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AN EXTENSION ABOUT WIJSMAN 7-ASYMPTOTICALLY
A—STATISTICAL EQUIVALENCE

HAFIZE GUMUS

ABSTRACT. In this study we extend the notions Wijsman Z—asymptotically
A—statistical equivalent sequences, Wijsman strongly Z—asymptotically A—equ-
ivalent sequences and Wijsman strongly Cesdro Z—asymptotically equivalent
sequences by using the sequence p = (pg) which is the sequence of positive
real numbers and A = (\,,) is a non-decreasing sequence of positive numbers
tending to oo such that Ap41 < Ap + 1 and A1 = 1.

1. INTRODUCTION

Convergence is one of the most important notions in Mathematics. We know
that statistical convergence extends the notion. We can easily show that any con-
vergent sequence is statistically convergent, but not conversely. Let E be a subset
of N, the set of all natural numbers. d(E) := lim,, %?leE(j) is said to be natural
density of ' whenever the limit exists, where g is the characteristic function of
E. A number sequence (z) is statistically convergent to x provided that for every
e >0,d{keN: |z —z| >} = 0 or equivalently there exists a subset K C N
with d(E) = 1 and ng(e) such that k > ng(e) and k € K imply that |z — x| < e.
In this case we write st — limx), = z. Statistical convergence was given by Zyg-
mund in the first edition of his monograph published in Warsaw in 1935. It was
formally introduced by Fast ([5]) and Steinhaus ([18])and later was reintroduced
by Schoenberg ([17]). It has become an active area of research in recent years.
This concept has applications in different fields of mathematics such as number
theory by Erdés and Tenenbaum ([4]), measure theory by Miller ([12]), trigonomet-
ric series by Zygmund ([21]), summability theory by Freedman and Sember ([6]),
etc. The idea of Z—convergence for single sequences was introduced by Kostyrko,
Salat and Wilczynski ([10]). We can say that this concept is a generalization of
statistical convergence which is based on the structure of the ideal Z of subsets of
the set of natural numbers. Recently, it has become one of the most active areas
of research in classical analysis. Z—convergence of real sequences coincides with
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the ordinary convergence if 7 is the ideal of all finite subsets of N and with the
statistical convergence if 7 is the ideal of subsets of N of natural density zero.

In recent years, the concept of convergence of sequences of numbers has been
extended by several authors to convergence of sequences of sets. The one of
these such extensions considered in this paper is the concept of Wijsman con-
vergence. ([1]-[2]-[9]-[14]-[20]) Before, Mursaleen defined A—statistical convergence
and he denoted this new method by Sy and found its relation to statistical con-
vergence, [C, 1] —summability and [V, A] —summability ([13]) where A = (),) is a
non-decreasing sequence of positive numbers tending to oo such that A1 < A, +1
and A; = 1. In this situation A will be the set of all non-decreasing sequences and
I, = [n — A, + 1,n] . Gumus and Savas gave the definition of S¥(Z)—asymptotically
statistical equivalence and interested in some relations with VX(Z) and CE(Z)
spaces ([7]) In 2012, Nuray and Rhodes extended Mursaleen’s study and gave the
definition of statistical convergence for sequences of sets ([14]). Kisi and Nuray
used Z—convergence for the similar concepts and they introduced new convergence
notions for sequences of sets, which are called by Wijsman Z—convergence and
Wijsman A—statistical convergence ([8]-[9]).

Some authors like Savas and Gumus, generalized these concepts by using p = (py)
positive real number sequence ([16]).

Another basic topic for us is asymptotically equivalent sequences. Marouf pre-
sented definitions for asymptotically equivalent sequences and asymptotic reguler
matrices ([11]). In 2003, Patterson extended these concepts by presenting an asymp-
totically statistical equivalent analog of these definitions and natural regularity
conditions for nonnegative summability matrices ([15]).T'wo nonnegative sequences
x = (k) and y = (yx) are said to be asymptotically equivalent if

lim— =1
k Yk
and it is denoted by x ~ y.
In this work, we investigate that which results we will have if we apply the

p = (pg) positive real number sequence to previous results. We also investigate
what will happen if p = (p).

