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ON EXPONENTIAL STABILITY OF SOLUTIONS OF NEUTRAL

DIFFERENTIAL SYSTEMS WITH MULTIPLE VARIABLE

DELAYS

MELEK GÖZEN AND CEMIL TUNC

Abstract. In this paper, the globally exponentially stability of the solutions
to a certain neutral delay differential system with nonlinear uncertainties is

investigated. A globally exponentially stability criterion is derived for the
considered system. Based on the Lyapunov-Krasovskii functional approach,
we prove a new result on the topic. Our result includes and improves the
results in the literature.

1. Introduction

The dynamical systems with time delays have been considered by many authors
during the past few decades (see [3, 6, 8, 19, 23, 24]). In particular, the interest
in neutral differential equations has been growing rapidly due to their successful
applications in practical fields such as circuit theory [2], bioengineering [17], pop-
ulation dynamics [5], automatic control [4,13] and so on. Current efforts on the
problem of stability of time delay systems of neutral type can be divided into two
categories; delay independent criteria and delay dependent criteria. A number of
sufficient delay independent criteria for the asymptotic stability of neutral delay
differential systems have been discussed by various researchers (see, for example
[21, 22]). It should be noted that, in general, it is important both theoretically and
practically to determine the delay independent and delay dependent criteria for the
exponential stability of solutions.

In a recent paper, Syed Ali [18] investigated globally exponentially stability of
solutions to the following neutral delay differential system:

ẋ(t) = Ax(t) +Bx(t− h(t)) + Cẋ(t− h(t)) + f1(t, x(t)) + f2(t, x(t− h(t)))

+f3(t, ẋ(t− h(t))),

x(s) = ϕ(s), ẋ(s) = φ(s), s ∈ [−h, 0].

In fact, many researches have also studied the exponential stability analysis for
systems with time delays in the literature [1,7,9-12, 14, 15].
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In this paper, instead of the above system, we consider following neutral differ-
ential system multiple variable delays:

ẋ(t) = A(t)x(t) +
∑n

i=1 Bi(t)x(t− hi(t)) +
∑n

i=1 Ci(t)ẋ(t− hi(t))

+f1(t, x(t)) + f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+f3(t, ẋ(t− h1(t)), ..., ẋ(t− hn(t))),

x(s) = φ(s), ẋ(s) = ϕ(s), s ∈ [−hi, 0], (i = 1, 2, ..., n),

(1)

where x ∈ Rn, ϕ(.) and φ(.) are continuous vector valued initial functions, A(t),
Bi(t), Ci(t), (i = 1, 2, ..., n), are n × n real symmetric matrix functions, hi(t),
(i = 1, 2, ..., n), are differentiable and denote the time-varying delays such that

0 ≤ hi(t) ≤ hMi , 0 ≤ ḣi(t) ≤ di < 1

hold, where hMi and di are positive constants, f1(t, x(t)), f2(t, x(t−h1(t)), ..., x(t−
hn(t))), f3(t, ẋ(t − h1(t)), ..., ẋ(t − hn(t))) are continuous nonlinear uncertainties
and satisfy the following assumptions,

||f1(t, x(t))|| ≤ α1||x(t)||,

||f2(t, x(t− h1(t)), ..., x(t− hn(t)))|| ≤ α2

n∑
i=1

||x(t− hi(t))||,

||f3(t, ẋ(t− h1(t)), ..., ẋ(t− hn(t)))|| ≤ α3

n∑
i=1

||ẋ(t− hi(t))||, t > 0,

where α1, α2, α3 are certain positive constants.
We can rewrite system (1) as the following descriptor system:

ẋ(t) = y(t),

y(t) = A(t)x(t) +
∑n

i=1 Bi(t)x(t− hi(t)) +
∑n

i=1 Ci(t)y(t− hi(t))

+f1(t, x(t)) + f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+f3(t, y(t− h1(t)), ..., y(t− hn(t))),

x(s) = ϕ(s), y(s) = φ(s), s ∈ [−hi, 0], (i = 1, 2, ..., n).

