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FEKETE-SZEGO INEQUALITIES AND (j,k)-SYMMETRIC
FUNCTIONS

FUAD S. M. AL SARARI AND S. LATHA

ABSTRACT. In this paper sharp upper bounds of |az — ,ua§| for functions be-
longing to new subclasses defined using the concept of (j, k)-symmetric func-
tions are derived. Certain applications for functions defined through fractional
derivatives in the sense of Riemann Liouville are discussed.

1. INTRODUCTION

Let A denote the class of functions of form
o]
f(z) =2+ Z anz", (1)
n=2

which are analytic in the open unit disk & = {2z : z € C and |z| < 1}, and S
denote the subclass of A consisting of all function which are univalent in Y. For f
and g analytic in U, we say that the function f is subordinate to g in U, if there
exists an analytic function w in U such that |w(z)| < 1 and f(z) = g(w(z)), and we
denote this by f < g. If g is univalent in U, then the subordination is equivalent to
f(0) = g(0) and f(U) C g(U) [see 8,9]. The convolution or Hadamard product of
two analytic functions f,g € A where f is defined by (1) and g(z) = 2+~ 5 gn2",
then

(fxg)(z) =2+ Zanbnz”.
n=2

Definition 1 Let k be a positive integer. A domain D is said to be k-fold symmetric
if a rotation of D about the origin through an angle 2; carries D onto itself. A

function f is said to be k-fold symmetric in U if for every z in U

[ 2) = e f(2).
The family of all k-fold symmetric functions is denoted by S* and for k = 2 we
get class of the odd univalent functions. The notion of (j, k)-symmetrical functions
(k=2,3,...;7=0,1,2,...,k — 1) is a generalization of the notion of even, odd, k-
symmetrical functions and also generalize the well-known result that each function
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defined on a symmetrical subset can be uniquely expressed as the sum of an even
function and an odd function.

The theory of (j,k) symmetrical functions has many interesting applications, for
instance in the investigation of the set of fixed points of mappings, for the estimation
of the absolute value of some integrals, and for obtaining some results of the type
of Cartan,s uniqueness theorem for holomorphic mappings [6].

Definition 2 Let ¢ = (e%”) and j = 0,1,2,..,k — 1 where k£ > 2 is a natural
number. A function f : U — C is called (j, k)-symmetrical if

flez) =€ f(2), z € U.

We note that the family of all (j, k)-symmetric functions is denoted be S (k) Also,
S§02) §(1.2) and S-%) are called even, odd and k-symmetric functions respectively.
We have the following decomposition theorem.

Theorem 1 [6] For every mapping f : D — C, and D is a k-fold symmetric set,
there exists exactly the sequence of (j, k)- symmetrical functions f; j,

k—1
9= fix(2)

where
1 k=t _
Jin() = 3 S f(e"), 2)
v=0

(fEA k=1,2,...5=0,1,2,... .k —1).

From (2) we can get

then

k—1 .
1 . 1, n=Ilk+j;
nnna =1 yWPn = 7 (n=j)v — ’ 7, 3
Tiklz Zwa “ v k;vzzos {o, ntthtg O

Definition 3 Let ¢(z) = 1 + Byz + By2% + .... be univalent starlike with respect
to 1 which maps the unit disk &/ onto a region in the right half plane which is
symmetric with respect to the real axis. Let 0 < 8 < o <1 and By > 0. Then the
function f(z) € A is in the class S7¥(¢) if

2f'(z)

fix(2)

We note that for suitable choices j, k, cr, 8, ¢ we obtain the following subclasses ;
)SLF(¢) = S%(¢) the class introduced by Al-Shagsi and Darus in [2].

(i
(i)St: k(%j_gz) = S*[A, B] we get the class introduced by Al-Shagsi and Darus in
[2].

< ¢(z2).

(iii)S12(¢p) = S*(¢) the class introduced by Shanmugam et al. in [7].
(iv)S12(4£2) = S the famous Sakaguchi class [1].
(

v)St 1(qz’)) S*(¢) the class introduced by Ma and Minda [3].
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2. Fekete-Szegi Inequality

To prove our results, we need the following lemmas.

