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GLOBAL EXISTENCE AND STABILITY OF SOLUTIONS

FOR A NONLINEAR WAVE EQUATION

GIAI GIANG VO

Abstract. The paper is devoted to the study of a nonlinear wave equation
with mixed nonhomogeneous boundary conditions. Existence of weak solutions
is proved by applying the Galerkin method associated with a priori estimates,
weak convergence and compactness techniques. Uniqueness and stability of

the solutions are also established.

1. Introduction

In this paper, we consider the following nonlinear wave equation with mixed
nonhomogeneous boundary conditions

utt − uxx + f(x, u, ut) = 0, 0 < x < 1, 0 < t < T, (1.1)

u(1, t) = 0, (1.2)

ux(0, t) =

∫ t

0

g(t− s)u(0, s)ds+ h(u(0, t)) + k(t), (1.3)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.4)

where u0, u1, f, g, h, k are given functions satisfying conditions specified later.
The problems of wave equations have been studied by many authors, we can see

in the works [1, 2, 4− 6, 8− 15]. Below are some typical works.
A. Dang and D. Alain [4] studied a special case of the problem (1.1)-(1.4) with

g = h = 0 and f(x, u, ut) = |ut|p−2
ut, 1 < p < 2.

In [13], J. Rivera and D. Andrade gave the global existence and exponential
decay of the solutions of the wave equation with a viscoelastic boundary condition

utt − (ρ(ux))x + f(x, t) = 0, (1.5)

u(0, t) = 0, u(1, t) =

∫ t

0

g(t− s)ρ(ux(1, s))ds+ k(t), (1.6)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.7)
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where u0, u1, f, g, k, ρ are given functions. In this case, the problem (1.5)-(1.7)
is a mathematical model for a nonlinear one-dimensional motion of an elastic bar
connected with a viscoelastic element at an end of the bar.

In [5], N.T. Le et al. considered the following problem

utt − (ρ(x, t)ux)x + f(u) + λut = 0, (1.8)

ρ(0, t)ux(0, t) =

∫ t

0

g0(t− s)u(0, s)ds+ k0(t), (1.9)

−ρ(1, t)ux(1, t) =
∫ t

0

g1(t− s)u(1, s)ds+ k1(t), (1.10)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.11)

where λ is a constant and u0, u1, f, g0, g1, k0, k1, ρ are given functions.
In [10], Nguyen and Giang Vo obtained the asymptotic expansion of the weak

solution of the following problem in four small parameters (K,λ, h, ε)

utt − uxx +Ku+ λut + f(x, t) = 0, (1.12)

u(1, t) = 0, (1.13)

ux(0, t) =

∫ t

0

g(t− s)u(0, s)ds+ hu(0, t) + εut(0, t) + k(t), (1.14)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.15)

whereK, λ, h, ε are given positive constants and u0, u1, f, g, k are given functions.
M. Bergounioux et al. [2] established the global existence of weak solutions of

the linear wave equation given by

utt − uxx +Ku+ λut + f(x, t) = 0, (1.16)

ux(0, t) = v(t), (1.17)

ux(1, t) = −δu(1, t)− εut(1, t), (1.18)

u(x, 0) = u0(x), ut(x, 0) = u1(x), (1.19)

where K, λ, δ, ε are positive constants and u0, u1, f, k are given functions. Also,
the unknown function u(x, t) and the unknown boundary value v(t) satisfy the
following Cauchy problem for an ordinary differential equation{

v′′(t) + µ2v(t) = hutt(0, t),

v(0) = v0, v′(0) = v1,
(1.20)

where µ > 0, h ≥ 0, v0, v1 are constants. It is worth noting that the equation
(1.20) is equivalent to

v(t) =

∫ t

0

g(t− s)u(0, s)ds+ hu(0, t) + k(t), (1.21)

where {
g(t) = −hµ sinµt,
k(t) = [v1 − hu1(0)]

sinµt
µ + [v0 − hu0(0)] cosµt.

(1.22)

In this paper, we consider two main parts. In Part 1, we prove the existence and
uniqueness of the weak solution of the problem (1.1)-(1.4). The proof is based on
the Galerkin method and the weak compact method associated with a monotone
operator. Finally, in Part 2, we prove that the solution of this problem is stable
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with respect to the data. These results are considered as the relative generalization
of the works [4, 9, 14, 15].

2. The existence and uniqueness of solutions

Firstly, we denote by ⟨·, ·⟩ and ∥·∥ respectively the scalar product and the norm
in L2(0, 1).

Let u(t), u′(t) = ut(t), u
′′(t) = utt(t), ux(t) and uxx(t) denote u(x, t),

∂u
∂t (x, t),

∂2u
∂t2 (x, t),

∂u
∂x (x, t) and

∂2u
∂x2 (x, t) respectively.

Next, we define a closed subspace of the Sobolev space H1(0, 1) as follows

H =
{
u ∈ H1(0, 1) : u(1) = 0

}
, (2.1)

with the following scalar product and norm

⟨u, v⟩H = ⟨ux, vx⟩ and ∥u∥H = ∥ux∥ . (2.2)

We have the following results

Lemma 2.1. The embedding H ↪→ C0([0, 1]) is compact and

∥u∥C0([0,1]) ≤ ∥u∥H ≤ ∥u∥H1(0,1) ≤
√
2∥u∥H , for all u ∈ H. (2.3)

Lemma 2.2. Let ε > 0. Then

∥v∥2C0([0,1]) ≤ ε∥vx∥2 +
(
1 +

1

ε

)
∥v∥2, for all u ∈ H1(0, 1). (2.4)

The proofs of these lemmas are simple, we omit the details.
We make the following assumptions

(A1) u0 ∈ H and u1 ∈ L2(0, 1),
(A2) g, k ∈W 1,1(0, T ),
(A3) h ∈ C2(R) and there exist positive constants a, b such that∫ u

0

h(z)dz ≥ −au2 − b, for all u ∈ R,

(A4) The function f ∈ C0([0, 1]× R2) satisfies the following condition

[f(x, u, v1)− f(x, u, v2)](v1 − v2) ≥ 0, for all x ∈ [0, 1] and u, v1, v2 ∈ R,

(A5) There exist a constant p > 1 and positive functions f̂ ∈ C0([0, 1] × R),
p1, p2 ∈ C0([0, 1]), q1, q2, r1 ∈ L1(0, 1) such that

(i)
∫ u

0
f̂(x, z)dz ≥ −p1(x)|u|p − q1(x)u

2 − r1(x), a.e. x ∈ [0, 1] and u ∈ R,
(ii) [f(x, u, v)− f̂(x, u)]v ≥ p2(x)|v|p − q2(x), a.e. x ∈ [0, 1] and u, v ∈ R,

(A6) For every M > 0, there exist positive functions rM ∈ C0([0, 1] × R) and

(pM , qM ) ∈ C0([0, 1])× Lp′
(0, 1), p′ = p/(p− 1), such that

(i) |f(x, u, v)| ≤ pM (x)|v|p−1
+qM (x), a.e. x ∈ [0, 1], u ∈ [−M,M ] and v ∈ R,

(ii) |f(x, u1, v)− f(x, u2, v)| ≤ rM (x, v) |u1 − u2|, a.e. x ∈ [0, 1], ui ∈ [−M,M ]
and v ∈ R, i = 1, 2,

(iii) rM (x, v) ∈ L1(0, T ;L2(0, 1)), for all x ∈ [0, 1] and v ∈ L∞(0, T ;L2(0, 1)).