(2)

The motivation of this paper comes from the recent papers of [1, 9, 16, 20, 25].
Our aim is to extend and improve the results obtained in Syed Ali [18] for a more
general case, that is, from one delay to multiple delays for the globally exponentially
stability of solutions. This case shows the novelty of the paper. By this work, our
aim is to do a contribution to the literature.

2. Stability

We need to the following basic definition, lemmas and theorem.
Definition 2.1 ([18]). System (1) is said to be globally exponentially stable with
convergence rate α if there exist two positive constants α and λ such that

||x(t)|| ≤ λe−αt, t ≥ 0.
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Lemma 2.1 (Schur Complement [18]). Let M , P and Q be given matrices such
that Q > 0. Then[

P MT

M −Q

]
≤ 0 ⇐⇒ P +MTQ−1M < 0.

Lemma 2.2 ([18]). For any vectors a, b ∈ Rn and scalar ε > 0, we have

2aT b ≤ εaTa+ ε−1bT b.

Lemma 2.3 ([18]). For any constant matrix M ∈ Rn×n, M = MT > 0, scalar
η > 0, vector function w : [0, η] → Rn such that the integrations concerned are well
defined, then[∫ η

0

w(s)ds

]T
M

[∫ η

0

w(s)ds

]
≤ η

∫ η

0

wT (s)Mw(s)ds.

The main stability result of this paper is the following theorem.
Theorem. Let Pi > 0, (i = 1, 2, 3, 4), and Nj , (j = 1, 2, 3), be positive matrices,
and εi, (i=1,2,...,12), be positive real numbers. If the following LMI condition

Ξ =



Ξ11 Ξ12 Ξ13 Ξ14 Ψ1 Ψ2 0 0
∗ Ξ22 Ξ23 Ξ24 0 0 Ψ3 0
∗ ∗ Ξ33 Ξ34 0 0 0 Ψ4

∗ ∗ ∗ Ξ44 0 0 0 0
∗ ∗ ∗ ∗ ∆1 0 0 0
∗ ∗ ∗ ∗ ∗ ∆2 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∆3 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∆4


< 0,

holds, then system (1) is globally exponentially stable, where

Ξ11 = P1A(t) +AT (t)P1 + 2αP1 +
n∑

i=1

P2 −
n∑

i=1

e−2αhi(t)P4

+NT
2 A(t) +AT (t)N2 + εaα

2
1,

Ξ12 =

n∑
i=1

e−2αhi(t)P4 +

n∑
i=1

NT
2 Bi(t) +

n∑
i=1

P1Bi(t) +AT (t)N3,

Ξ13 = −NT
2 +AT (t)N1,

Ξ14 =
n∑

i=1

P1Ci(t) +
n∑

i=1

NT
2 Ci(t),

Ξ22 = −
n∑

i=1

(1− di)e
−2αhi(t)P2 −

n∑
i=1

e−2αhi(t)P4 +

n∑
i=1

NT
3 Bi(t)

+

n∑
i=1

BT
i (t)N3 + εbα

2
2,

Ξ23 =
n∑

i=1

BT
i (t)N1 −NT

3 ,

Ξ24 =
n∑

i=1

NT
3 Ci(t),
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Ξ33 =
n∑

i=1

P3 +
n∑

i=1

h2
Mi

P4 −NT
1 −N1,

Ξ34 =
n∑

i=1

NT
1 Ci(t),

Ξ44 = −
n∑

i=1

(1− di)e
−2αhi(t)P3 + εcα

2
3,

Ψ1 = [PT
1 PT

1 PT
1 ], Ψ2 = [NT

2 NT
2 NT

2 ], Ψ3 = [NT
3 NT

3 NT
3 ], Ψ4 = [NT

1 NT
1 NT

1 ],

∆1 = diag{−ε−1
1 I, ε−1

2 I, ε−1
3 I}, ∆2 = diag{−ε−1

7 I,−ε−1
8 I,−ε−1

9 I},
∆3 = diag{−ε−1

10 I, ε
−1
11 I, ε

−1
12 I}, ∆4 = diag{−ε−1

4 I,−ε−1
5 I,−ε−1

6 I},
εa = (ε−1

1 + ε−1
4 + ε−1

7 + ε−1
10 ), εb = (ε−1

2 + ε−1
5 + ε−1

8 + ε−1
11 ),

εc = (ε−1
3 + ε−1

6 + ε−1
9 + ε−1

12 ).