2. DEFINITONS AND NOTATIONS

A family of sets Z C 2V is called an ideal if and only if
(i) VeT

(74) For each A,B € T we have AUB €T

(#4i) For each A € 7 and each B C A we have B€ 7

An ideal is called non-trivial if N ¢ 7 and a non-trivial ideal is called ad-
missible if {n} € Z for each n € N.
A family of sets F' C 2V is a filter in N if and only if
(i) D¢F
(i7) For each A,B € F we have ANB € F
(#4i) For each A € F and each B D A we have B € F
7 is a non-trivial ideal in N if and only if

F=FI)={M=N\A:AecT}
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is a filter in N.
A real sequence x = (z) is said to be Z—convergent to L € R if and only if for
each € > 0 the set

Ac={keN:|ap—L| > ¢}

belongs to Z. The number L is called the Z—limit of the sequence z.

Take for Z class the Zy of all finite subsets of N. Then Z; is a non-trivial
admissible ideal and Zy —convergence coincides with the usual convergence.

Let (X, d) is a metric space. For any point € X and any non-empty subset A
of X, we define the distance from z to A by

d(z, A) = alrelg d(x, A).

([1]) Let (X,d) is a metric space. For any non-empty closed subsets A, A, C X
we say that the sequence {Ay} is Wijsman convergent to A if

lim d(z, Ag) = d(z, A)
k—r 00

for each x € X. In this case we write W — limy_, o Ar = A.
Lets define the following sequence of circles in the (z,y)—plane.

Ap = {(z,y) : 2> + y* + 2k = 0} .

As k — oo the sequence is Wijsman convergent to the y—axis A = {(x,y) : z = 0}.
([14]) Let (X, d) is a metric space. For any non-empty closed subsets A4, A, C X;
one says that the sequence { Ay} is Wijsman statistically convergent to A if for e > 0
and for each =z € X,
lim {k <n:|d(z,Ar) —d(z, A)| > e} =0.

n—oo

In this case we write st — limy A = A or Ay — A(WS) where WS denotes the
set of Wijsman statistical convergent sequences.

([1]) Let (X, d) is a metric space. For any non-empty closed subset Ay of X, we
say that the sequence {Ay} is bounded if

supd(z, Ap) < o0
k

for each z € X. In this case we write {A;} € L.
([1]) Let (X,d) is a metric space. For any non-empty closed subsets A, Ay, C X
we say that the sequence {Ay} is Wijsman Ceséro summable to A if

Ly
Jim — > d(x, Ay) = d(x, A)
k=1
for each x € X and we say that {Ax} is Wijsman Cesédro summable to A if

R
k=1
for each = € X.
([19]) Let (X, d) is a metric space. For any non-empty closed subsets Ay, By, C X
such that d(x, Ax) > 0 and d(z, Bg) > 0 for each z € X, we say that the sequences
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{Ay} and {By} are asymptotically equivalent (Wijsman sense) if for each for each
z e X,
lim d(w, Ax)
k—o0 d((E, Bk)
and this is denoted by A; ~ By
Choose the following sequences of circles in the (z,y)—plane.

=1

A, = {(x,y) € R? :x2+y2+2ky:0},
B, = {(x,y) € R? :x2+y272ky:0}.
Since,
. d(, Ay)
lim ——-% =1
Kovoo d(z, Br)

then {Ax} and {By} are asymptotically equivalent (Wijsman sense).

([19]) Let (X, d) is a metric space. For any non-empty closed subsets Ay, B, C X
such that d(z, Ay) > 0 and d(z, By) > 0 for each x € X, we say that the sequences
{Aj} and { By } are asymptotically statistically equivalent (Wijsman sense) provided
that for each for each = € X,

R

lim —
n—oo 1, x, By

and this is denoted by Ay, Wae By.

