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ON CERTAIN CLASSES OF UNIVALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS DEFINED BY CONVOLUTION

H. E. DARWISH, A.Y. LASHIN, E. M. MADAR

ABSTRACT. In this paper we introduce three subclasses of T; S¥T(g;«a, ),
S:T(g; o, B) and Si.T(g;«,B); consisting of analytic functions with nega-
tive coefficient define using convolution, and are respectively, starlike with re-
spect to symmetric points,starlike with respect to conjugate points and starlike
with respect to symmetric conjugate points. Several properties like, coefficient
bounds, growth and distortion theorems, radii of starlikeness, convexity and
close-to-convexity are investigated.

1. INTRODUCTION

Let S denote the class of functions of the form
f2)=z24> ap (1)
k=2

which are analytic and univalent in the open unite disk U = {z : |z| < 1}. Let S*
be the subclass of S consisting of starlike functions in U. It well know thatf € S*

if andonlyif@?{zf/(z)}>0, (z€U).

e
Let S¥ be in the subclass of S consisting of functions of the form (1) satisfying

2f'(2)
%{f(z)—f(—z)}>0’ (zeU). (2)
These functions are called starlike with respect to symmetric points and were intro-
duced by Sakaguchi [8] (see also Robertson [7], Stankiewicz [10], Wu [13] and Owa
et al. [6]). In [5], El-Ashwah and Thomas, introduced and studied two other classes
namely the class S} consisting of functions starlike with respect to conjugate points
and S%, consisting of functions starlike with respect to symmetric conjugate points.
In [12], Sudharsan et al. introduced the class Sg (e, §) of the functions f (z) € S
and satisfying the following condition (see also [9]):

2f'(z) zf'(2)
fo-fea e e ¥
forsome 0 <a<1l,0<pB<landzeU.
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Let T denote the subclass of .S consisting of the functions of the form :
fe)=2z-> az* (ar>0). (4)
k=2
For f € S be given by (1) and g € S given by
g(z) =2z — Z brz®  (bp > 0) (5)
k=2
the Hadamard product (or convolution) of f and g is given by

(f*9)(z) =2 =D arbez" = (g )(2). (6)
k=2

Definition 1. Let the function f(z) of the form (4). Then f(z) is said to be in
the class S¥T(g, o, 8) if it satisfies the following condition:

2(f*9)'(2) B 1‘ 2(f xg9)'(2)
(fxg)(z) = (f*9)(—=2) fxg)(2) = (f*9)(—2)

<B

+ 11, (7)

“1

whereO§a§1,0<6§1,0§21(};53)<1andz€U.

Definition 2. Let the function f(z) of the form (4). Then f(z) is said to be in
the class S*T(g, «, 8) if it satisfies the following condition :

wfrg)@)

‘ A(f *9)(2)
(f*9)(2) + (f*g)(2)

« ——— +1

(fx9)(2) + (f*g)(2)

<B : (8)

WhereO§a§1,0<5§1,0§2fi7;?<13ndz€U.
Definition 3. Let the function f(z) of the form (4). Then f(z) is said to be in
the class S¥.T'(g, o, B) if it satisfies the following condition :

LY (O N

(fx9)(2) = (f+g)(=2)

-1

<p

| A9 @

(f *9)(z) = (f x9)(=2)

where 0 <a<1,0<<1,0< 2&;? <landzeU.

Specializing the parameters «, 8 and the function g we have the following classes
studied earlier :

(i) S:(2mi L 1) = S5 (see [8));

(i) St (rmyi B ) = S3(an B ) (see[12]);
(11) Sk (= + kz_:2 k"zF;a, B) = 8%, (o, ) (Aouf et al [1]).
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Also we can obtain the following new classes for different choices of the function
g:

(Z) S:(z+zrk[al7b1]zk7a76) = Sq,s(a17blaa7ﬂ)
k=2

. z(Hgsla1.b1] f(2)) B
{f €4 %{wq,s[al;bl] F(2) — (Hyalr:br] F(—2) 1}
2(Hy dlard] £(2))'
< PO, vt 7(2) = (Hysfar: 0] f(Z)H‘} (10)

where

(a1)k—1"(ag)r—1
(1)k—1 .- (bs)g—1(k —1)!
and Hy s[a1;bi1] is the Dziok-Srivastava operator (see [4]);

(i1 S*Z—FZ{W} Fa,8) = S(ua,B)

I'ilar; b1] =

2(I™ (. 0) f(2) }
= AR —
Ry ey e
2(I™(p, 0) f (2) ‘}
0 se) - i MY
where m € No,pu, £ >0,z € U and I"™(u, £) is extended multiplier transformations
operator(see[2]);

A

(ii)S7 (2 + > _ Cr(b,s)z"0,8) = Si(a,p)
k=2
_ 205 f(2)
- {fEA M Te -5 f) 1}
o 2 f ()
<ﬂ' 7 TG -5 f(—z>“}
where
Cr(b,s) = (ﬂ) (beC\Z ,Z~ =Z\Np;s € C;z €U) (12)

and j; is the Srivastava-Attyia operator(see[11]).

