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EVEN-TUPLED COINCIDENCE THEOREMS IN GENERALIZED
COMPLETE METRIC SPACES

AHMED H. SOLIMAN, MOHAMMAD IMDAD, AFTAB ALAM

ABSTRACT. In this paper, we use complete asymptotically regular metric spaces
due to Zeyada and Ahmed Soliman to prove a generalization of some recent
even-tupled coincidence point theorems due to Imdad et al. [J. Oper. Volume
2013, Article ID 532867, 9 pages and J. Adv. Math. 9 (1) (2014) 1787-1805].

1. INTRODUCTION

The Banach Contraction Principle is one of the most celebrated fixed point theo-
rems ever proved in Mathematics and still remains an inspiration to the workers of
metric fixed point theory. The significance of this principle lies in its wide range of
applicability within and beyond mathematics. To prove all kind of generalizations
of the aforesaid principle continues to be a heavily investigated topic of metric fixed
point theory and henceforth there already exists an extensive literature on this topic
(c.g.([4], [81-112], [14], [17], [21)-[27)).

One noted variant of Banach contraction principle is essentially due to Bhaskar
and Lakshmikantham [13], wherein the idea of coupled fixed point was initiated in
partially ordered metric spaces besides proving some interesting coupled fixed point
theorems for mappings satisfying a mixed monotone property. Recently, many au-
thors obtained important coupled fixed point theorems (e.g. [1], [2], [5]-][7], [28]).
In the same continuation, Lakshmikantham and Ciri¢ [19] proved coupled coinci-
dence point theorems for nonlinear contractions in partially ordered complete metric
spaces which indeed generalize the corresponding fixed point theorems contained
in Bhaskar and Lakshmikantham [13].

Section 2 of the paper, as usual, is devoted to preliminaries which include basic
definitions and results related to n-tupled coincidence point. Some definitions and
concepts on complete asymptotically regular metric spaces are also included. In
Section 3, we prove an even-tupled coincidence point theorem for ¢-contraction
mappings in partially ordered complete asymptotically regular metric spaces.
Thus, the main aim of this paper is to prove even-tupled coincidence and common

2010 Mathematics Subject Classification. 47TH10, 54H25.

Key words and phrases. contractive type operator, asymptotically regular sequence; ¢-
contraction; MCB property; n-tupled coincidence point.

Submitted Aug. 23, 2014.

257



258 A. H. SOLIMAN, M. IMDAD, A. ALAM EJMAA-2015/3(2)

fixed point theorems in partially ordered complete asymptotically regular metric
spaces.

2. PRELIMINARIES

Throughout this paper, n stands for a general even natural number, while i €
{1,2,...,m} and m € N U {0}. For the sake of simplicity, we write only “ for
all/each/some ¢ 7, “ for all/each m ” and “ for all/each m > 1”7 instead of “ for
all/each/some i € {1,2,...,n}”, “ for all/each m € N U {0}” and ¢ for all/each
m € N” respectively.

Definition 1[16] Let (X, <) be a partially ordered set and F : X™ — X be a
mapping. The mapping F' is said to have the mixed monotone property if F' is non-
decreasing in its odd position arguments and is non-increasing in its even position
arguments, i.e., for any z', 22, 23,..., 2" € X,

forall 2}, 21 € X, 21 < od implies F(x}, 22,23, ...,2") < F(ad, 22,23, ..., 2"),
forall 23,23 € X, 2% < 3 implies F(x!, 22,23, ...,2") = F(a', 23,23, ..., 2"),
forall 23,23 € X, 23 < 23 implies F(x!, 22,23, ...,2") < F(a!, 22,23, ..., 2™)

for all 27, 2% € X, 27 < 2% implies F(x!, 22,23, ..., 27) = F(zt, 22, 23, ..., 2%).
Definition 2 [16] Let (X, <) be a partially ordered set. Let F' : X™ — X and
g : X — X be two mappings. The mappings F' and ¢ are said to have the mixed
g-monotone property if F' is g-non-decreasing in its odd position arguments and is
g-non-increasing in its even position arguments i.e., for any z!, 22, 23,...,2" € X,