([9]) Let (X,d) is a metric space, Z C 2% is an admissible ideal. For any
non-empty closed subsets A, Ay C X we say that the sequence {Ay} is Wijsman
Z—convergent to A if for each € > 0 and for each = € X the set

A(z;e) ={k e N: |d(z, A;) — d(z, A)| > €}

belongs to Z. This is denoted by Zyy — lim Ay, = A or Ay — A(Zw) where Ty is
the set of Wijsman Z—convergent sequences.
Let X = R? and let {4} is the following sequence:

4 = {@y) 2 +y? —2ky =0}, if k#n?
T @ y) =13, if k = n?

and A = {(x,y) : y = 0} . The sequence {Ay} is not Wijsman convergent to A but
if we take Z = T4, then {Ay} is Wijsman Z—convergent to A where Z; is the ideal
of sets that have zero density.
([8]) Let (X,d) is a metric space. For any non-empty closed subsets A, A, C X,
we say that the sequence { A;} is Wijsman A—statistically convergent or W .S\ —convergent
to A provided that for every € > 0 and for each x € X,

1
lim — [{k € I, : |d(z, A) — d(x, A)| > e}| = 0.

n—0o0 n

This is denoted by Sy — limy Ar = A or Ay — A(WS)) where
Wy = {{a}: AC X, S, ~lim Ay = 4.

If A, = n, Wijsman A—statistical convergence is the same as Wijsman statistical
convergence for the sequences of sets.

([9)Let (X,d) is a metric space and Z C 2" is an admissible ideal. For any
non-empty closed subsets Ay, By, C X such that d(x, Ax) > 0 and d(x, Bg) > 0 for
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each x € X we say that the sequences {Ax} and {By} are asymptotically Wijsman
T —equivalent of multiple L if for every € > 0 and for each x € X,

{k; e | Uz Ar)

AL Tk,
d(i)’], Bk)
and it is denoted by Ay, N
Let Z C 2V is an non-trivial ideal, (X,d) is a metric space, Ay, By C X are
non-empty closed subsets. Let X =R, {Ax}, {By} are following sequences.

A — {(x,y)€R2:0§x§n70§y§%m}7 if k #n?
7 {0,0)}, otherwise

25}61

and
B — {(x,y)€R2:0§a:§n,Ogyg—%x}, if k # n?
k {(0,0)}, otherwise

If we take Z =74, the sequences {Ax} and {By} are asymptotically Wijsman
T—equ-ivalent where Z; is the ideal of sets which have zero density.

([9])Let (X, d) is a metric space. For any non-empty closed subsets Ay, By C X
such that d(z, A;) > 0 and d(z, By) > 0 for each z € X we say that the sequences
{Ay} and {By} are strong Ceséro Z—asymptotically equivalent (Wijsman sense) of
multiple L provided that for every € > 0 and for each z € X,

n

{neN:TlLZ

k=1

d(l‘, Bk)
L
and this is denoted by Ay rw) By,

([8]) Let (X, d) is a metric space. For any non-empty closed subsets Ay, B, C X
such that d(x, Agx) > 0 and d(z, By) > 0 for each z € X we say that the sequences
{Ax} and {Bj} are Wijsman Z—asymptotically statistical equivalent of multiple L
provided that for every §,e > 0 and for each z € X,

{neN:l {k<n:‘d(x’Ak)—L‘>eH>6}€I
n
St (Zw)

d(z, By)
and this is denoted by Ay = ~" " Bjy.
Let 7 is an admissible ideal in N .and X = R?. For any non-empty closed subsets
Ak, Br C X, {Ax} and {By} are following sequences:

Ak_{ {@y) eR?:a? +(y—1)° =1}, ifk#n’