Remark 2.3. We consider the following functions{
f(x, u, v) = |v|p−2

v + α(x)|u|δ|v|q−2
v + β(x)|u|r−2

u+ γ(x),

f̂(x, u) = β(x)|u|r−2
u+ γ(x),
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where p, q, r, δ are constants, with r ≥ 2, δ ≥ 1, 1 < q ≤ min{p, 2} and α, β, γ are
nonnegative continuous functions on [0, 1]. Then

[f(x, u, v1)− f(x, u, v2)](v1 − v2) = (|v1|p−2
v1 − |v2|p−2

v2)(v1 − v2)

+ α(x)|u|δ(|v1|q−2
v1 − |v2|q−2

v2)(v1 − v2) ≥ 0,∫ u

0

f̂(x, z)dz = β(x)
|u|r

r
+ γ(x)u ≥ −1

2
u2 − 1

2
γ2(x),

[f(x, u, v)− f̂(x, u)]v = |v|p + α(x)|u|δ|v|q ≥ |v|p,

for all x ∈ [0, 1] and u, v, v1, v2 ∈ R. Also, we have

|f(x, u, v)| ≤ [M δα(x) + 1]|v|p−1
+ [M δα(x) +Mr−1β(x) + γ(x)],

|f(x, u1, v)− f(x, u2, v)| ≤ [δM δ−1α(x)|v|q−1
+ rMr−2β(x)] |u1 − u2| ,

for all x ∈ [0, 1], u, u1, u2 ∈ [−M,M ] and v ∈ R.
Therefore f satisfies the assumptions (A4)-(A6).

Under the above assumptions, we obtain the following theorem

Theorem 2.4. Let the assumptions (A1)-(A6) hold. Then the problem (1.1)-(1.4)
has a unique weak solution u such that

u ∈ L∞(0, T ;H), ut ∈ L∞(0, T ;L2(0, 1)) ∩ Lp((0, 1)× (0, T )),

u(0, ·) ∈W 1,min{p′,2}(0, T ), p′ = p/(p− 1).
(2.5)

Proof of Theorem 2.4. The procedure includes four steps as follows.
Step 1. Galerkin approximation(see [7]). We use a special orthonormal base of H

φk(x) =
√
2/(1 + µ2

k) cos(µix), µk = (2k − 1)
π

2
, k = 1, 2, .... (2.6)

We find the approximate solution of the problem (1.1)-(1.4) in the form

um(x, t) =
m∑

k=1

ωmk(t)φk(x), (2.7)

where the coefficient functions ωmk(t) satisfy the following system of nonlinear
differential equations

⟨u′′m(t), φk⟩+ ⟨umx(t), φkx⟩+ vm(t)φk(0) + ⟨f(·, um(t), u′m(t)), φk⟩ = 0, (2.8)

vm(t) =

∫ t

0

g(t− s)um(0, s)ds+ h(um(0, t)) + k(t), k = 1,m, (2.9)

with the initial conditions
um(0) = u0m =

m∑
k=1

amkφk → u0 strongly in H1(0, 1),

u′m(0) = u1m =
m∑

k=1

bmkφk → u1 strongly in L2(0, 1).
(2.10)
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Therefore, the system of the equations is written in the form

ω′′
mk(t) + µ2

kωmk(t) = − 1

∥φk∥2
[vm(t)φk(0) + ⟨f(·, um(t), u′m(t)), φk⟩] , (2.11)

vm(t) =

∫ t

0

g(t− s)um(0, s)ds+ h(um(0, t)) + k(t), (2.12)

ωmk(0) = amk, ω′
mk(0) = bmk, k = 1,m. (2.13)

We shall require the following lemma

Lemma 2.5. Consider the following differential equation{
y′′(t) + µ2y(t) = φ(t), 0 < t < T,

y(0) = y0, y
′(0) = y1.

(2.14)

where µ > 0, y0, y1 are constants and φ ∈ C0([0, T ]). Then the general solution is
given by

y(t) = y0 cosµt+ y1
sinµt

µ
+

1

µ

∫ t

0

sinµ(t− s)φ(s)ds. (2.15)

The proof of this lemma is simple, we omit the details.

Putting ρk(t) = sin(µkt)/µk, we deduce Lemma 2.5 and (2.11)-(2.13) that

ωmk(t) = amkρ
′
k(t) + bmkρk(t)−

2

φk(0)

∫ t

0

ds

∫ s

0

ρk(t− s)g(s− τ)um(0, τ)dτ

− 2

φk(0)

∫ t

0

ρk(t− s)[h(um(0, s)) + k(s)]ds

− 2

φ2
k(0)

∫ t

0

ρk(t− s) ⟨f(·, um(s), u′m(s)), φk⟩ ds, k = 1,m.

(2.16)
Applying the Schauder fixed-point theorem, then the system (2.16) has a solution
(ωm1, ωm2, . . . , ωmm) on an interval [0, Tm]. Hence, the system (2.8)-(2.10) exists a
solution um(t) on [0, Tm]. The following estimates allow us to take Tm = T , for all
m ∈ N (see [3]).
Step 2. A priori estimates. Substituting (2.9) into (2.8), multiplying the jth
equation of (2.8) by ω′

mk(t) and summing in k, then integrating with respect to
time variable from 0 to t, we obtain

Em(t) = Em(0) + 2

∫ 1

0

∫ u0m(x)

0

f̂(x, z)dzdx+ 2

∫ u0m(0)

0

h(z)dz

− 2

∫ um(0,t)

0

h(z)dz − 2

∫ t

0

u′m(0, s)dr

∫ s

0

g(s− τ)um(0, τ)dτ

− 2

∫ t

0

⟨
f(·, um(s), u′m(s))− f̂(·, um(s)), u′m(s)

⟩
ds

− 2

∫ t

0

k(s)u′m(0, s)ds− 2

∫ 1

0

∫ um(x,t)

0

f̂(x, z)dzdx

= Em(0) + 2

∫ 1

0

∫ u0m(x)

0

f̂(x, z)dzdx+ 2

∫ u0m(0)

0

h(z)dz +
5∑

k=1

Ik(t),

(2.17)
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where

Em(t) = ∥u′m(t)∥2 + ∥umx(t)∥2. (2.18)

We shall estimate respectively the following terms on the right-hand side of (2.17).
Estimating I1(t). Using the following inequality

2ab ≤ εa2 +
1

ε
b2, for all a, b ∈ R, ε > 0, (2.19)

and Lemma 2.2, it follows from (2.17) and the assumption (A3) that

I1(t) = −2

∫ um(0,t)

0

h(z)dz ≤ 2aε∥umx(t)∥2 + 2a

(
1 +

1

ε

)
∥um(t)∥2 + 2b. (2.20)

On the other hand

∥um(t)∥2 =

∥∥∥∥u0m +

∫ t

0

u′m(s)ds

∥∥∥∥2 ≤ 2∥u0m∥2 + 2t

∫ t

0

Em(s)ds. (2.21)

Therefore

I1(t) ≤ 2εaEm(t) + 4at

(
1 +

1

ε

)∫ t

0

Em(s)ds+ 4a

(
1 +

1

ε

)
∥u0m∥2 + 2b. (2.22)

Estimating I2(t). By using integration by parts, gives

I2(t) = −2

∫ t

0

u′m(0, s)ds

∫ s

0

g(s− τ)um(0, τ)dτ

= −2um(0, t)

∫ t

0

g(t− s)um(0, s)ds

+ 2

∫ t

0

um(0, s)

[
g(0)um(0, s) +

∫ s

0

g′(s− τ)um(0, τ)dτ

]
ds

≤ 2 |g(0)|
∫ t

0

Em(s)ds+ 2
√
Em(t)

∫ t

0

|g(t− s)|
√
Em(s)ds

+ 2

∫ t

0

√
Em(s)ds

∫ s

0

|g′(s− τ)|
√
Em(τ)dτ

= 2 |k(0)|
∫ t

0

Em(s)ds+ J1(t) + J2(t).