2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we assume in the reminder of this paper that 0
<a<1l,0<p<L, 0L 1(-1;-05;) < 1 and z € U. We shall use the technique of
Dziok ] to prove the following theorems.

Theorem 1. Let the function f(z) be defined by (4) and (f*g)(2) —(f*g)(—2)
# 0 for z # 0. Then f(z) € S*T(g;a, 8) if and only if

S A tofk— (- A (D ab<B@1a) -1 (13)
k=2
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Proof. Let |z| = 1. Then we have

= i {(1+aB)k—(1—B)1 - (=1)*]} axbyr — [B(a +2) — 1] < 0.
)

Hence, by the maximum modulus theorem, we have (f * g)(z) € S¥T(g; o, 3). For
the converse, assume that

() ()
Fa) () (Fra)(—2)
(=)' (2)
g (o)) T 1

e Sk 1t (1M agbizt
= =2 <B.
(a+2)z— > [ak +1— (=1)*lagbz*
k=2

Since |Rz| < |z]| for all z, we have

24+ Y[k =14 (=1)*|apbs2*
k=2

R < B. (14)

(a+2)z — § [ak + 1 — (=1)*|agby2*
=2

Choose values of z on the real axis so that % isreal and (f*g)(z) —

(fxg)(—=2) # 0 for z # 0. Upon clearing the denominator in (14) and letting z — 1~
through real valuse, we obtain

14 [k =14 (=D¥arbe < Bla+2) = B ok + 1 — (=1)*]axby.
k=2 k=2

These gives the required condition

Corollary 1. Let the function f(z) defined by (4) be in the class ST (g; o, 5).
Then we have

B2+a)—1
“E T emk- AL - (e P (1)
The equality in (15) is attained the function f(z) given by
flz) =2 — B2+a)—1 F (k> 2). (16)

{4+ ap)k = (1 =) = (=1)*]} bx
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Theorem 2. Let the function f(z) be defined by (4). Then f (z) € ST (g; o, )
if and only if

> {1+ af)k—2(1—B)}arby < B2+a) - 1. (17)

k=2

Corollary 2. Let the function f(z) defined by (4) be in the class ST (g; o, 5).
Then we have

B2+a)—-1
S ek 21— Bt 2P (18)

The equality in (18) is attained for the function f(z) given by

L B2+a)—1 k
MO = twvapr 2 —pin” 2% 1)

Theorem 3. Let the function f(z) be defined by (4). Then f(z) € S2.T(g; o, )
if and only if

S (U tofk—(1- AL - (D aby < f@+0) 1 (20)

k=2

Corollary 3. Let the function f(z) defined by (4) be in the class S¥,T(g; o, 5).
Then we have

B2+a)—1
B (e e (e e eV Ty 2y
The equality in (21) is attained for the function f(z) given by

fz) =2 - f2+a)—1 zk
(At apk— (A1 (") b

By takinga=0and f=1—v (0<~vy< %) in Theorem 1, we have the following
corollary :

Corollary 4. Let the function f(z) defined by (4). Then f(z) € S¥(v) if and only
if

(k > 2). (22)

o0

S {k =l - (~1)"} axb < 1-27. (23)

k=2

3. DISTORTION THEOREMS

Theorem 4. Let the function f(z) defined by (4) be in the class S¥T'(g; o, ). Then
for |z| = r < 1, we have

O e (29
and
pE) <+ 2RO L (25)

20+ afls



148 H. E. DARWISH, A.Y. LASHIN, E. M. MADAR EJMAA-2016/4(1)

provided that bgy; > b > 0 (k > 2). The equalities in (24),(25) are attained for
the function f(z) given by
BR24+a)—1 ,

51+ af)bs - (26)

fz)=2—
at z =7 and z = r'CTHOT (7 € 2),

Proof. Since for k > 2,
21+ aB)be] < {(1+ap)k — (1= B)[1 — (=1)"]} by,

using Theorem 1, we have

201+ aB)ba] 3 a

< i {+apk— (1= - (D)} arbe <p2+0a) -1 (27)

k=2
that is, that
B2+a)—1
2
Zak = 2 201+ af)bs (28)
It follows from (4) and (28), we have

B2+a)—1
> —r? > 2
lf)| =r—r Zak r— 1+oz,8)b2

and
B2+a)—-1 2

[F) Srtr? ) jan <rt g i,

k=2 21
This completes the proof of Theorem 4.