1(0,0)}, otherwise
B, = { i((g’g))}e R2: 2%+ (y+1)2 =1}, ifﬁ #n’
, , otherwise
If we take Z = Z4 we have,

d(z, Ag)
|z — >
{keN ’d(m,Bk) 1‘ e}eI

1
thus Ak I,&V Bk.
([8]) Let (X,d) is a metric space. For any non-empty closed subsets Ay, By C
X such that d(z,A;) > 0 and d(z,B) > 0 for each z € X, we say that the
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sequences {Ai} and {By} are strongly Az—asymptotically equivalent (Wijsman
sense) of multiple L provided that for every € > 0 and for each x € X,

x Ak
7
{neN 3| ‘ 5}6
and this is denoted by Ay By,.

kel,

([9]) Let (X, d) is a metric space. For any non-empty closed subsets Ay, By C X
such that d(x, Ar) > 0 and d(x, B) > 0 for each © € X, we say that the sequences
{Ay} and {By} are Z—asymptotically A—statistically equivalent (Wijsman sense)
of multiple L provided that for every €,0 > 0 and for each z € X,

V& (Tw)
~J

1 d(z, Ag)
N: —Kkel,:|—=—L| > >0 T
{”e * { © ’d(Ika) IS
L
and in this case we write Ay, Sx(Zw) By,.

3. MAIN RESULTS

Let (X, d) is a metric space, Z C2" is a non-trivial ideal, p = (p;.) is a sequence
of positive real numbers and A € A. For any non-empty closed subsets Ay, By C X
such that d(z,Ax) > 0 and d(x, Br) > 0 for each z € X, the sequences {4}
and {By} are said to be Wijsman strongly Ar—asymptotically p—equivalent or
V)\L(p ) (Zw)— asymptotically equivalent of multiple L provided that for every € > 0
and every x € X,

pk
)\ Z >ep el

kel,

L(p)
In this situation we write Ay (IW) By.

L:v( w) L(P) (Iw)
If we take py = p for all k € N we write Ay By, instead of Ay,

B;..

Let (X,d) is a metric space, Z C2V is a non-trivial ideal, p = (py,) is a sequence
of positive real numbers and A € A. For any non-empty closed subsets Ay, By C X
such that d(z, Ax) > 0 and d(z, B) > 0 for each x € X, the sequences {A;} and
{By} are said to be Wijsman strongly Cesdro Z—asymptotically p—equivalent of

multiple L if every ¢ > 0 and every z € X,
Pk
>erel.
In this case we write Ak

{n eEN: ! n d(z, Ar)
n i~ d(x, B)
Le )(IW) B,

Let (X,d) is a metric space and Z C 2" is an admissible ideal and A\ € A.
For any non-empty closed subsets Ay, By C X such that d(z,Ax) > 0 and
d(z, By) > 0 for each € X we say that the sequences {Ay} and {By} are Wijs-
man Z—asymptotically A statistical equivalent of multiple L if every £, > 0 and

for each = € X,
1 d(I,Ak)
c— Wkel,:|—=—-L| > >0 T
{nGN )\n{ € ‘d(amBk) >ep| > €

- L
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L
and it is denoted by Ay S\ (Zw) By,.

Let (X,d) is a metric space, Z C 2V is an admissible ideal and A € A. If

Lp L
Ay i f\(-/IW) By, then Ay 5x gW) By.
L
Proof. (i) Let Ak ) By, and € > 0. For each z € X,
d(z,A P d(z,Ay) P
R ’d(w AR =B ~ L
KEln & | GEE —L|>e
> eP sz el,: ‘Z%ig:g —L‘ > 5}‘
and so

d(x Ak 1
el’)\ Z ’d(mBk 7L’ Z A

Then for any 6 > O,

z,A
{ke[n:‘dExB’“) L‘ >5}’

L1 .| d(z,Ag)
{neN:i|{kel: 988 - 1| 2 c}| 2 6}
.1 d(z,Ar)
- {nGN. S > ‘d(%BZ) —L‘ 251’5} el
kel,
L
Therefore Ay SxZw) By. O
Let (X,d) is a metric space, Z C 2V is an admissible ideal and A\ € A. If {A;},
L LP T
{Bk} S Loo and Ak 5 EW) Bk then Ak ( W) Bk
S%(Zw) .
Proof. {Ar}, {Br} € Lo and Ay ~" " Bj. Then there is an M such that