Proof. Define the Lyapunov-Krasovskii functional,

V (t) = e2αtxT (t)P1x(t) +
n∑

i=1

∫ t

t−hi(t)

e2αsxT (s)P2x(s)ds

+
n∑

i=1

∫ t

t−hi(t)

e2αsyT (s)P3y(s)ds

+
n∑

i=1

hMi

∫ 0

−hMi

∫ t

t+β

e2αsẋT (s)P4ẋ(s)dsdβ.

The time derivative of V (t) along the trajectories of (2) satisfies

V̇ (t) = 2αe2αtxT (t)P1x(t) + e2αtẋT (t)P1x(t)

+e2αtxT (t)P1ẋ(t) +
n∑

i=1

e2αtxT (t)P2x(t)

−
n∑

i=1

(1− ḣi(t))e
2α(t−hi(t))xT (t− hi(t))P2x(t− hi(t))

+

n∑
i=1

e2αtyT (t)P3y(t)

−
n∑

i=1

(1− ḣi(t))e
2α(t−hi(t))yT (t− hi(t))P3y(t− hi(t))

+
n∑

i=1

hMi

∫ 0

−hMi

[
e2αtẋT (t)P4ẋ(t)

−e2α(t+β)ẋT (t+ β)P4ẋ(t+ β)
]
dβ.
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From system (1), we have

V̇ (t) = 2αe2αtxT (t)P1x(t) + e2αt

[
xT (t)AT (t) +

n∑
i=1

xT (t− hi(t))B
T
i (t)

+
n∑

i=1

ẋT (t− hi(t))C
T
i (t) + fT

1 (t, x(t))

+fT
2 (t, x(t− h1(t)), ..., x(t− hn(t)))

+fT
3 (t, ẋ(t− h1(t)), ..., ẋ(t− hn(t)))

]
P1x(t) + e2αtxT (t)P1

[
A(t)x(t)

+
n∑

i=1

Bi(t)x(t− hi(t)) +
n∑

i=1

Ci(t)ẋ(t− hi(t))

+f1(t, x(t)) + f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+f3(t, ẋ(t− h1(t)), ..., ẋ(t− hn(t)))

]
+

n∑
i=1

e2αtxT (t)P2x(t)

−
n∑

i=1

(1− ḣi(t))e
2α(1−hi(t))xT (t− hi(t))P2x(t− hi(t))

+
n∑

i=1

e2αtyT (t)P3y(t)

−
n∑

i=1

(1− ḣi(t))e
2α(t−hi(t))yT (t− hi(t))P3y(t− hi(t))

+
n∑

i=1

h2
Mie

2αtẋT (t)P4ẋ(t)−
n∑

i=1

hMi

∫ t

t−hMi

e2αsẋT (s)P4ẋ(s)ds.

In view of the following estimates

n∑
i=1

xT (t− hi(t))B
T
i (t)P1x(t) +

n∑
i=1

ẋT (t− hi(t))C
T
i (t)P1x(t) + fT

1 (t, x(t))P1x(t)

+ fT
2 (t, x(t− h1(t)), ..., x(t− hn(t)))P1x(t)

+ fT
3 (t, ẋ(t− h1(t)), ..., ẋ(t− hn(t)))P1x(t)

=

n∑
i=1

xT (t)P1Bi(t)x(t− hi(t))

+

n∑
i=1

xT (t)P1Ci(t)ẋ(t− hi(t)) + xT (t)P1f1(t, x(t))

+ xT (t)P1f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+ xT (t)P1f3(t, ẋ(t− h1(t)), ..., ẋ(t− hn(t))),

