp [ [(600,)"(2) — (60 1) ()71~ o)1 (2. )dAC)
[f(z)|=zr

a€D
<swp [ (6" U, (DIF, ()~ (@ TS0 - 15 (2, a)dAL)
a€D JIf(z)|=>r
<swp [ (6", () - (@ PP~ )z aldA)
aeD J|f(2)|>r
z z))) su M —12]*)9¢%(2, a z
< i O, G0 [ G (L B (o AC),

hence,

sup/ (90 fu,)"(2) = (90 ) (2)]" (1 = |2*)1g°(2,a)dA(z) < Ce. (9)
[f()=r

acD

On the other hand, by the uniform convergence on the compact disc D, we can
find an N3 € N such that for all j > N3,

| GG S |
= 100w, GOP ~ T=0(fCNE|~ ©

For all z with |f(z)| < r. Hence, for such j,

sup / [(60 £a,)*(2) = (60 £)*(2)]"(1 = |22)1g° (2, a)dA(2)
[f(z)|<r

a€D

< sup / (6" (f, (2)) = (S 1 ()P = |212)79° (2, 0))dA(2)
[f(z)|<r

acD
|f/(z)|p o 2\q 5 )Zl}
<5<325/f<z>9 - Feppe !~ D (= a)dAl) | < Ce,

hence,

Sup/ (60 fu;)"(2) = (90 /)" (2)]"(1 = [2*)1g°(2,a)dA(z) < Ce. (10)
If(z)<r

a€D

where C' is a positive constant which is obtained from (iii) of Theorem 3.1. Com-
bining (7), (8), (9) and (10) we deduce that f,,, — f in F*(p,q, s).
The proof is therefore completed.

5. SUPERPOSITION OPERATORS FROM Bf, TO Bj

First we show that Sy maps B;, into Bj; unless ¢ is a constant, where 0 < 3 < a.

Theorem 5.1. Let 0 < f < a and ¢ be an entire function.
Suppose that |f(z)| < A, where X is a positive constant and f € BY. Then the
superposition operator Sy maps By, into Bj; if and only if ¢ is a constant function.
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Proof. If ¢ is a constant, it is obvious that Sy (B;,) C Bj. Now assume that ¢ is not
a constant. We distinguish two cases to prove that Ss(By,) ¢ Bj.
(i) If 0 < o < 1. Since ¢ is not a constant, there exists a disk |y — 7| < r and

0 < v < 1, on which ¢*(f(2)) >4 > 0.
Let f(2) =70 +r(1 — 2)!7® € By. Then, for z € D,

L= 1P)P(@0 ) (2) =1 ~[zP) (@ (FEIF (2)]

)
or(l—a)(1 —[2[*)"
- 1= z[ '

The right side of the above inequality tends to infinity as z — 1 along with the
positive radius. This shows that S, (f) = (¢ o f) & B and S4(B;) ¢ Bj.

(ii) If o = 1. Since ¢ is unbounded, there exists a complex sequence (7,) with
Yn — 00, as n — oo such that |¢(y,)] = 0o as n — co. Without loss of generality,
we may assume that ~, satisfies the conditions in Lemma 2.1 with some § > 0 by
adding o = 0 and choosing a subsequence if necessary. By Lemma 2.1, there exists
a domain {2 and a conformal mapping f of D onto €2 such that v, € Qforn =0,1, ...
and f € B*. Since any function in Bj is bounded and, hence, Sy(f) = (¢ o f) € Bj
and Sy (B}) ¢ Bj, since (¢ o f) is unbounded. The proof is completed.

In the next theorem we study superposition operator from B, to B3, where a <
8.

Theorem 5.2. Let 0 < a < 1, a < B. Suppose that |f(z)] < A, where X is a
positive constant and f € Bl .Then for any entire function ¢, Sg is a bounded
operator from By, into B.

Proof. Let o < 1, o < 3, and ¢ be an entire function. Let M > 0. For a function
f with || flls, < M we have,

¢"(f(0)) < My = max |$(7)],

Iv[=A
" (f(2) < My = max ¢*(v), for ze€D.
Thus
@0 fllsy < I[(¢of)(0)+ ilelg(l — 122" (F)IF ()]

< My + Mysup(l — |2[*)|f(2)]|
zeD

= My + Ms|f|
< My + MMs,.

Ba

This completes the proof.
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