(2.23)

By the inequality (2.19) and the Cauchy-Schwartz inequality, we estimate without
diffculty the following integrals in the right-hand side of (2.23) as follows

J1(t) = 2
√
Em(t)

∫ t

0

|g(t− s)|
√
Em(s)ds

≤ εEm(t) +
1

ε
∥g∥2L2(0,T )

∫ t

0

Em(s)ds,

(2.24)
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J2(t) = 2

∫ t

0

√
Em(s)ds

∫ s

0

|g′(s− τ)|
√
Em(τ)dτ

≤
∫ t

0

Em(s)ds+ ∥g′∥L1(0,T )

∫ t

0

ds

∫ s

0

|g′(s− τ)|Em(τ)dτ

=

∫ t

0

Em(s)ds+ ∥g′∥L1(0,T )

∫ t

0

dτ

∫ t

τ

|g′(s− τ)|Em(τ)ds

≤
(
∥g′∥2L1(0,T ) + 1

)∫ t

0

Em(s)ds.

(2.25)

It follows from the estimates J1(t) and J2(t) that

I2(t) ≤ εEm(t) +

(
1

ε
∥g∥2L2(0,T ) + ∥g′∥2L1(0,T ) + 2 |g(0)|+ 1

)∫ t

0

Em(s)ds. (2.26)

Estimating I3(t). Setting with δ = min
x∈[0,1]

p2(x) > 0. From assumption (A5)-(ii), it

is clear to see that

I3(t) = −2

∫ t

0

⟨
f(·, um(s), u′m(s))− f̂(·, um(s)), u′m(s)

⟩
ds

≤ −2δ

∫ t

0

∥u′m(s)∥pLp(0,1) ds+ T∥q2∥L1(0,1),

(2.27)

Estimating I4(t). It follows from assumption (A2) that

I4(t) = −2

∫ t

0

k(s)u′m(0, s)ds

≤ εEm(t) +

∫ t

0

|k′(s)|Em(s)ds

+
1

ε
∥k∥2L∞(0,T ) + ∥k′∥L1(0,T ) + 2 |k(0)u0m(0)| .

(2.28)

Estimating I5(t). By the assumption (A5)-(i) then

I5(t) = −2

∫ 1

0

∫ um(x,t)

0

f̂(x, z)dzdx

≤
∫ 1

0

p1(x)|um(x, t)|pdx+

∫ 1

0

q1(x)|um(x, t)|2dx+ ∥r1∥L1(0,1).

(2.29)

Applying the following inequalities

(a+ b)p ≤ 2p−1(ap + bp), for all a, b ≥ 0, (2.30)

ab ≤ εap + C(ε)bp
′
, for all a, b ≥ 0, ε > 0, (2.31)

where p′ = p
p−1 , C(ε) =

1
p′ (εp)

− p′
p , we arrive at

∥um(t)∥pLp(0,1) ≤

(
∥um(0)∥Lp(0,1) +

∥∥∥∥∫ t

0

u′m(s)ds

∥∥∥∥
Lp(0,1)

)p

≤ 2p−1

(
∥u0m∥pH + T p−1

∫ t

0

∥u′m(s)∥pLp(0,1)ds

)
,

(2.32)
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∥um(t)∥pLp(0,1) ≤ ∥u0m∥pH + p

∫ t

0

∥u′m(s)∥Lp(0,1)

∥∥∥|um(s)|p−1
∥∥∥
Lp′ (0,1)

ds

≤ ∥u0m∥pH + ε

∫ t

0

∥u′m(s)∥pLp(0,1) ds+ pp
′
C(ε)

∫ t

0

∥um(s)∥pLp(0,1) ds.

(2.33)
Consequently

∥um(t)∥pLp(0,1) ≤
[
1 + 2p−1pp

′
TC(ε)

]
∥u0m∥pH + ε

∫ t

0

∥u′m(s)∥qLq(0,1) ds

+ 2p−1pp
′
T p−1C(ε)

∫ t

0

ds

∫ s

0

∥u′m(τ)∥pLp(0,1)dτ.

(2.34)

Using Lemma 2.2, it follows from (2.21) that∫ 1

0

q1(x)|um(x, t)|2dx ≤ 2t

(
1 +

1

ε

)
∥q1∥L1(0,1)

∫ t

0

Em(s)ds

+ ε∥q1∥L1(0,1)Em(t) + 2

(
1 +

1

ε

)
∥u0m∥2∥q1∥L1(0,1).

(2.35)
By (2.29), (2.34) and (2.35), it follows that

I5(t) ≤M1
T

∫ t

0

ds

∫ s

0

∥u′m(τ)∥pLp(0,1)dτ + ε∥p1∥L∞(0,T )

∫ t

0

∥u′m(s)∥qLq(0,1) ds

+M2
T

∫ t

0

Em(s)ds+ ε∥q1∥L1(0,1)Em(t) +Mm,

(2.36)
where 

M1
T = 2q−1pp

′
T q−1C(ε)∥p1∥L∞(0,T ),

M2
T = 2T

(
1 + 1

ε

)
∥q1∥L1(0,1),

Mm = [1 + 2p−1pp
′
TC(ε)]∥p1∥L∞(0,T ) ∥u0m∥pH

+ 2

(
1 +

1

ε

)
∥u0m∥2∥q1∥L1(0,1) + ∥r1∥L1(0,1).

(2.37)

By the assumptions (A1)-(A3), (A5) and the imbedding H1(0, 1) ↪→ C0([0, 1]) ,
there exists a positive constant M such that

Em(0) + 2

∫ 1

0

∫ u0m(x)

0

f̂(x, z)dzdx+ 2

∫ u0m(0)

0

h(z)dz

+ 4a

(
1 +

1

ε

)
∥u0m∥2 + 2 |k(0)u0m(0)|+Mm ≤M.

(2.38)

Combining (2.17), (2.18), (2.22), (2.26)-(2.28) and (2.36)-(2.38), we obtain after
some rearrangements(

1− εM3
T

)
Em(t) +

(
2δ − ε∥p1∥L∞(0,T )

)∫ t

0

∥u′m(s)∥pLp(0,1) ds

≤
∫ t

0

M4
T (s)Em(s)ds+M1

T

∫ t

0

ds

∫ s

0

∥u′m(τ)∥pLp(0,1)dτ +M5
T .

(2.39)
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where
M3

T = ∥q1∥L1(0,1) + 2a+ 2,

M4
T (s) = |k′(s)|+

(
T + 1

ε

)
∥g∥2H1(0,T ) + 2 |g(0)|+ 4aT

(
1 + 1

ε

)
+M2

T + 1,

M5
T = 1

ε ∥k∥
2
L∞(0,T ) + ∥k′∥L1(0,T ) + T∥q2∥L1(0,1) +M + 2b.