− e2αt(t−hi(t)) ≤ −e−2αhi(t), (i = 1, 2, ..., n), (t ≥ 0),
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and system (2), it follows that

V̇ (t) ≤ e2αt

{
xT (t)

[
P1A(t) +AT (t)P1 + 2αP1

]
x(t)

+2

n∑
i=1

xT (t)P1Bi(t)x(t− hi(t)) + 2

n∑
i=1

xT (t)P1Ci(t)y(t− hi(t))

+2xT (t)P1[f1(t, x(t)) + f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+f3(t, y(t− h1(t)), ..., y(t− hn(t)))] +
n∑

i=1

xT (t)P2x(t)

−
n∑

i=1

(1− ḣi(t))e
2αhi(t)xT (t− hi(t))P2x(t− hi(t))

+

n∑
i=1

yT (t)P3y(t)−
n∑

i=1

(1− ḣi(t))e
2αhi(t)yT (t− hi(t))P3y(t− hi(t))

+

n∑
i=1

h2
Mie

2αtyT (t)P4y(t)−
n∑

i=1

hMi

∫ t

t−hMi

e2α(s−t)ẋT (s)P4ẋ(s)ds

}
.

Hence

V̇ (t) ≤ e2αt

{
xT (t)

[
P1A(t) +AT (t)P1 + 2αP1 +

n∑
i=1

P2

]
x(t)

+2
n∑

i=1

xT (t)P1Bi(t)x(t− hi(t)) + 2
n∑

i=1

xT (t)P1Ci(t)y(t− hi(t))

−
n∑

i=1

(1− ḣi(t))e
2αhi(t)xT (t− hi(t))P2x(t− hi(t))

+
n∑

i=1

yTP3y(t) +
n∑

i=1

h2
Mie

2αtyT (t)P4y(t)

−
n∑

i=1

(t− ḣi(t))e
2αhi(t)yT (t− hi(t))P3y(t− hi(t))

+2xT (t)P1[f1(t, x(t)) + f2(t, x(t− h1(t)), ..., x(t− hn(t)))

+f3(t, y(t− h1(t)), ..., y(t− hn(t)))]

−
n∑

i=1

hMi

∫ t

t−hMi

e2α(s−t)ẋT (s)P4ẋ(s)ds

}
.

From system (2) we have

2[yT (t)NT
1 + xT (t)NT

2 +

n∑
i=1

xT (t− hi(t))N
T
3 ]× [−y(t) +A(t)x(t)

+

n∑
i=1

Bi(t)x(t− hi(t)) +

n∑
i=1

Ci(t)y(t− hi(t)) + f1(t, x(t))

+ f2(t, x(t− h1(t)), ..., x(t− hn(t))) + f3(t, y(t− h1(t)), ..., y(t− hn(t)))] = 0
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and

− 2yT (t)NT
1 y(t) + 2yT (t)NT

1 A(t)x(t) + 2yT (t)NT
1

n∑
i=1

Bix(t− hi(t))

+ 2yT (t)NT
1

n∑
i=1

Ci(t)y(t− hi(t))− 2xT (t)NT
2 y(t) + 2xT (t)NT

2 A(t)x(t)

+ 2xT (t)NT
2

n∑
i=1

Bi(t)x(t− hi(t)) + 2xT (t)NT
2

n∑
i=1

Ci(t)y(t− hi(t))

− 2

n∑
i=1

xT (t− hi(t))N
T
3 y(t) + 2

n∑
i=1

xT (t− hi(t))N
T
3 A(t)x(t)

+ 2

n∑
i=1

xT (t− hi(t))N
T
3 Bi(t)x(t− hi(t)) + 2

n∑
i=1

x(t− hi(t))N
T
3 Ci(t)y(t− hi(t))

+ [2yT (t)NT
1 + 2xT (t)NT

2 + 2
n∑

i=1

xT (t− hi(t))N
T
3 ]× [f1(t, x(t))

+ f2(t, x(t− h1(t)), ..., x(t− hn(t))) + f3(t, y(t− h1(t)), ..., y(t− hn(t)))] = 0.