for all xl,a:Q €X, g:z:1 = ng implies F(xl, 332 23,2 2 F(xd, 22,23, ..., 2",
for all xl,zz € X, g:c1 = g:c2 implies F(z1, x%,xs, ey T = Fat 22, 23, .. ™),
forall 23, 23 € X, gz3 < gx3 implies F(z! ,xQ,x:f La") 2 F(ot, 22 23, ..., a"),

forall 27, 2% € X, gzt < ga¥ implies F (2!, 22,23, ..., 27) = F(z!, 2% 23, ..., 7).
Definition 3 [16] Let X be a nonempty set. An element (x!, 22 23, ..., 2") € X"
is called an n-tupled fixed point of the mapping F : X™ — X if
ot = F(at, 22,23, ..., 2™)
2% = F(a?, x5 ,x”,ml)
23 = F(a®, .. ,x”7m1,x2)

" = F(gc” ala? .
Definition 4 [16] Let X be a nonempty set. An element (z!,22 23, ...,2") € X" is
called an n-tupled coincidence point of the mappings F': X” — X and g : X — X
if

g(zt) = F(at, 22,23, ..., 2")
g(z?) = F(a?,23, .. ,:C",gcl)
g9(x%) = F(z?,. 796”,3?1,%2)

g(xz™) = F(z", 2t 22, ... 2" ).
Definition 5 [33] Let X be a nonempty set. Let F:X"—> Xandg: X — X be

two mappings. An element (x!, 22 23, ...,2") € X" is called an n-tupled common
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fixed point of the mappings F' and g if

ot = gx') =F(z 22 .. 1",
332 = g(:CQ) = F($27.’I,‘1,,_,,:L‘n),
" = g(z") = F(z", 2% .. zh).

Definition 6 [16] Let X be a nonempty set. The mappings F' : X™ — X and
¢g: X — X are said to be commutating if for all 2',z2,...,2" € X

g(F(a',2%, ...a")) = Flga’, g2, ... ga").

Definition 7 [32] Let (X, <) be a partially ordered set equipped with a metric
d. We say that X has MCB (Monotone-Convergence-Boundedness) property if it
satisfies the following conditions:

(a) Every non-decreasing convergent sequence {x,,} in X is bounded above by
its limit (as an upper bound), i.e.,

T 7 T and T, LIS implies g(x,,) = g(x), for all m.

(b) Every non-increasing convergent sequence {x,,} in X is bounded below by
its limit (as a lower bound), i.e.,

T = Tma1 and T, LN implies g(x,,) = g(z), for all m.

Definition 8 [32] Let (X, <) be a partially ordered set equipped with a metric d
We say that X has g-MCB property if it satisfies the following conditions:

(a) g-image of every non-decreasing convergent sequence {z,} in X is bounded
above by g-image of its limit (as an upper bound), i.e.,

Tm = Ty and T, LN implies g(x,,) =< g(z), for all m.

(b) g-image of every non-increasing convergent sequence {z,,} in X is bounded
below by g-image of its limit (as a lower bound), i.e.,

Tm = Tma1 and T, B implies g(x,,) = g(z), for all m.

If g is set to be the identity mapping on X, then Definition 8 reduces to Definition
7.
Definition 9 [19] We denote by @ the family of functions ¢ : [0,00) — [0,00)
satisfying
(a) ¢(t) <t for each t >0,
(b) lim+ o(r) < t for each ¢t > 0.
r—t

Definition 10 [30, 31] A sequence {x,} in a metric space (X,d) is said to be
asymptotically regular if

nh—>n<’>lo d(xp41,2,) = 0.