(2.40)

Choosing 0 < ε ≤ min
{
1/2M3

T
, δ/∥p1∥L∞(0,T )

}
, by the Gronwall inequality, then

Em(t) + 2δ

∫ t

0

∥u′m(s)∥pLp(0,1) ds ≤ 2M5
T exp

(∫ T

0

[
2M4

T (s) +M1
T

/
δ
]
ds

)
=MT .

(2.41)

Next, we need an estimate on the term
∫ t

0
|u′m(0, s)|qds, q = min{p′, 2}.

We set

gm(t) =
m∑

k=1

sin(µkt)

µk
, (2.42)

hm(t) =
m∑

k=1

φk(0)

[
amk cos(µkt) + bmk

sin(µkt)

µk

]

− 2
m∑

k=1

1

φk(0)

∫ t

0

sin[µk(t− s)]

µk
⟨f(·, um(s), u′m(s)), φk⟩ ds.

(2.43)

In view of (2.7), (2.9), (2.16), (2.42) and (2.43), um(0, t) can be rewritten as follows

um(0, t) = hm(t)− 2

∫ t

0

gm(t− s)vm(s)ds. (2.44)

In connection with hm(t), we have the following lemma

Lemma 2.6. There exist a positive constant CT and a positive continuous function
φ on the interval [0, T ] such that∫ t

0

|h′m(s)|qds ≤ φ(t)

∫ t

0

∥f(·, um(s), u′m(s))∥p
′

Lp′ (0,1)
ds+ CT , (2.45)

for all t ∈ [0, T ].

Proof of Lemma 2.6. Since φk(2 − z) = −φk(z), for all z ∈ R, k = 1,m, without
loss of generality, we can suppose that 0 < T ≤ 1. Putting

h′m(t) = pm(t)− qm(t)− rm(t), (2.46)

with

pm(t) =

m∑
k=1

φk(0)bmk cos(µkt), (2.47)

qm(t) =
m∑

k=1

φk(0)amkµk sin(µkt), (2.48)

rm(t) = 2
m∑

k=1

1

φk(0)

∫ t

0

cos[µk(t− s)] ⟨f(·, um(s), u′m(s)), φk⟩ ds. (2.49)
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On the other hand, using the following inequalities

(a+ b+ c)r ≤ 3r−1(ar + br + cr), for all a, b, c, d ≥ 0, r ≥ 1, (2.50)

as ≤ s

r
ar + 1− s

r
, for all a ≥ 0, r ≥ s > 0, (2.51)

then∫ t

0

|h′m(s)|qds ≤ 3

(∫ t

0

|pm(s)|qds+
∫ t

0

|qm(s)|qds+
∫ t

0

|rm(s)|qds
)

≤ 3

(∫ t

0

|pm(s)|2ds+
∫ t

0

|qm(s)|2ds+
∫ t

0

|rm(s)|p
′
ds

)
+ 9T.

(2.52)
Now, we estimate each term on the right-hand side of this inequality

Estimating J1(t) =
∫ t

0
|pm(s)|2ds+

∫ t

0
|qm(s)|2ds. From (2.10), it follows that

J1(t) =

∫ t

0

|u1m(s)|2ds+
∫ t

0

|u′0m(s)|2ds ≤ ∥u1m∥2 + ∥u0m∥2H ≤ C. (2.53)

Estimating J2(t) =
∫ t

0
|rm(s)|p

′
ds. We note that

rm(t) = 2
m∑

k=1

1

φk(0)

∫ t

0

cos[µk(t− s)] ⟨f(·, um(s), u′m(s)), φk⟩ ds

= 2

∫ t

0

m∑
k=1

cosµkθ

φk(0)
⟨fm(t− θ), φk⟩ dθ

=

∫ t

0

[∫ 1

0

m∑
k=1

fm(x, t− θ) cosµk(x+ θ)dx

]
dθ

+

∫ t

0

[∫ 1

0

m∑
k=1

fm(x, t− θ) cosµk(x− θ)dx

]
dθ

=

∫ t

0

δ(1)m (t, θ)dθ +

∫ t

0

δ(2)m (t, θ)dθ,

(2.54)

with fm(x, t) = f(x, um(x, t), u′m(x, t)). Now we require the following lemma

Lemma 2.7. Let q > 1. We have∫ π(θ+1)/2

πθ/2

dz

sinpz
≤

p∗∑
k=1

2k

k

1

sinkπθ
, for all θ ∈ (0, 1), (2.55)

where p∗ = p− 1 if p ∈ N, p∗ = [p] if p /∈ N, with [p] is an integer part of p.

Proof of Lemma 2.7. We consider two cases for p.
Case 1: p ∈ N. We prove (2.55) by induction.

It is easy to see that
∫ π(θ+1)/2

πθ/2
dz

sin2z
= 2

sinπθ . Hence, (2.55) holds for p = 2.

Suppose that (2.55) holds for p − 1, we prove that (2.55) holds for p. Indeed, by
means of integration by parts, we get∫ π(θ+1)/2

πθ/2

dz

sinpz
=

2p−1

p− 1

sinp(πθ/2) + cosp(πθ/2)

sinp−1πθ
+
p− 2

p− 1

∫ π(θ+1)/2

πθ/2

dz

sinp−2z
.

(2.56)
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Since |sinpz + cospz| ≤ 1, for all z ∈ R, we deduce from (2.56) that∫ π(θ+1)/2

πθ/2

dz

sinpz
≤ 2p−1

p− 1

1

sinp−1πθ
+
p− 2

p− 1

∫ π(θ+1)/2

πθ/2

dz

sinp−1z

≤ 2p−1

p− 1

1

sinp−1πθ
+
p− 2

p− 1

q−2∑
k=1

2k

k

1

sinkπθ

≤
p−1∑
k=1

2k

k

1

sinkπθ
.

(2.57)

Case 2: p /∈ N. Applying inequality (2.55) with p replaced by [p] + 1, then

∫ π(θ+1)/2

πθ/2

dz

sinpz
≤
∫ π(θ+1)/2

πθ/2

dz

sin[p]+1z
≤

[p]∑
k=1

2k

k

1

sinkπθ
. (2.58)

The proof of Lemma 2.7 is complete. �

By using the sum

2 sin (πz/2)

n∑
k=1

cos(µkz) = sin(nπz), for all z ∈ R, (2.59)

and the inequality(
n∑

k=1

ak

)r

≤
n∑

k=1

arj , for all a1, a2, . . . , an ≥ 0, 0 < r ≤ 1, (2.60)

we deduce from Lemma 2.7 that∣∣∣δ(1)m (t, θ)
∣∣∣ = 1

2

∣∣∣∣∫ 1

0

fm(x, t− θ)
sinmπ(x+ θ)

sin[π(x+ θ)/2]
dx

∣∣∣∣
≤ 1

2

(
2

π

)1/p

∥fm(t− θ)∥Lp′ (0,1)

(∫ π(θ+1)/2

πθ/2

dz

sinpz

)1/p

≤ 1

2

(
2

π

)1/p p∗∑
k=1

(
2k

k

)1/p
1

sink/pπθ
∥fm(t− θ)∥Lp′ (0,1)

= ψ(θ)∥fm(t− θ)∥Lp′ (0,1).