Theorem 5.Let the function f(z) defined by (4) be in the class S*T'(g; a, ). Then
for |z| = r < 1, we have
B2+ )~ 12— 501+ )]
(14 ap)?b,

1f(@)l =1 - (29)

and

52+ ) 12~ B(1 + )]
(14 aB)2bs ’

provided that by41 > by > 0 (k > 2). The result is sharp for the function f(z) given

by (26).

[F'E) <1+ (30)

Proof. From Theorem 1, we have

(1+ap) ngkak <(1-p Zakbk+5[(2+a) —1] (31)
k=2 k=2
and
Zakbk < 2 i 04) —1 (32)

2(1+aB)



EJMAA-2016/4(1) ON CERTAIN CLASSES OF UNIVALENT FUNCTIONS 149

using (31) and (32), we have

- [B(2+a) —1][2 - B(1 + a)]
kay <
kzzz K

(14 aB)2bs ’

and the remaning part of the proof is similar to the proof of Theorem 5.

Theorem 6. Let the function f(z) defined by (4) be in the class S}T(g; o, B).
Then for |z| = r < 1, we have

B2+a)-1
|f(2)] = 71— ng (33)
and
) >+ ST 1 (34)

26(1+ a)by
prvided that bxy; > br > 0 (k > 2). The equalities in (31),(32) are attained for
the function f(z) given by

£(2) = 5(2+04)*1Z2

© 2801 + )by (35)

at z =r and z = rCTHOT (7 € 2).
Proof. The proof is similar to the proof of Theorem 4.

Theorem 7. Let the function f(z) defined by (4) be in the class S¥T(g; o, 5).Then
for |z| = r < 1, we have

, B2+a)—1
() >1- mr (36)
and
£ < 1+ (37)

provided that by 41 > by > 0 (k > 2). The result is sharp for the function f(z) given
by (33).

Proof. The proof is similar to the proof of Theorem 5.

4. EXTREME POINTS
Theorem 8. The class S¥T(g; «, 3) is closed under convex linear combination.

o0

Proof. Let the functions f;j(z) = z — Y ax;2* (ax,; > 0) be in the class
k=2
S¥T(g; o, ). Tt is sufficient to show that the function h(z) defined by
h(z) = AM1(2) + (1 =N f2(2)(0 <A < 1) (38)

is in the class S¥T'(g; a, 8). Since, for 0 < A < 1,

h(z)=z— Z[x\ahl + (1 — Nag 2]2",

k=2
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with the aid of Theorem 1, we have
i {A+ap)k — (1= B)[1 = (1)} be[Aara + (1 = Nagz] < [B(2+ @) — 1],
k=2
which implies that h(z) € S¥T(g; a, ).

Theorem 9. Let fi(z) =z and

B2+a)—1 &

fr(z) =2z — z
M = A amh - (- B - 1T

for 0 <a<1,0< f <1. Then f(z) is in the class SIT(g; a, ) if and only if it

can be expressed in the form

(k=2) (39)

F(z2) =" Mefi(2) (40)
k=1
where A\, >0, (k> 1) and io: A = 1.
k=1
Proof. Suppose that
) = ) Mfi(2)
k=1
_ Zioo B2+a)—1 bk
SRR D (R s sy ey A
Then we get
Z, (st a-pn - comn . .
Blzt+a) =1 S {1 +aB)k— (- )1~ (-1} b
k=2
:i)\kzl—Algl. (42)
k=1

By virtue of Theorem 1, this shows that f(z) € S¥T(g;«, 3). On the other hand,
suppose that the function f(z) defined by (4) is in the class ST (g; o, 5). Again,
by using Theorem 1, we can show that

B2+a)—1

= {1+ aB)k— (1 —B)[1—(=1)*} by (k > 2). (43)
Setting
_{@tafk— (=B (1} arby
M= BR2+a)—1 (k> 2), (44)
and N
k=2

we can see that f(z) can be expressed in the form (40). This completes the proof
of Theorem 9.
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Corollary 5. The extreme points of the class S¥T(g;a, §) are the functions
frx(2) (k > 1) given by Theorem 9.
ilarly we can prove the following results.

Theorem 10. Let fi(z) = z and

B2+a)—1 k
z)=z— z k>2
RO =2 tvamr - o comes =Y
for 0 < a<1,0 < <1.Then f(z)isin the class S¥.T(g; o, 8) if and only if it can
be expressed in the form f(z) = > Apfx(2), where Ay, >0 (k> 0) and > Ay = 1.
k=1 k=1

Corollary 6. The extreme points of the class S!.T(g; «, 5) are the functions
fx(2) (k > 1) given by Theorem 10.

5. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 11. Let the function f(z) defined by (4) be in the class S¥T(g; v, 8),
then f(z) is close-to-convex of order 6 (0 < § < 1) in |z| < r1, where

. inf{u — ) {(L+af)k— (1= B - (=D*} b

; FBC+a) 1] } (k=2). (46)

The result is sharp with extremal function given by (16).

Proof. For close-to-convexity it is sufficient to show that |f'(z) — 1| <1 —§ for
|z| < r1. We have

THOESIED Pl
k=2

Thus |f'(z) — 1] <1-4if

i <1f5> ar |2[*7 < 1L (47)

k=2

According to Theorem 1, we have

—~ {1 +aB)k—(1-p)[1 - (=D}
2 5

(2 T a) 1 akbk S 1. (48)

Hence (47) will be true if

()1 < {1+ aB)k - (1- )1 - (-1}
1-9§ - B2+a)—1

br

or if

1

} (k>2).  (49)

2] < (1-0){(1+aB)k—(1—B)[1 - (=1)*]} b
- E[B(2+ a) —1]

Sim-
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Theorem 12. Let the function f(z) defined by (4) be in the class S*T(g; o, B),
then f(z) is starlike of the order ¢ (0 <4 < 1) in |z| < rg, where

W:hﬁ{u—ﬁ{u+amk—u—mu—c4ﬁwm

(k—0)B2+a)—1] } (k=>2).  (50)

Proof. It is sufficient to show that

zf'(2) ‘
—11<1—-46 for |z| < rs.
) for <
We have
kE— Dag|2|"7?
S| &F -t
f(Z) 1— Z ak|z|k71
k=2
zf'(2) :
Thus i) —1‘ <1-4 if
oo k—1
3 (Gl U1 Y (51)

= (1-9) -

Hence, by using (48), (51) will be true if

(k= 8)z*"" _ {1 +aB)k— (1B - (-1!} by
-9 = B+ a)-1

_ Bk — (1— B — (—1)k w1
Z|<{(1 6){(1J2k€);)ﬂ(;1+af)£11 = ]}bk} (k>2). (52)

Theorem 12, follows easily from (52).

Corollary 7. Let the function f(z) defined by (4) be in the class ST (g; o, 5),
then f(z) is convex of order § (0 <4 < 1) in |z| < r3, where

e [0 aB)k - (1= B~ (D)} b
- k(k—0)[B(2+a) — 1]

}kl (k>2). (53)

The result is sharp with the extremal function given by (16).

6. INTEGRAL OPERATORS.

Theorem 13. Let the function f(z) be in the class S¥T(g;«, 3) and ¢ be a
real number such that ¢ > —1. Then the function F(z) defined by

z

Plz) = <1 / L (1) dt (54)

2C
0

also in the class S¥T'(g; @, ).
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Proof. From the representation of F'(z), it follows that

z)=z— dezk (55)
k=2
where
c+1
k= (c k:> axby, (56)
Therefore

S {(t+aB)k—(1-B)L— (1)} d
k=2

= c+1
= S {t ek -1 pl- () ()

< D {0+ aBpk— (1= B)[1— (1"} arbs

< B2+a)-1 (57)

Since f(z) € S¥T(g;«, B). Hence, by Theorem 1, F(z) € S¥T(g; o, ).

Theorem 14. Let ¢ be a real number such that ¢ > —1. If F(z) € S¥T(g; o, B).
Then the function f(z) defined by (54) is univalent in |z| < r*,where

r* = lnf{{(l +a6)k - (1 _B)[l - (_1)k} (C+ 1)bk
k

k[B(2+a)—1](c+k) } (k>2).  (58)

The result is sharp.

o0

Proof. Let F(z) =z— Y arz* (ap ,by >0). It follows from (54) that
k=2
_ A FFE)] c+k
f(z)==2 704—1 = (c+1>akz (59)

In order to obtain the required result it sufﬁces in |z| < r*. Now

"(2) — Ook(c—’_k)a .
7o -1y a

Thus |f'(z) —1] < 1if

o k(c+k) k-1
kZZQ c+ D) ag 2|77 < 1. (60)

Hence by using (48),(60) will be satisfied if

beth) | ur _ {0 +aB)k— (1= Bl - (-1)'])
(c+1) BE+a)-1] ’

ie, if

{C+ap)k—(1-B)[L - (=DM} (c+1) |

2l < Kot B2+ a) —1]

(k>2). (61
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Therefore F(z) is univalent in |z| < r*. Sharpness follows if we take

{(L+af)k— (1 =B = (=1} (c+1)by

(62)
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