Definition 11 [30, 31] Let (X, d) be a metric space. A sequence {x,} in X is called
Cauchy if lim d(z,,x,) =0 for all n,m € N such that m > n.

n,m—0o
Definition 12 [30, 31] A metric space (X,d) is called complete if every Cauchy
sequence in X converges.
Lemma 1 Every Cauchy sequence is asymptotically regular but converse need not
be true in general.
Example 1 Let X = R and d(z,y) = |xr —y| ¥V 2,y € X. Then {x,} in X defined
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n
by x, = Y % is asymptotically regular but not Cauchy.
k=1
Definition 13 [30, 31] A metric space is called complete asymptotically regular if
every asymptotically regular sequence {z,} in X, converges to some point in X.

3. MAIN RESULTS

Before proving our main result, we prove the following lemma:
Lemma 2 Let (X, <) be a partially ordered set. Let F': X™ - X and g: X — X
be two mappings. If F has mixed g—monotone property and x*, 22, ..., 2", y', 42, ...,y" €

X such that g(z') = g(y'), 9(2*) = g(y?), .., g(z™) = g(y"), then

F(z', 2%, ...,2") = Fhvy? ..y
F(m2’ ""xn7xl) = F(yQ’ '."yn’yl)
F(xTL?xl’ ’xnil) = F(yn’y17""yn71)'

Proof Given that g(z!) = g(y'), g(z?) = g(?), ..., g(a™) = g(y"), by using reflex-
ivity of <, we have

g@) = g(yh), g(@®) 2g(?), -, g@@") 2g(y")

As F has mixed g—monotone property,we have

F(zl 2% ... 2" < F(yt y?, . 9™)

and

F(zl 2% . 2" = F(yt y?, ... y")

By using anti-symmetry of <, implies that
F(zt, 22, .., 2") = F(y', 92, ..., y™).

Similarly, one can show that

F(m2""’xn7x1) = F(y2""7yn’y1)

e
8
'3
B8
.
kS
3
N
1

Fly™, gty y™ ).

Now, we prove our main result as follows:
Theorem 1 Let (X, <) be a partially ordered set equipped with a metric d such
that (X,d) is a complete asymptotically regular metric space. Let F': X" — X
and g : X — X be two mappings, where n stands for fixed even natural number.
Suppose that the following conditions hold:

(i) F(X™) C g(X),

(ii) F has the mixed g—monotone property,
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=R

(iii) (g, F) is a commutating pair,

(iv) g is continuous,

(v) either F' is continuous or (X, d, <) has g-MCB property,
(vi) 3o, 23,23, .....,28 € X such that

g(xg) X F(xg, 5, ..., 1),

9(x) = F(ag, ... x5, g),

9(x3) 2 F(ag, ..., 2§, 2, 23),

9(xf) = Faf, 25, 25),
(vii) 3 ¢ € @ such that

AFW).F(V) < (% 3 dlga'av')). 2)
for all U = (x!,22,...,2"),V = (y_l,yz,...,y”) € X" with

9(z') 2 g(y"), 9(2?) = g(y*), - 9(=") = g(y").

Then F and g have an n-tupled coincidence point.
Proof In view of the hypothesis F(X™) C g(X), we construct the sequences {z},},
{22}, {23 },....{z"} in X as follows:

g(x}n+1) = F(x}n,xfn, eey inlm)ﬂ
g(mm+1) = F(xmv"'7xm;

Now, we prove that for all m,

9( m) = g(x m+1)19($$n) = g(xEnJrl)v"' s 9(xn) = g(,41)- (4)

By using (1) and (3), we obtain

g(m(l)) = F(x(l)vx(Q)vvxg) = g(xi)a
g(m%) = F(x07 7x87x(1)) = g(l‘%),
9(950) = F(%a%v 7'%'871) = g(m?)