(2.61)

δ
(2)
m (t, θ) verifies a similar inequality to (2.61). Finally, we obtain

|rm(t)|p
′
≤ C

(∫ t

0

ψ(θ)∥fm(t− θ)∥Lp′ (0,1)dθ

)p′

≤ C

(∫ t

0

ψ(θ)dθ

)p′−1 ∫ t

0

ψ(θ) ∥fm(t− θ)∥p
′

Lp′ (0,1)
dθ,

(2.62)
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where C is a positive constant. So using the Fubini theorem, we obtain

J2(t) ≤ C

(∫ t

0

ψ(θ)dθ

)p′−1 ∫ t

0

∫ s

0

ψ(θ) ∥fm(s− θ)∥p
′

Lp′ (0,1)
dθds

= C

(∫ t

0

ψ(θ)dθ

)p′−1 ∫ t

0

∫ t

θ

ψ(θ) ∥fm(s− θ)∥p
′

Lp′ (0,1)
dsdθ

≤ C

(∫ t

0

ψ(θ)dθ

)p′ ∫ t

0

∥fm(s)∥p
′

Lp′ (0,1)
ds

= φ(t)

∫ t

0

∥f(·, um(s), u′m(s))∥p
′

Lp′ (0,1)
ds.

(2.63)

From (2.52), (2.53) and (2.63), we get Lemma 2.6. �

Remark 2.8. Lemma 3 in [4] is a special case of Lemma 2.6 with g = h = 0,

f(x, u, ut) = |ut|p−2
ut, 1 < p < 2.

To estimate
∫ t

0
|u′m(0, s)|qds, we need the following lemma

Lemma 2.9. There exist positive constants CT and DT such that∫ t

0

∣∣∣∣∫ s

0

g′m(s− τ)vm(τ)dτ

∣∣∣∣qds ≤ CT

∫ t

0

∫ s

0

|u′m(0, τ)|qdτds+DT , (2.64)

for all t ∈ [0, T ].

Proof of Lemma 2.9. Using integration by parts, we have∫ s

0

g′m(s− τ)vm(τ)dτ =gm(s)vm(0) +

∫ s

0

gm(s− τ)v′m(τ)dτ. (2.65)

By the inequality (2.30), we deduce from (2.65) that∣∣∣∣∫ s

0

g′m(s− τ)vm(τ)dτ

∣∣∣∣q
≤ 2|vm(0)|q|gm(s)|q + 2

(∫ s

0

|gm(τ)|q
′
dτ

)q−1 ∫ s

0

|v′m(τ)|qdτ,
(2.66)

with q′ = q/(q − 1). Moreover

∥v∥Lq(0,T ) ≤ T (q′−q)/q′q∥v∥Lq′ (0,T ), for all v ∈ Lq′(0, T ). (2.67)

Thus∫ t

0

∣∣∣∣∫ s

0

g′m(s− τ)vm(τ)dτ

∣∣∣∣qds
≤ 2|vm(0)|q

∫ t

0

|gm(s)|qds+ 2

(∫ t

0

|gm(s)|q
′
ds

)q−1 ∫ t

0

∫ s

0

|v′m(τ)|qdτds

≤ 2 ∥gm∥q
Lq′ (0,T )

[
T (q′−q)/q′(|h(u0m(0))|+ |k(0)|)q +

∫ t

0

∫ s

0

|v′m(τ)|qdτds
]
.

(2.68)
Note that

v′m(t) =

∫ t

0

g′(t− s)um(0, s)ds+h′(um(0, t))u′m(0, t)+g(0)um(0, t)+k′(t). (2.69)
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Using (2.10), (2.69) and the assumptions (A2), (A3), then

|v′m(t)| ≤
(
∥g′∥L1(0,T ) + |g(0)|

)
∥um∥L∞(0,T ;H)

+ ∥h′∥C0([−MT ,MT ]) |u
′
m(0, t)|+ |k′(t)|

≤ CT (|u′m(0, t)|+ |k′(t)|+ 1) ,

(2.70)

where CT is a positive constant depending only on T .
Using (2.50), (2.51) and (2.70), we get∫ s

0

|v′m(τ)|qdτ ≤ CT

(∫ s

0

|u′m(0, τ)|qdτ + ∥k′∥2L2(0,T ) + 1

)
. (2.71)

By the imbedding H1(0, T ) ↪→ C0([0, T ]), it follows from (2.10), (2.68) and (2.71)
that∫ t

0

∣∣∣∣∫ s

0

g′m(s− τ)vm(τ)dτ

∣∣∣∣qds ≤ ∥gm∥q
Lq′ (0,T )

(
CT

∫ t

0

∫ s

0

|u′m(0, τ)|qdτds+DT

)
.

(2.72)
Also, we have following lemma

Lemma 2.10. Let m ∈ N. Then

|gm(t)| =

∣∣∣∣∣
m∑

k=1

sin(µkt)

µk

∣∣∣∣∣ ≤ 1 +
4

π
, for all t ∈ R. (2.73)

The proof of Lemma 2.10 is straightforward, we omit the details.

By Lemma 2.10, then {gm} is a bounded sequence in Lq′(0, T ). Using (2.72), we
get (2.64). Lemma 2.9 is completely proved. �

By Lemma 2.6, 2.9 and the inequality (2.30), we deduce from (2.44) that∫ t

0

|u′m(0, s)|qds ≤ 2φ(t)

∫ t

0

∥f(·, um(s), u′m(s))∥p
′

Lp′ (0,1)
ds

+ CT

∫ t

0

∫ s

0

|u′m(0, τ)|qdτds+DT .

(2.74)

On account of the assumption (A6)-(i), we have

|f(x, um(t), u′m(t))| ≤ pMT
(x)|u′m(t)|p−1

+ qMT
(x). (2.75)

Therefore

∥f(·, um, u′m)∥Lp′ ((0,1)×(0,T ))

≤ ∥pMT
∥L∞(0,1) ∥u

′
m∥p−1

Lp((0,1)×(0,T )) + T
1/p′∥qMT

∥Lp′ (0,1) ≤ CT .
(2.76)

Using (2.74) and (2.76), it follows that∫ t

0

|u′m(0, s)|qds ≤ CT

∫ t

0

∫ s

0

|u′m(0, τ)|qdτds+DT . (2.77)

By the Gronwall inequality, then∫ t

0

|u′m(0, s)|qds ≤ DT exp(TCT ) = D̂T . (2.78)
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Step 3. Limiting process. Due to (2.41), (2.76) and (2.78), by the Banach-Alaoglu
theorem, we can extract a subsequence of sequence {um}, still labeled by the same
notations, such that

um → u weakly* in L∞(0, T ;H1(0, 1)),

u′m → u′ weakly* in L∞(0, T ;L2(0, 1)) and

weakly in Lp((0, 1)× (0, T )),

um(0, ·) → u(0, ·) weakly in W 1,min{p′,2}(0, T ),

f(·, um, u′m) → χ weakly in Lp′
((0, 1)× (0, T )).

(2.79)

Thanks to the compactness of the imbedding W 1,min{p′,2}(0, T ) ↪→ C0([0, T ]) and
Lemma of J.L. Lions [7], (2.79) leads to the existence of a subsequence still denoted
by {um}, such that{

um → u strongly in L2((0, 1)× (0, T )) and a.e. in (0, 1)× (0, T ),

um(0, ·) → u(0, ·) strongly in C0([0, T ]).