Lemma 1 [3] If p(2) = 1 +c12 + c22% + ... is analytic function with positive real
part in &/ and v is complex number, then

lco —ve?| < 2max{1,|2v — 1|},
the result is sharp for functions given by

1+ 22 ()71+z
1— 22’ Pa=1—7

Lemma 2 [3] If p(z) = 1 +c12 4 cp2” + ... is analytic function with positive real
part in U, then

p(z) =

—4dv+2, if v < 0;
lca —vef| << 2, if 0<wv<1;. (4)
4v — 2, if v > 1.
When v < 0 or v > 1 the equality holds if and only if p(z) = (14 2)/(1 — z) or one
of its rotations. If 0 < v < 1, then the equality if and only if p(z) = (1+22)/(1—22)
or one of its rotations. If v = 0 the equality holds if and only if

1 1 1+2 1 1 1—-2
(21 2y Z_ 9 0<v¥<1
p(2) (2+2>1—z+(2 2>1+ ( )
or one of its rotations. If v = 1, the equality holds if and only if
1 1 1 1+2 1 1 1
——=(=-+=0) — —— =9 0<v9<1
p(2) (2+2>lz+(2 2>1+z ( )

Also the above upper bound is sharp and it can be improved as follows when
0<ov <

lca — vet| +vler | < 2, (0 <v<1/2),
lea —ved| + (1 —v)|er]® < 2, (1/2<wv< 1),
Theorem 2 Let ¢(2) = 1+ Byz+ Bo2?+...(By > 0). If f(2) given by (1) belongs
to S7F(¢), then

B} (3—13) . )
B=vs) w ) {BQ+ sy ~ M } if  p<on
|a3_ﬂa§|§ m, ’Lf o1 < p < o9;

B, Bi(3—13 .
=) [Bﬁ @02 “(2—@)2}’ if om0
where ( )2
2 — 1y [ By B }
o= |1+ 5+ ———|,
YT Bi(3 — 4s) By (2—1»)
and ( )2
2 — oy [ By Bio }
09 = 1+7+
*T Bi3—s) (2 — )

where v, is defined by (3).
The result is sharp.
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Proof. Let f(z) € 87%(¢), then there exists a Schwarz function w(z) in U with
w(0) = 0 and |w(z)| < 1 in U such that

2f'(z)
= ¢p(w(z)).
) (w(2))
If p1(z) is analytic and has positive real part in U and p;(0) = 1 then
1+ w(z) 2
= = 1 eee
p1(2) =) +eizt 2"+ ..., z€U, (5)

from (5), we have
1 2
w(z) = Stz (CQ - Cl) 2+,

therefore, we have

1 1 2 1
Ple) = 6(w(=)) = 1+ S Brerz + [231 ( - 2) + 43205] 24 (6)
Now let
/
pe) = g
5.k (2)
or
1+ 32, nayz"* )
= =1+d d 7
Z:;;l ¢nan2"71 + 1% + 2% + ’ ( )
which gives
(2 —12)as
dy = ———, 8
S ®)

and

(3—t3)az (2 —1b2)iha3
Y1 U '

Now from (6),(7),(8) and (9) we get

dy =

Biciin
a2 = 70—

2(2 — o)
and

Bi (2—1»)

2(3 —13)

co— =

By { C%[ By By1o ”
as 5 1 — = |I.

Therefore, we have

By
as — ua% = #[02 — vc%],

2(3 —13)

where

S A By R C T

Our result now follows by an application of Lemma 2.
To show that these bounds are sharp, we define the functions Ky, , m = 2,3, ... by

ZK:bm (2)
Ks,.0)(2)
Ky, (0) =0 =[Ky,]'(0) -1

1 [1 By Bi1a By (3 — W?)}

= (=",
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and
2G\(2) _ —z(z+ )
Gt~ )

GA(0) =0=G,(0) — 1.
Obviously the functions Ky, , F)\, Gy € K3 (o, B, ¢). Also we write Ky = Ky, if
< o1 or u > o9, then equality holds if and only if f is K4 or one of its rotations.
When 01 < ¢ < 09, the equality holds if and only if f is Ky, or one of its rotations.
= o1 then equality holds if and only if f is F)\ or one of its rotations. p = oo then
the equality holds if and only if f is G or one of its rotations. If o7 < p < 09, in
view of Lemma 2. this completes the proof of Theorem 2. O

Remark 1

e For j =1 in Theorem 2 we obtain the result obtained by by Al-Shaqsi and

Darus in [2].

e For j = 1,k = 2 in Theorem 2 we obtain the result obtained by Shanmugam
et al. in [7].

e For j =1,k =1 in Theorem 2 we obtain the result obtained by see Ma and
Minda [3].

If 09 < pu < 09 in view Lemma 2 and Theorem 2 can be improved.