So (4) holds for m = 0. Suppose (4) holds for some m > 0. By using mixed
g-monotone property of F'; we have

1 o 1 2 n—1 n
g(merl) - F(xm Typyeoes Loy axm)
1 2 n—1 _n
j F( m+1a mo e 7:Cm axm)
n—1 n
j F( 7n+1’ m+17""xm ’mm)
1 2 n—1 n
j F($m+1,$m+1, ""xm+17xm)
1 2 TL 1 P
= (T, Tpg1s e T m+1s Tyt1)

= g(x11n+2)v
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2 _ 2 3 n 1
g(xm-i-l) - F(zmﬁxmv"'vxmvxm)

2 3 n 1

= F(x, 1, %, s Ty Ty
2 3 n 1

= F($m+17xm+1"“’wm7xm)
2 3 n 1

t F(xm+1’xm+17"'7xm+l7mm)
2 3 n 1

= F(Tg1s Tog1s o T 15 Tpg1)

_ 2

- g(xm—Q—Q)a

n o n 1 n—2 n—1
g(xm—i-l) - F(mmaxmv"wxm y Lo )

n 1 n—2 ,n—1

t F(Im-‘rla'rmv'"vxm a'rm )
n 1 n—2 ,n—1

t F(xm-‘rlaxm-i-la-"axm axm )
n 1 n—2 n—1

= F(ay 1, Tots s Ty 10 T )
n 1 n—2 n—1

= F(Thi1s Togts o Tog1s Tmg1)

= g(zh42)-
Then, by induction, (4) holds for all m. We define a sequence ¢, > 0 as follows:
Om = AT 9T 1) + A9, 923 41) + oo+ d(gar,, g, 4)-

In case, 6, = 0 for some my € NU {0}, we have

d(g‘x}novgz}no—&-l)) = d(gz?noagl‘gng-&-l) = = d(gx;nnoagx%g—i-l) =0.
Consequently by using (3), we get
g(m}“no = g(mgn0+1) = F(m}noaxznoa xfnw ~~~~~ ) x;lm)a
g(l‘gno) = g(x?fno-i-l) = F(xgnoaxfnm ..,Z‘%O,x}no),

g(x'rnno) = g(xfno-l-l) = F(x:tnoaxgnoax?noa -"ax:n_ol)
T

so that (m,lno, Tpos s Ty, ) i an n-tupled coincidence point of F' and g and hence
we are through. Otherwise, if §,,, > 0 for all m, then we have to show that for each
i and all m,

2 n

, , o
d(g$:n+1ﬂg$:n+2) < ¢(?) (5)
On using (2), (3) and (4), we have
d<g$11n+lvgxrln+2) = d(F(xrln’ x%w sy .%‘:Ln, min)7 F<x71n+1, $$n+1’ A mfnJrl))
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Similarly, we can inductively write

d(gx?nJrlv gxqszrz) < ¢(%) )

d(gxfnﬂa gmfn+2) < ¢(%n) )

Hence (5) holds for each i and for all m. By taking summation of (5) over i, we get

id(gwkﬂagﬁnm) < néﬁ(%ﬂ)a
so that
S <o (2. (6)

Since ¢(t) < t for all ¢ > 0, therefore 6,41 < dp, for all m so that {d,,} is a
decreasing sequence. Since it is bounded below (as d,, > 0), there is some § > 0
such that

lim 6, =67T.

m—0o0
Now, we show that § = 0. Suppose, on contrary that § > 0. Taking limit of both
the sides of (6) as m — oo and keeping in mind our supposition that lim+ o(r) <t
r—t

for all ¢t > 0, we have

6= lim bps1 <7 lim ¢(5ﬂ) —n lim ¢(%’”) <n(é) — 5,

m— oo 0o n Sm—> 6T n

which is a contradiction so that § = 0 yielding thereby
lim_d(gahy, gk 1) + d(gr%. g% ) + o (gl grlhy) = 0. (7)

which implies that {gz},}, {g22,}, ..., {gz?,} are asymptotically regular sequences
in (X, d). Since the metric space (X, d) is complete asymptotically regular, so there
exist ', 22, ...,2" € X such that