(2.80)
By means of the following inequality

|h(um(0, t))− h(u(0, t))| ≤ ∥h′∥C0([−
√
MT ,

√
MT ]) |um(0, t)− u(0, t)| . (2.81)

Hence

h(um(0, t)) → h(u(0, t)) strongly in C0([0, T ]). (2.82)

From (2.9), (2.80)2 and (2.82), we get

vm(t) →
∫ t

0

g(t− s)u(0, s)ds+ h(u(0, t)) + k(t) = v(t), (2.83)

strongly in C0([0, T ]).
Thus passing to the limit in (2.8) by (2.79)1,2,4 and (2.83) leads to

d

dt
⟨u′(t), φ⟩+ ⟨ux(t), φx⟩+ v(t)φ(0) + ⟨χ(t), φ⟩ = 0, (2.84)

for all φ ∈ H, a.e. t ∈ [0, T ].
Furthermore, it is easy to show a similar way to [4] that

u(x, 0) = u0(x), ut(x, 0) = u1(x). (2.85)

To prove the existence of solutions of the problem (1.1)-(1.4), we have to show that
χ = f(·, u, u′). We need the following lemma

Lemma 2.11. Let u be the weak solution of the following problem

utt − uxx + F = 0, 0 < x < 1, 0 < t < T,

u(1, t) = 0, ux(0, t) = v(t),

u(x, 0) = u0(x), ut(x, 0) = u1(x),

u ∈ L∞(0, T ;H), ut ∈ L∞(0, T ;L2(0, 1)),

ut(0, ·) ∈ Lr(0, T ), v ∈ Lr′(0, T ), r′ = r/(r − 1), r > 1,

F ∈ L1(0, T ;L2(0, 1)).

(2.86)
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Then we have

∥ut(t)∥2 + ∥ux(t)∥2 + 2

∫ t

0

v(s)ut(0, s)ds+ 2

∫ t

0

⟨F (·, s), ut(s)⟩ ds

≥ ∥u1∥2 + ∥u0x∥2, a.e. t ∈ [0, T ].

(2.87)

Equality holds in case u0 = u1 = 0.

The proof of Lemma 2.11 is the same as Lemma 2.4 in [11].

We now return to the proof of the existence of a solution of the problem (1.1)-(1.4).
It follows from (2.8) and (2.9) that

2

∫ t

0

⟨f(·, um(s), u′m(s)), u′m(s)⟩ ds

= ∥u1m∥2 + ∥u0mx∥2 − ∥u′m(t)∥2 − ∥umx(t)∥2 − 2

∫ t

0

vm(s)u′m(0, s)ds.

(2.88)

Applying Lemma 2.11, we deduce from (2.8)-(2.10), (2.79) and (2.83) that

2 lim sup
m→∞

∫ t

0

⟨f(·, um(s), u′m(s)), u′m(s)⟩ ds

≤ ∥u1∥2 + ∥u0x∥2 − lim inf
m→∞

∥u′m(t)∥2 − lim inf
m→∞

∥umx(t)∥2 − 2

∫ t

0

v(s)u′(0, s)ds

≤ ∥u1∥2 + ∥u0x∥2 − ∥u′(t)∥2 − ∥ux(t)∥2 − 2

∫ t

0

v(s)u′(0, s)ds

≤ 2

∫ t

0

⟨χ(s), u′(s)⟩ ds.

(2.89)
Noting that

φm(t) =

∫ t

0

⟨f(·, um(s), u′m(s))− f(·, um(s), v(s)), u′m(s)− v(s)⟩ ds ≥ 0, (2.90)

for all v ∈ Lp((0, 1)× (0, T )).
Besides, we deduce from the dominated convergence theorem that

f(um, v) → f(u, v) strongly in Lp′
((0, 1)× (0, T )), (2.91)

where v ∈ Lp((0, 1)× (0, T )). Therefore, from (2.79)2,4 and (2.89)-(2.91) that

0 ≤ lim sup
m→∞

φm(t) ≤
∫ t

0

⟨χ(s)− f(u(s), v(s)), u′(s)− v(s)⟩ ds. (2.92)

In (2.92), choosing v(s) = u′(s) + εw(s), with ε > 0, w ∈ Lp((0, 1) × (0, T )) and
using the same arguments of Minty and Browder [7], we arrive at χ = f(·, u, u′).
The existence of solutions is proved.
Step 4. Uniqueness of the weak solutions. Let u1 and u2 be two weak solutions of
the problem (1.1)-(1.4) such that{

ui ∈ L∞(0, T ;H), u′i ∈ L∞(0, T ;L2(0, 1)) ∩ Lp((0, 1)× (0, T )),

ui(0, ·) ∈W 1,min{p′,2}(0, T ), p′ = p/(p− 1), i = 1, 2.
(2.93)



122 GIAI GIANG VO EJMAA-2016/4(2)

Then u = u1 − u2 is a weak solution of the following problem

utt − uxx + f(·, u1, u′1)− f(·, u2, u′2) = 0,

u(1, t) = 0, ux(0, t) = v(t),

u(x, 0) = ut(x, 0) = 0,

v(t) =
∫ t

0
g(t− s)u(0, t)ds+

2∑
i=1

(−1)
i−1

h(ui(0, t)).

(2.94)

Applying Lemma 2.11 with u0 = u1 = 0, F = f(·, u1, u′1)− f(·, u2, u′2), we have

E(t) = −2

∫ t

0

⟨f(·, u1(s), u′1(s))− f(·, u2(s), u′2(s)), u′(s)⟩ ds

− 2

t∫
0

u′(0, s)
2∑

i=1

(−1)
i−1

h(ui(0, s))ds

− 2

∫ t

0

u′(0, s)ds

∫ s

0

k(s− τ)u(0, τ)dτ =
3∑

i=1

Ji(t).

(2.95)

where E(t) = ∥u′(t)∥2 + ∥ux(t)∥2.
Estimating J1(t). Using the assumptions (A4) and (A6)-(ii), we obtain

J1(t) = −2

∫ t

0

⟨f(·, u1(s), u′1(s))− f(·, u2(s), u′2(s)), u′(s)⟩ ds

≤ −2

∫ t

0

⟨f(·, u1(s), u′2(s))− f(·, u2(s), u′2(s)), u′(s)⟩ ds

≤ 2

∫ t

0

∥rM (·, u′2(s))∥ ∥ux(s)∥ ∥u′(s)∥ ds

≤
∫ t

0

∥rM (·, u′2(s))∥E(s)ds,

(2.96)

with M = ∥u1∥L∞(0,T ;H) + ∥u2∥L∞(0,T ;H).

Estimating J2(t). Putting cM = ∥h∥C2([−M,M ]) . Integrating by parts, then

J2(t) = −2

∫ t

0

u′(0, s)

2∑
i=1

(−1)
i−1

h(ui(0, s))ds

= −2

∫ t

0

u′(0, s)ds

∫ 1

0

d

dθ
h(u2(0, s) + θu(0, s))dθ

= −u2(0, t)
∫ 1

0

h′(u2(0, t) + θu(0, t))dθ

+

∫ t

0

u2(0, s)ds

∫ 1

0

h′′(u2(0, s) + θu(0, s))(u′2(0, s) + θu′(0, s))dθ

≤ cM

[
u2(0, t) +

∫ t

0

(|u′1(0, s)|+ |u′2(0, s)|)u2(0, s)ds
]
.

(2.97)

On the other hand

∥u(t)∥2 ≤ t

∫ t

0

∥u′(s)∥2ds ≤ t

∫ t

0

E(s)ds. (2.98)



EJMAA-2016/4(2) ON A NONLINEAR WAVE EQUATION 123

So applying Lemma 2.2, we arrive at

u2(0, t) ≤ ∥u(t)∥2C0([0,1]) ≤ ε ∥u(t)∥2H +

(
1 +

1

ε

)
∥u(t)∥2

≤ εE(t) + t

(
1 +

1

ε

)∫ t

0

E(s)ds, for all ε > 0.