‘Zéi”g:; — L’ < M for each z € X and all k. For each € > 0

dlods) _ ‘ _ 1 ‘d(m,Ak) _L”’
w Bk An d(w’Bk)
kel & | gk —L|>e
1 d(z,Ay) i
+ An Z ’d(m,Bz) - L
Kl & | 25 —L]<e
1 L d(z,Ag)
< stmr|{kel,: |55 - 1] =
+ oer {k €1, : ]jg;g:; - L’ < 5}‘
MP | d(z,Ax)
S Tn {keIn‘d(w,B:)_L‘zg})—’—Ep

Then for any 6 > 0,
d(z,A
{nGN S |fes -]z

" kel
N L
c{nemis]

{ke[n ‘fjgg:) L‘ >5H 2]\%}61
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and we have the proof. O
L vir
AkSA(NIW)BkmLoo:Ak A,\(JW)BkmLOO
Proof. This follows from Theorem 3.1. and Theorem 3.2. (I
: i@y Lo SX (ZIw)
Let A € A and infp, = h and supp, = H. A ~ By implies A "~

By.

L(p)
Proof. Assume that Ay ( w) By, and £ > 0. Then,
dz.Ay) ™ d(z,A) b
ey ’d(w ) = A 2 a5 ~ L
kel & | 258 —L]>e
1 d(z,Ar) b
+ o > awmn ~ L

d(z,Ay)
kel & |d(z,B:)fL|<e

1 d(z,Ar) P
= v 2 awpg L
kel & |FE5E —L]>e
> 5 > (e)P*
Kl & | g —L|>e
> % > min {(e)", ()"}
kel & | HEg —L|>e
. d(z,A
> ﬁmm{(a)h, (e)} Hk €ly,: ‘dgm,B:; - L’ > 6}‘
and
.1 . d(ac,A )
L1 d(z,Ak) H
Q{HEN.)\”Z‘d(iB: L) >(5m1n{ (e) }}EI
kel
5% (Zw)
Thus we have z "~ " y. O

Let {Ar} and {By} are bounded sequences, infy p, = h and supy, pr = H. Then,

SE(Tw) “’”(Iw)

Ay By, implies Ay, By.
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Proof. Suppose that {A} and {By} are bounded and ¢ > 0. Then there is an
integer K such that ’d(m’A’“) - L’ < K for all k.

d(x,By)
1 d(z,Ay) Pe d(z,Ay) Pk
x Tl = & e - L
keln kel & ‘jé:g:; 7L|25
1 d(z,Ay) Pk
tox P B — L
Kl & | gk 1 |<e
1 d(z,Ar) h jcH
< ke n: |[fegs - 1) > 5} max (K", K}
1 L d(z,Ag) max(e)Pk
+ 3 [{he . |5 - n] < 5| me™
max Eh' EH
< K0 3 (e [ - of 2 g} 2
and
1 d(z,Ay) Pk
{neN. D |feds) 25}
1 d(z,Ar) 2sfmax{sh’,sH}
g{”EN'AnHkEI | S — ] 2 $ }| = Sy
V)\L(I’)( Tw)
belongs to Z so we have Ay ~ By. O
VL(P) 7 o
Let A € A and I is an admissible ideal in N. If A, ( w) By, then Ay, Jw)
By..
L(P)( Tw)
Proof. Assume that Ay By, and € > 0. Then,
1 | d(z,AR) P (A0 P, 1 A" d(z, Ar) P
w2 d(aBi) —-L - E ‘ zB:) tn L d(I7B:) - L
k=1 k=1
< d@.Ay) 7| A | d(x,Ar) ™
< Z d(z,Br) + 5 k§1 d(z,Br)
2 d(z,A,) 1 |P*
< k; ’d(m,Bk) L
and so,
1 d(z,Ag) k
Ci{neN:{&+ 3 ‘d(““) 7 P
= AL @@ B =3

and it completes the proof. O
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