; 1
Jim (e}
Jimg(z7,)

1

:a’,‘,
:$2,

lim g(al’) = ™.
m— 00
By the continuity of g and (8), we can have
lim g(g,,) = g(«),
m—r o0

3 2\ — 2
Jimg(gzy,) = g(a),

lim g(gay,) = g(z").
m— o0
Using (3) and the commutativity of F with g, we get
9923, 11) = 9(F (20, 000 s 27)) = F(g20, G20, s 92T,
g(gx?nJrl) = g(F(xgwxg’m 71’2@)) = F(gx%l,gxf’n, ...,g:):}n)7
: (10)
99 1) = gUF (b o2l Y)) = Flgal, gl s g2 ).
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Now, we show that F' and g have an n—tupled coincidence point. To accomplish
this, we use assumption (v)’. Suppose that F' is continuous, then on using (8), (9),
(10) and continuity of F', we obtain

g(a') = lim g(gan, 1)

m—o0

= lim F(gal, 6 g22,, ..., 92z")
m—r oo

. 1 . 2 . n
F( lim gz lim gzz ,..., im gz )
m—>oog m’ m—>oog m? 7m—>oog m

= F(2',2% .., 2").

Similarly, we can also show that

g(m2) = F(x27:1237 "'7:1:”"1;1)7
g(:v?’) = F(x3,...,x",x1,x2),
g(z™) = F(z", 2t .., 2" ).

Thus, the element (x!,22,...,2") € X" is an n-tupled coincidence point of the

mappings F and g. Otherwise, assume that X has g-MCB property. Since {gz?,}
is non-decreasing or non-increasing according as i is odd or even respectively and
for each i, g(xt,) — x* as m — oo, we have

g(gzl,) < g(zh), glgz2,) = g(a?), -+, g(gz) = g(z™). (11)

We claim that for all m

1 - 7 7
A(F (G, 955 o 927), F(ah o 2™)) < =3~ d(ggay,, ga'). (12)
=1

On account of two different possibilities arising here, we consider a partition {N° N*}
of N, i.e., NN UN*' = N and N’ NN+t = {) verifying that

(i)d(ggzt,, gx*) = 0 for each i and for all m € NO.

(ii)d(ggal,, gz*) > 0 for some i and for all m € N*.
In case (i), by using Lemma 2, we get

F(gZ s 9Ty s - GTpy) = F(a',a?, .. 2")
F(g:z:fno,...,gx?no,ga:}no) = F(2?, ..., 2", z")
F(gxﬁnovgxgnoa"'agxnmiol) = F(xnvmlv"wxnil)

n

which implies that d(F(ga:,lno,gx?no, s GT ), F(x',...,2")) = 0 and hence in this
case (12) trivially holds.

n

In case (ii), we have L > d(ggat,, go*) > 0. By using (2) and (11), we get
i=1

% > d(ggat,.92')) < % > d(ggat,, gz*)

i=1 i=1

A (g2}, g%, s g) Fa" i) < 6
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i. e. (12) is proved. Hence (12) holds for all m. By using triangular inequality,
(10) and (12), we get

d(gz', F(z',...,2™) < d(gz', g9z}, 1) +d(ggz), 1, Fz',....a™))

= d(ga', ggx), 1) + d(F (g}, gz, ... gzp), F(z', .. a™))
1 ) )
< d(gat g9tm4) + D dlggan,, g2').

Letting m — oo in the preceding inequality and using (9), we have

Similarly, we can also show that

g(a®) = F(*4°, ..,a" 2",
g(x?’) = F(x3,...,x",x1,x2)7
ga™) = F(x”,a:l,...,x"_l)

which show that (x!,22,...,2™) is an n-tupled coincidence point of F' and g. This
completes the proof.