Then

V̇ (t) ≤ e2αt{xT (t)

[
P1A(t) +AT (t)P1 + 2αP1 +

n∑
i=1

P2

]
x(t)

+2

n∑
i=1

xT (t)P1Bi(t)x(t− hi(t)) + 2

n∑
i=1

xT (t)P1Ci(t)y(t− hi(t))

−
n∑

i=1

(1− ḣi(t))e
2αhi(t)xT (t− hi(t))P2x(t− hi(t))

+
n∑

i=1

yT (t)P3y(t) +
n∑

i=1

h2
Mie

2αtyT (t)P4y(t)

−
n∑

i=1

(1− ḣi(t))e
2αhi(t)yT (t− hi(t))P3y(t− hi(t))

−2yT (t)NT
1 y(t) + 2yT (t)NT

1 A(t)x(t) + 2yT (t)NT
1

n∑
i=1

Bi(t)x(t− hi(t))

+2yT (t)NT
1

n∑
i=1

Ci(t)y(t− hi(t))− 2xT (t)NT
2 y(t) + 2xT (t)NT

2 A(t)x(t)

+2xT (t)NT
2

n∑
i=1

Bi(t)x(t− hi(t)) + 2xT (t)NT
2

n∑
i=1

Ci(t)y(t− hi(t))

−2
n∑

i=1

xT (t− hi(t))N
T
3 y(t) + 2

n∑
i=1

xT (t− hi(t))N
T
3 A(t)x(t)
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+ 2
n∑

i=1

xT (t− hi(t))N
T
3 Bi(t)x(t− hi(t)) + 2

n∑
i=1

x(t− hi(t))N
T
3 Ci(t)y(t− hi(t))

+ [2yT (t)NT
1 + 2xT (t)NT

2 + 2
n∑

i=1

xT (t− hi(t))N
T
3 ]× [f1(t, x(t))

+ f2(t, x(t− h1(t)), ..., x(t− hn(t))) + f3(t, y(t− h1(t)), ..., y(t− hn(t)))]

−
n∑

i=1

hMi

∫ t

t−hMi

e2α(s−t)ẋT (s)P4ẋ(s)ds}.

If we use the following inequalities

||f1(t, x(t))|| ≤ α1||x(t)||,

||f2(t, x(t− h1(t)), ..., x(t− hn(t)))|| ≤ α2

n∑
i=1

||x(t− hi(t))||,

||f3(t, ẋ(t− h1(t)), ..., ẋ(t− hn(t)))|| ≤ α3

n∑
i=1

||ẋ(t− hi(t))||, t > 0,

and Lemma 2.2 , then we get

2xT (t)P1f1(t, x(t)) ≤ ε1x
T (t)P1P

T
1 x(t) + ε−1

1 fT
1 (t, x(t))f1(t, x(t))

≤ ε1x
T (t)P1P

T
1 x(t) + ε−1

1 xT (t)α2
1x(t),

2xT (t)P1f2(t, x(t− h1(t)), ..., x(t− hn(t))) ≤ ε2x
T (t)P1P

T
1 x(t)

+ ε−1
2 fT

2 (t, x(t− h1(t)), ..., x(t− hn(t)))f2(t, x(t− h1(t)), ..., x(t− hn(t)))

≤ ε2x
T (t)P1P

T
1 x(t) + ε−1

2

n∑
i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t)),

2xT (t)P1f3(t, y(t− h1(t)), ..., y(t− hn(t))) ≤ ε3x
T (t)P1P

T
1 x(t)

+ ε−1
3 fT

3 (t, y(t− h1(t)), ..., y(t− hn(t)))f3(t, y(t− h1(t)), ..., y(t− hn(t)))

≤ ε3x
T (t)P1P

T
1 x(t) + ε−1

3

n∑
i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t)),

2yT (t)NT
1 f1(t, x(t)) ≤ ε4y

T (t)NT
1 N1y(t) + ε−1

4 fT
1 (t, x(t))f1(t, x(t))

