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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR
PROBLEMS WITH WEIGHTED P-LAPLACIAN AND
P-BIHARMONIC OPERATORS

A. C. CAVALHEIRO

ABSTRACT. In this work we are interested in the existence and uniqueness of
solutions for the Navier problem associated to the degenerate nonlinear elliptic
equations

Alw(x) |AulP~2Au) — Z Dj[w(x)Aj(z,u, Vu)]
j=1

= fo(x) =Y _ Djfi(x), in Q
j=1
in the setting of the Weighted Sobolev Spaces

1. INTRODUCTION

In this work we prove the existence and uniqueness of (weak) solutions in the
weighted Sobolev space X = W2P2(Q,w) N W, (Q,w) (see Definition 3) for the
Navier problem

Lu(z) :fo(a:)—ZDjfj(:r), in O

u(z) =0, on 9N
Au =0, on 0N
where L is the partial differential operator

(P)

Lu(z) = Aw(z) |Aulf 2 Au) — ZDj [w(@)A;j(z,u(z), Vu(z))]
j=1
where D; = 0/0z;, Q is a bounded open set in R™, w is a weight function, A is the
Laplacian operator, 1 < p < co and the functions A; : QxRxR"—=R (j =1,...,n)
satisfies the following conditions:
(H1) a—=A;(z,n,§) is measurable on € for all (n,£) € RxR"”
(n,&)—A;(x,n,€) is continuous on RxR"™ for almost all ze.
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(H2) there exist a constant §; > 0 such that
[A(z,n,€) — Az, 7/, §)].(€ = &) > 01| = €',

whenever £, &'€R"™, (£, where A(z,n,&) = (Ai1(x,n,8), ..., An(z,1m,§)) (where a
dot denote here the Euclidian scalar product in R™).

(H3) A(z,n,£).£ >N |€[°, where )\; is a positive constant.

(H4) [A(z,,6)| < Ki(2) + hi(@)[n]"/?" + ho(a)[¢[”’?", where Ky by and hy are
positive functions, with h; and heeL™(Q), and K€Ll (Q,w) (with 1/p+1/p’ =

1).

By a weight, we shall mean a locally integrable function w on R™ such that
w(x) > 0 for a.e. x € R™. Every weight w gives rise to a measure on the measurable
subsets on R™ through integration. This measure will be denoted by p. Thus,
1(E) = [, w(x)dx for measurable sets £ C R™.

In general, the Sobolev spaces W*?(Q) without weights occur as spaces of solu-
tions for elliptic and parabolic partial differential equations. For degenerate partial
differential equations, i.e., equations with various types of singularities in the co-
efficients, it is natural to look for solutions in weighted Sobolev spaces (see [1], [2]
and [4]).

In various applications, we can meet boundary value problems for elliptic equa-
tions whose ellipticity is disturbed in the sense that some degeneration or singularity
appears. This bad behaviour can be caused by the coefficients of the corresponding
differential operator as well as by the solution itself. The so-called p-Laplacian is
a prototype of such an operator and its character can be interpreted as a degen-
eration or as a singularity of the classical (linear) Laplace operator (with p = 2).
There are several very concrete problems from practice which lead to such differen-
tial equations, e.g. from glaceology, non-Newtonian fluid mechanics, flows through
porous media, differential geometry, celestial mechanics, climatology, petroleum
extraction, reaction-diffusion problems, etc.

A class of weights, which is particularly well understood, is the class of A,-
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [11]).
These classes have found many useful applications in harmonic analysis (see [13]).
Another reason for studying A,-weights is the fact that powers of the distance
to submanifolds of R™ often belong to A, (see [10]). There are, in fact, many
interesting examples of weights (see [9] for p-admissible weights).

In the non-degenerate case (i.e. with w(xz) = 1), for all f € LP(Q) the Poisson
equation associated with the Dirichlet problem

—Au = f(x), in Q
{ u(z) =0, on 9N

is uniquely solvable in W2P(Q) "W, *(Q) (see [8]), and the nonlinear Dirichlet
problem

—Apu = f(z), in
{ u(z) =0, on N

is uniquely solvable in W, ?(Q) (see [3]), where A,u = div(|Vul|P"*Vu) is the p-
Laplacian operator. In the degenerate case, the weighted p-Biharmonic operator
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have been studied by many authors (see [12] and the references therein), and the
degenerated p-Laplacian has been studied in [4].

The following theorem will be proved in section 3.