On setting g = I, the identity mapping on X, in Theorem 1, we get the corre-
sponding n—tupled fixed point theorem.
Corollary 1 Let (X, <) be a partially ordered set equipped with a metric d such
that (X,d) is a complete asymptotically regular metric space. Suppose that the
following conditions hold:
(i) F has the mixed monotone property,
(ii) either F is continuous or (X, d, <) has MCB property,
(iii) 3 zf, 2, 23, ...,z € X such that
xy < F(xd, 23, ..., x),
23 = F(23,..., 28, 2}),

xf = F(af, xd, .oz,
(iv) 3 ¢ € ® such that

AFW). F(V)) < o} 3 d 7y)

for all U = (2,22, ...,2"),V = (y', 92, ..., y"
2! %y x? >—y,..., =y

Then F has an n-tupled fixed point.

On setting ¢(t) = k.t with k£ € [0,1) in Theorem 1, we get the following result.
Corollary 2 Theorem 1 remains true if the contractive condition (vii) is replaced by
the following contractive condition (vii)’ besides retaining the rest of the hypotheses.

n . .
(vii)  d(F(U),F(V)) < 5 32 d(gz’,gy"), k €10,1)

i=1
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for all U = (a!,22,...,2™),V = (y', 9%, ...,4") € X", with

g(z") 2 g(y"), 9(&%) = g(y*). .., (") = g(y™).

On setting ¢(t) = k.t with k € [0,1), in Corollary 1, we get the following result.
Corollary 3 Corollary 1 remains true if the contractive condition (iv) is replaced by
the following contractive condition (iv)’ besides retaining the rest of the hypotheses.

(iv) d(FU),F(V)) < > d"y"), ke0,1)
i=1
for all U = (2!, 22,....,2™),V = (y}, 9%, ...,y") € X", with

a! < y17172 = yz’ @ m Yyt

Now, we are equipped to prove the corresponding uniqueness theorem. Let
(X, %) be a partially ordered set. Equip the product X™ with the following partial
order:

For all (zt,22,...,2"), (y*,y?,...,y") € X"
(xt 22, 2) = (yh o2, ., y") if and only if 2! < ¢yt a? = ¢? 23
Y3, ..., 2™ = y™. We say that two elements (2!, 2%, ...,2") and (y',%?,...,y") of X
are comparable if
either (z!, 22, ..., 2") <, (y', 92, ...,y") or (1,22, ....2") =, (v, 92, ..., y"™).
Theorem 2 In addition to the hypotheses of Theorem 1, suppose that for all even
n-tupled coincidence points (zt, 22, ...,2"), (y*,y2,...,y") € X" of F and g, there
exists a (ul,u?,...,u") € X™ such that
(F(ub,u?, ... u™), F(u?,...,u™,ub), ..., F(u™,ul, ... um 1))
is comparable to
(F(xt 22, ... 2", F(2?, ..., 2™ ab), ..., F(a™, 2t ..., 2" 1))

IA

S

and
(F(y17 y2’ e y”)? F(y27 ctt y”? y1)7 M F(yn7 yl’ R yn_l))'
Then F' and g have a unique n-tupled common fixed point.
Proof In view of Theorem 1, the set of even n-tupled coincidence points is nonempty.
If (21, 22,...,2"), and (y',9?,...,y") are two n-tupled coincidence points, then
g(zt) = F(at, 22, ..., 2"),
g(z?) = F(2?,23, ..., 2", 2b),

(13)
g(z™) = F(am, at, 22, ... 2" 1)
and
9W') = Fy' v, y™),
9W?) = F(y* v°, .y yh),
(14)

g(y™) = Fy"y's....,y" ).