≤ ε4y
T (t)NT

1 N1y(t) + ε−1
4 xT (t)α2

1x(t),

2yT (t)NT
1 f2(t, x(t− h1(t)), ..., x(t− hn(t))) ≤ ε5y

T (t)NT
1 N1y(t)

+ ε−1
5 fT

2 (t, x(t− h1(t)), ..., x(t− hn(t)))f2(t, x(t− h1(t)), ..., x(t− hn(t)))

≤ ε5y
T (t)1N

T
1 N1y(t) + ε−1

5

n∑
i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t)),

2yT (t)NT
1 f3(t, y(t− h1(t)), ..., y(t− hn(t))) ≤ ε6y

T (t)NT
1 N1y(t)

+ ε−1
6 fT

3 (t, y(t− h1(t)), ..., y(t− hn(t)))f3(t, y(t− h1(t)), ..., y(t− hn(t)))
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≤ ε6y
T (t)NT

1 N1y(t) + ε−1
6

n∑
i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t)),

2xT (t)NT
2 f1(t, x(t)) ≤ ε7x

T (t)NT
2 N2x(t) + ε−1

7 fT
1 (t, x(t))f1(t, x(t))

≤ ε7x
T (t)NT

2 N2x(t) + ε−1
7 xT (t)α2

1x(t),

2xT (t)NT
2 f2(t, x(t− h1(t)), ..., x(t− hn(t))) ≤ ε8x

T (t)NT
2 N2x(t)

+ ε−1
8 fT

2 (t, x(t− h1(t)), ..., x(t− hn(t)))f2(t, x(t− h1(t)), ..., x(t− hn(t)))

≤ ε8x
T (t)NT

2 N2x(t) + ε−1
8

n∑
i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t)),

2xT (t)NT
2 f3(t, y(t− h1(t)), ..., y(t− hn(t))) ≤ ε9x

T (t)NT
2 N2x(t)

+ ε−1
9 fT

3 (t, y(t− h1(t)), ..., y(t− hn(t)))f3(t, y(t− h1(t)), ..., y(t− hn(t)))

≤ ε9x
T (t)NT

2 N2x(t) + ε−1
9

n∑
i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t)),

2
n∑

i=1

xT (t− hi(t))N
T
3 f1(t, x(t)) ≤ ε10

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

xT (t− hi(t))

+ ε−1
10 x

T (t)α2
1x(t),

2

n∑
i=1

xT (t− hi(t))N
T
3 f2(t, x(t− h1(t)), ..., x(t− hn(t)))

≤ ε11

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t)))

+ ε−1
11 f

T
2 (t, x(t− h1(t)), ..., x(t− hn(t)))f2(t, x(t− h1(t)), ..., x(t− hn(t)))

≤ ε11

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t)))

+ ε−1
11

n∑
i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t))),

2

n∑
i=1

xT (t− hi(t))N
T
3 f3(t, y(t− h1(t)), ..., y(t− hn(t)))

≤ ε12

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t)))

+ ε−1
12 f

T
3 (t, y(t− h1(t)), ..., y(t− hn(t)))f3(t, y(t− h1(t)), ..., y(t− hn(t)))

≤ ε12

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t))

+ ε−1
12

n∑
i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t))
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so that

V̇ (t) ≤ e2αt{xT (t)

[
P1A(t) +AT (t)P1 + 2αP1 +

n∑
i=1

P2

]
x(t)

+2

n∑
i=1

xT (t)P1Bi(t)x(t− hi(t)) + 2

n∑
i=1

xT (t)P1Ci(t)y(t− hi(t))

−
n∑

i=1

(1− ḣi(t))e
2αhi(t)xT (t− hi(t))P2x(t− hi(t)) +

n∑
i=1

yT (t)P3y(t)

+
n∑

i=1

h2
Mie

2αtyT (t)P4y(t)

−
n∑

i=1

(t− ḣi(t))e
2αhi(t)yT (t− hi(t))P3y(t− hi(t))