Theorem 1 Assume (H1)-(H4). If we A, (with 1 < p < 00), fj/we LP (Q,w)
(j =0,1,....,nand 1/p + 1/p’ = 1) then the problem (P) has a unique solution
ue X = W2P(Q,w) N Wy P (Q,w). Moreover, we have

1 n »'/p
ol (Callofelin g + /el

j=1

where v = min {\y, 1}.

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 <
w(x) < oo almost everywhere. We say that w belongs to the Muckenhoupt class
Ap, 1 < p < o0, or that w is an Ap-weight, if there is a constant C = Cp,,, such

that
~1

<119| /Bw(x)dx) (; /Bwl/(l_”)(x)dx)p <C

for all balls B C R™, where |.| denotes the n-dimensional Lebesgue measure in R™. If
1 < ¢<p, then A; C A, (see [7],]9] or [13] for more information about A,-weights).
The weight w satisfies the doubling condition if there exists a positive constant
C such that p(B(z;2r)) <Cp(B(z;r)) for every ball B = B(z;r) CR™, where
(B) = [pw(x)dx. If weA,, then p is doubling (see Corollary 15.7 in [9]).

As an example of A,-weight, the function w(z) = |z|%, x€R", is in A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [13]).
E[\* E
If weA,, then <|;|> < CMEB; whenever B is a ball in R™ and FE' is a measur-
,u

able subset of B (see 15.5 strong doubling property in [9]). Therefore, if u(E) =0
then |E| = 0.

Definition 1 Let w be a weight, and let 2 C R™ be open. For 1 < p < oo we
define LP(Q2,w) as the set of measurable functions f on 2 such that

1/p
T ( /Q If(x)lpw(x)da:> ‘.

If weAd, 1 < p < oo, then w=/(=1) 5 locally integrable and we have
LP(Q,w) C Li,.(Q) for every open set Q (see Remark 1.2.4 in [14]). Tt thus makes
sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2 Let Q2 CR” be open and let we 4, (1 < p < 0o0). We define the
weighted Sobolev space W1P(,w) as the set of functions u € LP(Q,w) with weak
derivatives Dju € LP(Q,w) for j = 1,...,n. The norm of u in W?(Q,w) is defined
by

el gy = ( /| |u<x>|%<x>dz+§j /| |Dju<x>|”w<x>dx)1/p. W

We also define Wy*(Q,w) as the closure of C§°(Q) with respect to the norm
w0 -
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If we Ay, then WHP(Q,w) is the closure of C*°(Q2) with respect to the norm
(1) (see Theorem 2.1.4 in [14]). The spaces W?(Q,w) and WP (Q,w) are Banach
spaces.

It is evident that the weight function w which satisfy 0 < ¢; <w(z)<cg for
€9 (c1 and ¢, positive constants), give nothing new (the space WyP(€,w) is
then identical with the classical Sobolev space Wy?(Q)). Consequently, we shall
interested above all in such weight functions w which either vanish somewhere in
or increase to infinity (or both).

In this article we use the following results.

Theorem 2 Let weA,, 1 < p < oo, and let  be a bounded open set in
R™. If up—u in LP(Q,w) then there exist a subsequence {u,,, } and a function
® € LP(Q,w) such that

(1) wm, ()= u(x), my — oo, p-a.e. on §;

(ii) [tm, (z)] < ®(z), p-ae. on Q;

(where p(E) = [, w(z) dx).

Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [6]. O

Theorem 3 (The weighted Sobolev inequality) Let 2 be an open bounded set
in R” and weA, (1 < p < 00). There exist positive constants Cq and ¢ such that
for all u € Wy (Q,w) and all k satisfying 1 <k<n/(n— 1)+,

Hu”LkP(Q,w) SCQHVUHLP(Q,UJ)' (2)

Proof. Tts suffices to prove the inequality for functions u € C§°(2) (see Theorem
1.31in [5]). To extend the estimates (2) to arbitrary u € W, * (2, w), we let {u,,} be a
sequence of C5°(Q) functions tending to u in W, ?(Q,w). Applying the estimates (2)
to differences 1, — U, we see that {u,, } will be a Cauchy sequence in L*?(Q, w).
Consequently the limit function « will lie in the desired spaces and satisfy (2). O

Lemma 1 Let 1 < p < o0.
(a) There exists a constant «, such that

i

—2 —
[el" 2 — |yI" | < ap o =yl (] + )P,

for all z,y € R™;
b) There exist two positive constants f,, 7, such that for every x,y € R"
ps Tp

_ 2 —2 —2 — 2
By (|2 + [y)P 2| — yI” < (|2 "z — JyI” " y)-(@ — y) <7 (Jx] + |y[)P 2z — yl".