Now, we have to show that
g9(z) = 9(y"), 9(=*) = g(v*), .- g(&™) = g(y™). (15)
By one of the assumptions, there exists (u',u?,...,u™) € X™ such that
(F(u',u?, ..., u™), F(u?, ...,u",ub), .., F(u™,u', ..., u" 1))
is comparable with

(F(z', 2%, ..., 2"), F(2?, ..., 2", zb), .., F(z", ', ...,z""1))
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and
(Fyh gy 2 sy g F 0y h).
Put uy = u!, v} = w?, ...,uf = u". Since F(X™) C g(X), on the lines similar to
the proof of Theorem 1, we can inductively define sequences {ul }, {u2,}, {ud,},...,
{u} such that
)’

)

Q(Uén-s-l) =

F(tgy, i, oo
9(up 1) = F(up,, uy

n
um
n
ey U

3

g(u:;z-&-l) = F(u?nvu%mvu}n)
Since
(F(xt 22, .. 2", F(2?, ... 2™ 2b), ..., F(a™, 2t ... 2" 1)) = (gat, g2?, ..., ga™)
and
(F(u17u2’ ""un)’F(u27 "'7un7u1)7 "'7F(un7u17 "'7un71)) = (gu%7gu%7 "'7gu?)
are comparable, therefore

g(z") = g(u1), 9(2*) = g(u), -+, g(z") = g(uy).
Now for all m > 1, it can be easily seen that
g(@') 2 g(uy,) = g(up41)
9(@?) = g(u3,) = g(uf, 1)

: (17)
9(x") = g(up,) = g(ug,11)-
Denote
Ym = d(gz", guy,) + d(gz?, gul,) + ... + d(ga", guyy,) (18).
then we have to show that
lim ~,, =0. (19)

m—0o0
Now two cases arise. Firstly, suppose that v,,, = 0 for some my € N then
d(gz!, gul,,) = d(gz?, gu2,)) = ... = d(gz",gup,) = 0. On using Lemma 2, we
obtain

F(z, 2?,...,2") = F(urlno,u?no, ceny

U/Z’Lo)
F(z?, ..., z" 2" = F(u? ---,uﬁwu,ln

. x"il) = F(uﬁlo,u}no,...,uﬁgl)
Consequently, by using (13) and (16), we get
d(gz', guy, 1) =d(F(zt,2?, ., 2"), F(ul, u2, .. ul)) =
d(ga®, gup, 1) =d(F(2?, .. 2" ah), F(u2, .. ul  ub,)) =

mo? ) Ymg Ymg
d(gz", g, +1) =d(F(z™, 2, ... 2" 1), F(u?, ul .. out- 1) = 0,

which by using (18) implies that 4,41 = 0. Thus by induction, we get v, =
0V m > myg, yielding thereby lim ~,, = 0. Hence, in this case, (19) is proved.
n—oo
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On the other hand, suppose that 7, > 0 for all m > 1. Then, by using (13), (16), (17), (2)
and (18), we get

d(gzt, gub, 1) = d(F(z', 22, .. a™), F(ul,, ul,, ...;ul))

m’ m? ? m

o(l St at) =o(2).
¢(n§_; (92", gup) ) = o~
Similarly, we can have
d(gz®, gup, 41)

d(gz®, gud, 1)

IN
<
A~
~—

A
-
/N
N—

A\
<
—~

=2
3
N

d(gx", gup, 1)

By adding above inequalities, we get

n n ’ym
d(gxlagu}nJrl) + d(g$2agu$n+1) +.t d(gl' 7gum+1) S n¢<7)7
so that
Yma1 < ngb(’y—m) for allm > 1. (20)
n

Since ¢(t) < t for all £ > 0, therefore v,,41 < n(3™) = 7, for all m > 1 so that
{¥m} is a decreasing sequence. Since it is bounded below (as 7, > 0), there is
some 7 > 0 such that

lim 7, =~*.

m— o0
Now, we show that v = 0. Suppose, on contrary that v > 0. Taking limit on the both
sides of (20) as m — oo and keeping in mind our supposition that lim o(r) <t for
r—t
all £ > 0, we have

vy= lim yp41 <n lim ¢<7—m) =n lim ¢<7—m) < n(l> =,
m—r 00 m—» 00 n Ym— YT n n
which is a contradiction so that v = 0 yielding thereby h_I}l Ym = 0. Hence, in
m o0
both the cases, (19) hold. Consequently from (19), we have
lim_d(g(x),9(u,,)) =0,
m e}

lim_d(g(x?), g(uz,)) =0,

lim_d(g(z"), g(u)) = 0.