Theorem 3 ¢(z) = 1+ Byz + Boz? +...(B; > 0). Let f(2) given by (1) belongs
to S7*(¢) and o3 given by

- By (3 —13) | By + 5 (2 — 1)

g3

(2—92)* [B: b2 } .

If o1 < p < 03, then

o, L{B . (2 — 1h2)? 73211;2(271,112) Bg} 2 o B
s = paal gz B By Gy PG = TP S ey
If o3 < p < 03, then
el L{B By 2=V | ppta2= ) BZ} Sl
R T e BRI Ty Bt B e

where 1, is defined by (3).

Remark 2

e For j = 1 we obtain the result obtained by by Al-Shagsi and Darus [2].
e For j = 1,k = 2 we arrive to the result obtained by Shanmugam et al.[7].
e For j =1,k =1 we get the result obtained by Ma and Minda [3].
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By Lemma 2, we can obtain the following theorem.

Theorem 4 Let ¢(2) = 1+ B2+ Boz?+...(By > 0). If f(2) given by (1) belongs
to S7%(¢), then

oy Bii By By Biy1(3 —vs3)
S max{l’ 'Bl JECETS REGCRESE
where 1, is defined by (3).

The result is sharp.

3. Application to Functions Defined by Fractional Derivatives

The fractional derivatives of order v in the sense of Riemann Liouville [5] is
defined as ) 4RO
v _
where f is an analytic function in a simply connected domain of the z-plane con-
taining the origin and the multiplicity of (z—()~7 is removed by requiring log(z—()
to be real when z — ¢ > 0.
Fractional derivative of higher order are defined by

dC
DY f(2) = %sz(zﬁ ¢ € No.
Using the fractional derivatives DY f Owa and Srivastava in [4] introduced
the operator Q7 : A — A, which is known as an extension of fractional derivative

and fractional integral as follows
D f(z) =T(2—7)2"D] f(2), v #2,3,4, ... (10)
The class K2*(¢) consists of functions f € A for which Q7 f € K7*(¢). The
class K2*(¢) is a special case of the class K3*(¢) when

Z F(?(j; _121;(3 ;)ry) anz®, z € U. (11)

9(2) =z +
n=2
Now applying Theorem 2 for the function (f * g)(2) = 2 + goa22? + gzazz® + ... we
get the following theorem.
Theorem 5 Let g(z) = 1+ g1z + g22% + ...(g, > 0). If f(2) given by (1) belongs to
S2F(¢), then

¥ Biva g3 Bii(3—1s) ;
93(3*111)3) |:B2 + 2—v2) Mgg (2—2)2 :| if W< T,
las — pa3| < { AT 2 o if m<p<m,
P Bi Bi1(3)—1): :
_93(3711#3) [32 + (2,1¢,2) - NZ% 1(2,1/,2)2 2 ] , if = Ta.
where ) )
2 — B B
i 92(2 — 1s) {_1 LB B ] ’
93B191(3 — 3) By (2—12)
and

Tog =

_ 93(2 —1p2)? { By By ]
93B191(3 — 93) ’

1+§1+(2—¢2)
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where 1), is defined by (3). The result is sharp.

Remark 3

e Putting j = 1 we obtain the result by Al-Shagsi and Darus [2].
e Putting j = 1,k = 2 we get the result by Shanmugam et al [7].

Since
2 -
Q7 f(z +Z n+1— )W)anzk,zel/l,
we have B)TE ) )
-

and

I'(4HI'(2 — 6

p o @re—s) _ | 13)

I'(4—7) 2-70B-17)
For go, g3 given by (12) and (13), respectively, Theorem 3 reduce the following the-
orem.

Theorem 6 Let v < 2. If f(z) given by (1) belongs to 87*(¢), then

2—7)(3=7)¥ Biy 3(2—v) B4y (3—13) .
( 6’8%(—1#;)) ' [BQ + (2—1/)2) - “2%3—3% 1(21—w2)23 } if =i,
jas—pa3] < § C=GEE if  H<p<w,
_ 2= B=yun By 3(2—) BY¥1(3—1s) ; x
73 w;/) {BQ + 2= wz) Mg(gf’;’) (2iw2)23 } , if W= Ty
where )
T BN S S T
93311/11 —13) By (2—12)
and
(2- B B
= ( ) 95(2 = 1)* [1+2+ 11#2}7
g3B191(3 — 13) By (2 1)
where 1, is defined by (3). The result is sharp.
Remark 3

e Putting j = 1 we obtain the result by Al-Shagsi and Darus [2].
e Putting j = 1,k = 2 we arrive to the result by Shanmugam et al [7].
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