Proof. See [3], Proposition 17.2 and Proposition 17.3. O
Definition 3 We say that an element ue X = W2P(Q,w) W, ?(Q,,w) is a
(weak) solution of problem (P) if, for all p € X,

p=2 Y (z,u(x), Vu(z))D;p(z)dz
/Q|AU| AUA<PWd~T+;/Qw($)AJ( yu(z), Vu(z))Djp(x)d

- /Q f0<x>w<x>dw+; /Q £3(2) Dy () de,
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3. PROOF OF THEOREM 1

The basic idea is to reduce the problem (P) to an operator equation Au = T
and apply the theorem below.

Theorem 4 Let A : X—X* be a monotone, coercive and hemicontinuous oper-
ator on the real, separable, reflexive Banach space X. Then the following assertions
hold:

(a) For each T € X* the equation Au = T has a solution ucX;

(b) If the operator A is strictly monotone, then equation Au = T is uniquely
solvable in X.

Proof. See Theorem 26.A in [16]. O

To prove the existence of solutions, we define B,B;,Bs : X x X —R and
T: X —R by

B(u,(p) = Bl(uvcp)+32(u750)

Z/walj(x,u,Vu)chpdx:/QwA(gc,u,Vu).Vgodx
j=1

ks

=

&
I

By(u,p) = /Q|Au|p_2AuA<pwdx

T(p) = /Qfo(x)<p(:c)dx+Z/ij(x)pjgp(x)dx.

Then v € X is a (weak) solution to problem (P) if

B(uv QD) = Bl(uaw) + BQ(UNP) = T(@)a

for all p€ X.
Step 1 For j =1,...,n we define the operator Fj : X—>Lp/(Q7w) by

(Fju)(z) = A;(z, u(z), Vu(z)).

We have that the operator F} is bounded and continuous. In fact:
(i) Using (H4) we obtain

HFjuHT;;,(Qw) :/ \Fju(z)|p/wdx=/ |.Aj(sc,u,Vu)\p/wdx
’ Q Q
/7 ’ p/
S/ (K1+h1u|p/p +h2|Vu|p/p) wdz
Q
<Gy [ |7 408 a1 19 ) o
Q

= C’p{/Kf/wd:z:+/hﬁ’/|u|pwdm+/hgl|Vu|pwd:c}, (3)
Q Q Q

where the constant C, depends only on p. We have, by Theorem 3,

Q Q
< o ||h1||’£m(m/ VulP wds
Q
< CBIInIB g Tl
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and/ﬂhg’|Vu|PWda:§||h2||[£;o(9)/9|Vu|pwd1:§Hh2||i;o(m|\u||§(.Therefore, in
(3) we obtain

IFjullpr@u < Co (||K|Lp/m,w> (OB Wl g+ 2l e ) el 37 )

(i) Let uy— u in X as m — co. We need to show that Fju,, —Fju in LP' (9, w).

If up,— w in X, then upy,— uw in LP(Q,w) and [Vuy,|— [Vu| in LP(Q,w). Using
Theorem 2, there exist a subsequence {u,, } and functions ®; and @5 in LP(£2, w)
such that

Uy, (T)—=u(z), p—ae. in Q,

[thm,, (2)| <Py (), p—a.e. in Q,
[Vt (€)= Vu(z)], p—ae inQ,
[Vt ()| <P2(z), p—a.e. in Q.

Hence, using (H4), we obtain

’

1 Fjtmy, = Fyullyr g0 :/Q|Fjumk($)—FjU($)|p wdzx
:/ | A (2, Uy, Vi, ) —Aj(x,u,Vu)|plwda:
Q
<Cy [ (10t T ) 4 1A, T s
Q
7 ’ p/
<G, U <K1+h1umk”/” +h2wmk|p/p> wdz
Q
’ ’ p/
+/ <K1+h1|u|p/p +h2|Vu|p/p> wdx]
Q
’ ’ p/
g?C,,/Q(K1+h1<I>’1’/” +h2<1>’2’/p> wdx
<20, [/Kf/wdx—k/h’f/@’fwdx—k hg@gwdx}
Q Q Q
<20, | 1K1 g + Il [ P
+||h2|1£w(9)/‘1’12)Wd$]
Q
<20, 1K1 g + Wil 191

+||h2|pm(m||<1>2||’zpm,w>} |
By condition (H1), we have
Fiup(x) = Aj(x, um(x), Vi (2))— Aj(z, u(z), Vu(z)) = Fu(z),
as m — 400. Therefore, by the Dominated Convergence Theorem, we obtain