m— o0

Similarly one can prove that
lim d(g(y"), g(uy,)) =
2

m— 00

lim d(g(y?),g(u2,)) =

m—0o0

lim_ d(g(y™), g(ulh)) = 0.

m—r0o0
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By the triangle inequality, (21) and (22), we have

d(g(z"), g(y")) < d(g(z'), gluy,)) +d(g(uy),9(y") =0 as m — oo
d(g(z?),9(y*) < d(g(z®),g9(uz,)) +d(g(up,), 9(y*)) = 0 as m — oo

A

d(g(z™),g9(y™)) < d(g(z"),g(up,)) +d(g(up,), g(y")) — 0 as m — oc.

Hence g(z') = g(y'), ..., and g(z™) = g(y"). Thus (15) is proved.
Since

g(zh) F(z',a?, ... a")
g(z*) = F(a®, ..,a"a")
g(z™) = F(x",xl,...”x"_l),

owing to commutativity of F and g, we have
9(g(z!)) = g(F(fC 2%, ..,a")) = F(g(z}), 9(2?), .. g(=")),

g(g( )) - g(F( ey T "rl)) = F(g(m2), ""g(xn)7g(xl))a
: (23)
g(g(z")) = Q(F(z ‘Tlv A 1)) = F(g(z"), g(a'), ..., g(z" ).
Write g(z1) = 21, g(2?) = 22, ..., g(2"™) = 2™. Then from (23),
(Zl) Pz ,2"),
9(z%) = F(2* ,2"),
(24)

g(z") = F(2", 2, ..., 2" h).
Thus (2! z”) is a n-tupled coincidence point. Then owing to (15) with y* =
2y? = ey = 2" it follows that g(z') = g(at), g(2?) = g(2?),... and
9(=") = gla") ice.

Z
Z

g(z') = 2t g(2%) = 22, L g(2") = 2" (25)
Using (20) and (25), we have

2= g(z") =F(z" 2.2,

Hence (2%, 22,...,2") is a n-tupled common fixed point of F and g. To prove the
uniqueness, assume that (w',w?,...,w™) is another n-tupled common fixed point.
Then by (20), we have w! = g(w!) = g(z!) = 2}, w? = g(w?) = g(2?) = 22,..w" =

g(w™) = g(z™) = 2™. This completes the proof.

The following example illustrates Theorem 1.
Example 2 Let X = [0,1]. Then X is a complete asymptotically metric space
under natural ordering =< of real numbers and natural metric d(z,y) = |z — y| for
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all z,y € X. Define g : X — X as g(x) = %5 wherein n is fixed and n > 1 for all
x € X. Also, define F': X™ — X by

R s S

F(z',2?,.. . a") =

(:L. 7x ) ,:L. ) n2 _1 )

for all z',22,...,2" € X.

Define ¢ : [0, 00) — [0,00) as ¢(t) = ;;47t where n is fixed as earlier. Now,

d(F(xl,xQ, e ,x"),F(yl,yQ, e y™)

_ d(117$2+$37w4+”.+zn—17$n yl_y2+y3_y4+“.+ynfl_yn)
)

n2—1 n2—1
I T L T ) _ Yty Byt gy
T n+1 n—1 n—1
< 1 |‘,L,1_yl|+‘w2_y2‘+“.+|wn_yn|
— n+ln n—1
_ _n_ 1 d( 1 1)+d( 2 2)+ +d( n n)
= n+in gr-, gy gr=, gy gr-, gy

cb(% 3 dlga”, gyi))
Thus all the conditions of Theorem 1 are satisfied and (0,0, ...,0) is an n-tupled
coincidence point of F' and g.
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