(2.99)

Thus, it follows from (2.97) and (2.99) that

J2(t) ≤ εcME(t) +

∫ t

0

d(s)E(s)ds, (2.100)

with

d(s) = εcM (|u′1(0, s)|+ |u′2(0, s)|)

+ (1 + 1
ε )TcM

(
∥u′1(0, ·)∥L1(0,T ) + ∥u′2(0, ·)∥L1(0,T ) + 1

)
.

(2.101)

Estimating J3(t). It is easy to see that

J3(t) = −2

∫ t

0

u′(0, s)ds

∫ s

0

g(s− τ)u(0, τ)dτ

= −2u(0, t)

∫ t

0

g(t− s)u(0, s)ds

+ 2

∫ t

0

u(0, s)

[
g(0)u(0, s) +

∫ s

0

g′(s− τ)u(0, τ)dτ

]
ds

≤ εE(t) +

(
1

ε
∥g∥2L2(0,T ) + ∥g′∥2L1(0,T ) + 2 |g(0)|+ 1

)∫ t

0

E(s)ds.

(2.102)

Combining (2.95), (2.96) and (2.100)-(2.102), we obtain

E(t) ≤ ε(cM + 1)E(t) +

∫ t

0

d̂(s)E(s)ds, (2.103)

where

d̂(s) = d(s) + ∥rM (·, u′2(s))∥+
1

ε
∥g∥2L2(0,T ) + ∥g′∥2L1(0,T ) + 2 |g(0)|+ 1. (2.104)

Choosing 0 < ε(cM + 1) < 1, then using Gronwall’s lemma, we obtain E(t) = 0,
i.e. u1 = u2. This completes the proof of Theorem 2.4. �

Remark 2.12. Theorem 2.4 still holds if the assumptions (A5)-(ii) and (A6)-(iii)
are replaced by the following assumptions
(A′

5)-(ii) There exist a constant p > 1 and positive functions p2 ∈ C0([0, 1]) and
q2, r2 ∈ L1(0, 1) such that

[f(x, u, v)− f̂(x, u)]v ≥ p2(x)|v|p − q2(x)v
2 − r2(x), a.e. u, v ∈ R and x ∈ [0, 1],

(A′
6)-(iii) For every M > 0, there exists a positive function rM ∈ C0([0, 1] × R)

such that

rM (x, v) ∈ L1(0, T ;L2(0, 1)), for all v ∈ L∞(0, T ;L2(0, 1)) ∩ Lp((0, 1)× (0, T ))

and x ∈ [0, 1].
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3. Stability of the weak solutions

In this section, we assume that a, b are fixed constants and u0, u1, f are fixed
functions satisfying the assumptions (A1) and (A3)-(A6). Let g, h and k satisfy the
assumptions (A2) and (A3). Applying Theorem 2.4, the problem (1.1)-(1.4) has a
unique weak solution u = u(g, h, k) (depending on g, h and k).
Then the stability of the solutions of the problems (1.1)-(1.4) are given by

Theorem 3.1. Let (A1)-(A6) hold. Then the solutions of the problems (1.1)-(1.4)
are stable with respect to the data (g, h, k) in the sense:
If (gj , hj , kj) and (g, h, k) satisfy the assumptions (A2)and (A3) such that

(gj , kj) → (g, k) strongly in [W 1,1(0, T )]2, (3.1)

hj → h strongly in C1([−M,M ]), (3.2)

as j → ∞, for all M > 0.
Then (

uj , ujt , u
j(0, ·)

)
→ (u, ut, u(0, ·)) , (3.3)

strongly in L∞(0, T ;H1(0, 1))× L∞(0, T ;L2(0, 1))× C0([0, T ]), as j → ∞,
where uj = u(gj , hj , kj), u = u(g, h, k).

Proof of Theorem 3.1. First, we can assume that the data (gj , g, kj , k) satisfy∥∥gj∥∥
W 1,1(0,T )

+ ∥g∥W 1,1(0,T ) +
∥∥kj∥∥

W 1,1(0,T )
+ ∥k∥W 1,1(0,T ) ≤ C∗, (3.4)

where C∗ are fixed positive constant. Then the a priori estimates of the sequence
{um} in the proof of Theorem 2.4 satisfy

∥umt(t)∥2 + ∥umx(t)∥2 +
∫ t

0

|umt(0, s)|min{p′,2}
ds ≤ CT , for all t ∈ [0, T ], (3.5)

where CT is a constant depending only on T, C∗, f, u0, u1.
Due to (2.79) and (3.5), we conclude that

CT ≥ lim inf
m→∞

(
∥umt(t)∥2 + ∥umx(t)∥2 +

∫ t

0

|umt(0, s)|min{p′,2}
ds

)
≥ lim inf

m→∞
∥umt(t)∥2 + lim inf

m→∞
∥umx(t)∥2 + lim inf

m→∞

∫ t

0

|umt(0, s)|min{p′,2}
ds

≥ ∥ut(t)∥2 + ∥ux(t)∥2 +
∫ t

0

|ut(0, s)|min{p′,2}
ds.

(3.6)
In addition, we can prove in similar way above, then the solution uj of the problem
(1.1)-(1.4) corresponding to the data (gj , hj , kj) also satisfies∥∥∥ujt (t)∥∥∥2 + ∥∥ujx(t)∥∥2 + ∫ t

0

∣∣∣ujt (0, s)∣∣∣min{p′,2}
ds ≤ ĈT , for all t ∈ [0, T ], (3.7)

with ĈT is a constant depending only on T, C∗, f, u0, u1.
We put

ĝj = gj − g, ĥj = hj − h, k̂j = kj − k. (3.8)
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Then vj = uj − u satisfies the following problem
vjtt − vjxx + F j = 0, 0 < x < 1, 0 < t < T,

vj(1, t) = 0, vjt (0, t) = wj(t),

vj(x, 0) = vjt (x, 0) = 0,

(3.9)

where

F j(x, t) = f(x, uj(t), ujt (t))− f(x, u(t), ut(t)), (3.10)

wj(t) = k̂j(t) + ĥj(u
j(0, t)) + [h(uj(0, t))− h(u(0, t))]

+

∫ t

0

ĝj(t− s)uj(0, s))ds+

∫ t

0

g(t− s)vj(0, s)ds.
(3.11)

Applying Lemma 2.11 again with u0 = u1 = 0, F = F j , v = wj , we see that

Ej(t) = −2

∫ t

0

⟨
f(·, uj(s), ujt (s))− f(·, u(s), ut(s)), vjt (s)

⟩
ds

− 2

∫ t

0

k̂j(s)v
j
t (0, s)ds− 2

∫ t

0

ĥj(u
j(0, s))vjt (0, s)ds

− 2

∫ t

0

[h(uj(0, s))− h(u(0, s))]vjt (0, s)ds

− 2

∫ t

0

vjt (0, s)ds

∫ s

0

ĝj(s− τ)uj(0, τ)dτ

− 2

∫ t

0

vjt (0, s)ds

∫ s

0

g(s− τ)vj(0, τ)dτ

= K1(t) +K2(t) + · · ·+K6(t).