(| Fjm,, — Fju”Lp’(Q,w)_)O’
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that is,
Fjup, — Fju in LP (Q,w).
By the Convergence Principle in Banach spaces (see Proposition 10.13 in [15]),
we have )
Fijum— Fju in LP (Q,w). (4)
Step 2 We define the operator
G: XL (Quw)
(Gu)() = |Au(@) [P~ Au(a).
We also have that the operator G is continuous and bounded. In fact:
(i) We have

!
IGull?,

Qw) = /Q‘|Au\p_2Au‘p wdz

- /|Au|(p_2)pl|Au\p/wdx
Q

= /|Au|pwdaﬁ
Q

ull -

IN

Hence, [|Gull 1,7 g0 < Il
(i) If wpy —w in X then Au,— Au in LP(Q,w).By Theorem 2, there exist a
subsequence {u,,, } and a function ®3 € LP(£2, w) such that

At () = Au(z), p—a.e. in Q
|Atp, ()] < ®3(z), p—a.e. in .

Hence, using Lemma 1(a), we obtain, if p 2

|G, — Gu||p, ) :/ | Gy, — Gu|p/wdm
Q

L' (Qw
/,
’

p
Q

’

p

| Aty P72 A, — | AufP™? Au|  wda

§oz§'/ | Aty — Au\p, (203) PPy da
Q
, , p'/p
<ab 2@-2p (/ | Ay, —Au|pwdaz> X
Q

, , (p—p")/p
y (/ oD vr'/p >wdx)
Q

<ab 20727 g, —ull% @07 (o)
since (p—2)pp’/(p—p') =pif p#£2. If p = 2, we have

||Gumk - Gu”iz(ﬂ,w) =7 / |Aumk - Auﬁ“’dl’
Q

2
< [, *UHX'
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Therefore (for 1 < p < o0), by the Dominated Convergence Theorem, we obtain
|Gy, — Gul| x — 0,

that is, Guy,, — Gu in LPI(Q,W). By convergence principle in Banach spaces
(see Proposition 10.13 in [15]), we have

G — Gu in LP' (9, w). (5)
Step 3 We have, by Theorem 3,

(o) < /Qlfo||</>|dx+i/9|flejsodw
= /|f0 wdz —I—Z/ 1431 |Djplwdx
< o/l Dliman + 315/l oy 1D o
j=1
<

(Galo/lsn i + 3 Ui/l el

j=1
Moreover, using (H4) and the Holder inequality, we also have

|B(u, o)l < |Bi(u, )| + |Ba(u, ¢)|

> [ 1Ay Va)liDyelwds + [ | AaP™| Aul| Aglwda. (0
-1/ Q

IA

In (6) we have

/ |A(x, u, Vu)| |V wde < / (K1 + h1|u|p/p/ + hg|Vup/p’) |Vo|wdz

< Kz "(Q, W)HVSOHLP(Q w T thnLoc(Q)HU”p/pQ w)”vSDHLp(Q w)

+ hall oo o | VUl ) 190 0.0

< (1 lar iy + O ity + Il ) Yl
and

ul"™ U plwde = ul"” plwdr
AulP? | Aul | Ap|wd AulH A glwd
Q Q

1/p’ 1/p
</ Au|pwd:c> (/ |A<p|pwdx)
Q Q

lll5” il
Therefore, in (6) we obtain, for all u, o € X

IN

IN

[B(u,0)| < [IIKllLP () + O 1l e ol

T ol 87 + [l ]nwnx-
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Since B(u,.) is linear, for each u € X, there exists a linear and continuous opera-

tor A : X — X* such that (Au, p) = B(u, p), for all u, ¢ € X (where (f, ) denotes
the value of the linear functional f at the point x) and

lAull, < IE ooy + O Il poe oy el + Mh2ll o o Ill 5+l 57
Consequently, problem (P) is equivalent to the operator equation
Au=T, ueX.
Step 4 Using condition (H2) and Lemma 1(b), we have

<AU1 — AUQ,UI — ’LL2> = B(ul,ul — UQ) — B(uz,ul — UQ)

= /wA(x,ul,Vul).V(ul—ug)dx—l—/ | Auy P72 Ay A(ug — ug) w da
Q Q

- /wA(x,ug,Vug).V(ul—ug)dx—/ | Aug|P ™% Aug A(uy — ug) w da
Q Q

= /w(A(x,ul,Vul)—A(x,uQ,VuQ)>.V(u1—U2)dx
Q

+ / (| Aug P72 Aug — | Aug |2 Aug) Auy — up) wdz
Q

Y

91/ w |V (up — ug)P dz + Bp/(| Aup| + | Aug|)P~? |Aug — Aug\deac
Q Q

Y

91/ w|V(ug —ug)l” dx+ﬁp/(| Auy — Aug|)P =2 |Auy — Aus| wda
Q Q

= 91/ w|V(ug — uz)|pdﬂc+ﬁp/ |Auy — Augl’ wdz
Q Q
> 0 flur —uoll

where 6 = min {61, 5, }.
Therefore, the operator A is strictly monotone. Moreover, using (H3), we obtain

<A’U,, u> = B(uv u) = Bl(uau) + BQ(U,U)
= / w.A(x,u,Vu).Vudm—i—/ | AuP™? Au Auw da
Q Q

Y

/)\1|Vu|pwdac+/ | Au|” w dz
Q Q

¥ llull’

v

where v = min {1, 1}. Hence, since p > 1, we have

(Au, u)

l[ull x

— 400, as ||ul| y =+ oo,

that is, A is coercive.
Step 5 We show that the operator A is continuous which, in particular means
that A is hemicontinuous.
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Let u,,— v in X as m — oco. We have,

|B1(tum, ) — Bi(u, )| < Z/QIAj(xaum,Vum)—Aj(x,u,Vu)HDjsO\wdx
j=1

n

= 3 [ 1B = FyullDyglwda
j=1
n

IN

Z HFjum - FjuHLzs/(Qw)HDJ'SOHLP(QM)
j=1

Z | Fjtm — FjuHLp/(Q7w)Hg0||X7

j=1

IN

and
| B2 (tm; @) — Ba(u, ¢
/ | At P2 Ay, Apw d — / | Au[P 2 AuApw dx
Q Q

<),

:/ |G — Gu| |Ap| w dx
Q

< Gum = Gull Lo () el x -

| Aum‘p_Q Ay, — | Au|p_2Au | Ap| wdx

for all p € X. Hence,
|B(’U/m,§0) - B(u7 <P)| < |B1(Um790) - Bl(u7 ‘P)| + |BQ(uma4p) - B2(u7@)|

n

< [Z 1Eyttns — Fytll s ) + Gt — Gl g |1l
j=1

Then we obtain
[ Auy, — Aul|, < Z ([ Fjum — FjuHLp/(Q,w) + | Gum — GuHLP'(Q,w)'
=1

Therefore, using (4) and (5) we have || Au,, — Aul|,—0 as m — 400, that is, A is
continuous.

Therefore, by Theorem 4, the operator equation Au = T has a unique solution
u€ X and it is the unique solution for problem (P).

Step 6 In particular, by setting ¢ = u in Definition 3, we have

B(u,u) = By (u,u) + Ba(u,u) = T(u). (7)
Hence, using (H3) and v = min {1, 1}, we obtain

Bi(u,u) + Ba(u,u) = /wA(x,u,Vu).Vudx—!—/|Au|p_2AuAuwda:
Q o

z/ A1|Vu|’”+/ | Al wda
Q Q

> yllull%
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and

T(u) = /foudm+2/ijjudm
Q =Je

n
||f0/wHLP'(Qyw)HUHLP(Q#;) + Z ||fj/w|LP’(Q)HDju”LP(Q’w)

j=1

(Ca o/l @y + sl ey )
j=1

IN

IN

Therefore, in (7), we have
Yull < (Caliofeliv gy + 3 M5l ) ol
j=1
and we obtain

1 n p//p
ol < 75 (o loflinr ey + S U5l )
i=1

Example Let Q = {(z,y) €R? : 22 + y? < 1}, the weight function w(z,y) =
(22 +y?)~1/2 (we A3z, p=3), and the function

A:Qx x R*P—R?
A((2,y),m,8) = ha(2,y) €] €,
where h(z,y) = 2e@+¥) | Let us consider the partial differential operator
Lu(z,y) = A((z® 4+ y?) V2| Au| Au) — div ((2% + y?) Y2 A((x,y), u, Vu)).
Therefore, by Theorem 1, the problem

Lu(x) :Cos@«’y)_3<sin<my>) 3(3111(9310))’ im0

(P) (x2+y2) 9z \(22+y2)) y\ (22 + 42
u(z) =0, on 9N
Au =0, on 09
has a unique solution u e X = W23(Q,w) N W, *(Q,w).
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