(3.12)

where

Ej(t) =
∥∥∥vjt (t)∥∥∥2 + ∥∥vjx(t)∥∥2. (3.13)

Let M =
√
CT +

√
ĈT . Now we can estimate eight integrals in the right-hand side

of (3.13) as follows.
Estimating K1(t). From the assumptions (A4) and (A6)-(ii), it yields

K1(t) = −2

∫ t

0

⟨
f(·, uj(s), ujt (s))− f(·, u(s), ut(s)), vjt (s)

⟩
ds

≤ −2

∫ t

0

⟨
f(·, uj(s), ut(s))− f(·, u(s), ut(s)), vjt (s)

⟩
ds

≤ 2

∫ t

0

∥rM (·, ut(s))∥
∥∥vjx(s)∥∥∥∥∥vjt (s)∥∥∥ ds

≤
∫ t

0

∥rM (·, ut(s))∥E(s)ds.

(3.14)

Estimating K2(t). Applying the Cauchy-Schwartz inequality, then

K2(t) = 2

∫ t

0

k̂j(s)v
j
t (0, s)ds

≤ εEj(t) +
1

ε

∣∣∣k̂j(t)∣∣∣2 + ∥∥∥k̂j ′∥∥∥
L1(0,T )

+

∫ t

0

∣∣∣k̂j ′(s)∣∣∣Ej(s)ds,

(3.15)
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for all ε > 0.
Moreover, applying the imbedding W 1,1(0, T ) ↪→ C0([0, T ]), there exists a positive
constant dT such that

∥v∥C0([0,T ]) ≤ dT ∥v∥W 1,1(0,T ), for all v ∈W 1,1(0, T ). (3.16)

Therefore

K2(t) ≤ εEj(t) +
d2T
ε

∥∥∥k̂j∥∥∥2
W 1,1(0,T )

+
∥∥∥k̂j∥∥∥

W 1,1(0,T )
+

∫ t

0

∣∣∣k̂j ′(s)∣∣∣Ej(s)ds. (3.17)

Estimating K3(t). Since v
2
j (0, t) ≤ Ej(t), we deduce from the assumption (A3) that

K3(t) = −2

∫ t

0

ĥj(u
j(0, s))vjt (0, s)ds

≤ εE(t) +

∫ t

0

∣∣∣ujt (0, s)∣∣∣Ej(s)ds

+
1

ε

∥∥∥ĥj∥∥∥2
C0([−M,M ])

+
∥∥∥ujt (0, ·)∥∥∥

L1(0,T )

∥∥∥ĥj ′∥∥∥2
C0([−M,M ])

.

(3.18)

We remark that∥∥∥ujt (0, ·)∥∥∥
L1(0,T )

≤ T 1−1/min{p′,2}
∥∥∥ujt (0, ·)∥∥∥

Lmin{p′,2}(0,T )

≤ T 1−1/min{p′,2}M2/min{p′,2} = DT .

(3.19)

Then it follows that

K3(t) ≤ εE(t) +

∫ t

0

∣∣∣ujt (0, s)∣∣∣Ej(s)ds+

(
1

ε
+DT

)∥∥∥ĥj∥∥∥2
C1([−M,M ])

. (3.20)

Estimating K4(t). Proving in a similar way to (2.100), we have

K4(t) = −2

∫ t

0

[h(uj(0, s))− h(u(0, s))]vjt (0, s)ds

≤ εEj(t)∥h∥C2([−M,M ]) +

∫ t

0

dj(s)E(s)ds,

(3.21)

where

dj(s) = ∥h∥C2([−M,M ])

[
ε
(∣∣∣ujt (0, s)∣∣∣+ |ut(0, s)|

)
+

(
1 +

1

ε

)
T

(∥∥∥ujt (0, ·)∥∥∥
L1(0,T )

+ ∥ut(0, ·)∥L1(0,T ) + 1

)]
.

(3.22)

Using the inequality (3.19) again, this implies

dj(s) ≤ ∥h∥C2([−M,M ])

[
ε
(∣∣∣ujt (0, s)∣∣∣+ |ut(0, s)|

)
+

(
1 +

1

ε

)
T (2DT + 1)

]
= d̂j(s).

(3.23)
It implies

K4(t) ≤ εEj(t)∥h∥C2([−M,M ]) +

∫ t

0

d̂j(s)E(s)ds. (3.24)
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Estimating K5(t). By reusing (3.16) and Lemma 2.1, then

K5(t) = −2

∫ t

0

vjt (0, s)ds

∫ s

0

ĝj(s− τ)uj(0, τ)dτ

≤ εEj(t) +

∫ t

0

Ej(s)ds+

[
T (M + dT )

2
+
M2

ε

]
∥ĝj∥2W 1,1(0,T ) .

(3.25)

Estimating K6(t). From the assumptions (A2), we are easy to show that

K6(t) = −2

∫ t

0

vjt (0, s)ds

∫ s

0

g(s− τ)vj(0, τ)dτ

≤ εEj(t) +

(
1

ε
∥g∥2L2(0,T ) + ∥g′∥2L1(0,T ) + 2 |g(0)|+ 1

)∫ t

0

Ej(s)ds.

(3.26)

Combining (3.12), (3.14), (3.17), (3.20) and (3.24)-(3.26), we see that

E(t) ≤
∫ t

0

[(
ε∥h∥C2([−M,M ]) + 1

) ∣∣∣ujt (0, s)∣∣∣+ ∣∣∣k̂j ′(s)∣∣∣+M3
T (s)

]
E(s)ds

+ εM1
TEj(t) +M2

T

(
∥ĝj∥2W 1,1(0,T ) +

∥∥∥ĥj∥∥∥2
C1([−M,M ])

+
2∑

i=1

∥∥∥k̂j∥∥∥i
W 1,1(0,T )

)
.

(3.27)
where

M1
T = ∥h∥C2([−M,M ]) + 4, (3.28)

M3
T =

d2T
ε

+ T (M + dT )
2
+
M2 + 1

ε
+DT + 1, (3.29)

M3
T (s) =

[(
1 +

1

ε

)
T (2DT + 1) + ε |ut(0, s)|

]
∥h∥C2([−M,M ])

+ ∥rM (·, ut(s))∥+
1

ε
∥g∥2L2(0,T ) + ∥g′∥2L1(0,T ) + 2 |g(0)|+ 2.

(3.30)

Choosing εM1
T = 1

2 , then applying the Gronwall inequality, we deduce from (3.4),
(3.19) and (3.27)-(3.30) that

Ej(t) ≤ 2M2
T exp

[
2
∥∥M3

T

∥∥
L1(0,T )

+ 2
(
ε∥h∥C2([−M,M ]) + 1

)
DT + 2C∗

]
×

(
∥ĝj∥2W 1,1(0,T ) +

∥∥∥ĥj∥∥∥2
C1([−M,M ])

+
2∑

i=1

∥∥∥k̂j∥∥∥i
W 1,1(0,T )

)
.

(3.31)

This shows that∥∥∥vjt∥∥∥2
L∞(0,T ;L2(0,1))

+
∥∥vj∥∥2

L∞(0,T ;H1(0,1))

≤MT

(
∥ĝj∥2W 1,1(0,T ) +

∥∥∥ĥj∥∥∥2
C1([−M,M ])

+
2∑

i=1

∥∥∥k̂j∥∥∥i
W 1,1(0,T )

)
,

(3.32)

where MT is a constant depending only on T, C∗, f, h, u0, u1.
On the other hand, by Lemma 2.2, it follows that

∥v(0, ·)∥C0([0,T ]) ≤
√
2∥v∥L∞(0,T ;H1(0,1)), for all v ∈ L∞(0, T ;H1(0, 1)). (3.33)

Combining (3.1), (3.2), (3.32) and (3.33), we obtain (3.3).
The proof of Theorem 3.1 is complete. �
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