−2yT (t)NT
1 y(t) + 2yT (t)NT

1 A(t)x(t) + 2yT (t)NT
1

n∑
i=1

Bi(t)x(t− hi(t))

+2yT (t)NT
1

n∑
i=1

Ci(t)y(t− hi(t))− 2xT (t)NT
2 y(t) + 2xT (t)NT

2 A(t)x(t)

+2xT (t)NT
2

n∑
i=1

Bi(t)x(t− hi(t)) + 2xT (t)NT
2

n∑
i=1

Ci(t)y(t− hi(t))

−2
n∑

i=1

xT (t− hi(t))N
T
3 y(t) + 2

n∑
i=1

xT (t− hi(t))N
T
3 A(t)x(t)

+2
n∑

i=1

xT (t− hi(t))N
T
3 Bi(t)x(t− hi(t))

+2
n∑

i=1

x(t− hi(t))N
T
3 Ci(t)y(t− hi(t))

+(ε1 + ε2 + ε3)x
T (t)PT

1 P1x(t) + (ε7 + ε8 + ε9)x
T (t)NT

2 N2x(t)

+(ε4 + ε5 + ε6)y
T (t)NT

1 N1y(t)

+(ε10 + ε11 + ε12)

n∑
i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t))

+(ε−1
1 + ε−1

4 + ε−1
7 + ε−1

10 )x
T (t)α2

1x(t)

+(ε−1
2 + ε−1

5 + ε−1
8 + ε−1

11 )

n∑
i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t))

+(ε−1
3 + ε−1

6 + ε−1
9 + ε−1

12 )
n∑

i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t))

−
n∑

i=1

hMi

∫ t

t−hMi

e2α(s−t)ẋT (s)P4ẋ(s)ds}.
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By Lemma 2.3, the mean value theorem for the integrals and the Leibniz-Newton
formula, we have

−
n∑

i=1

hMi

∫ t

t−hMi

e2α(s−t)ẋT (s)P4ẋ(s)ds

≤ −
n∑

i=1

hMie
−2αhMi

∫ t

t−hMi

ẋT (s)P4ẋ(s)ds

≤ −
n∑

i=1

hMie
−2αhi(t)

∫ t

t−hi(t)

ẋT (s)P4ẋ(s)ds

≤ −
n∑

i=1

e−2αhi(t)

(∫ t

t−hi(t)

ẋ(s)ds

)T

P4

(∫ t

t−hi(t)

ẋ(s)ds

)

= −
n∑

i=1

e−2αhi(t)[x(t)− x(t− hi(t))]
TP4[x(t)− x(t− hi(t))]

= −
n∑

i=1

xT (t)e−2αhi(t)P4x(t) + 2

n∑
i=1

xT (t)e−2αhi(t)P4x(t− hi(t))

−
n∑

i=1

xT (t− hi(t))e
−2αhi(t)P4x(t− hi(t)). (3)

By (3 ) and 0 ≤ ḣi(t) ≤ di ≤ 1, we can obtain

V̇ (t) ≤ e2αt

{
xT (t)

[
P1A(t) +AT (t)P1 + 2αP1 +

n∑
i=1

P2

]
x(t)

+2

n∑
i=1

xT (t)P1Bi(t)x(t− hi(t)) + 2

n∑
i=1

xT (t)P1Ci(t)y(t− hi(t))

−
n∑

i=1

(1− di(t))e
2αhi(t)xT (t− hi(t))P2x(t− hi(t))

+
n∑

i=1

yT (t)P3y(t) +
n∑

i=1

h2
Mie

2αtyT (t)P4y(t)

−
n∑

i=1

(t− di(t))e
2αhi(t)yT (t− hi(t))P3y(t− hi(t))

−
n∑

i=1

xT (t)e−2αhi(t)P4x(t) + 2

n∑
i=1

xT (t)e−2αhi(t)P4x(t− hi(t))

−
n∑

i=1

xT (t− hi(t))e
−2αhi(t)P4x(t− hi(t))− 2yT (t)NT

1 y(t)

+2yT (t)NT
1 A(t)x(t) + 2yT (t)NT

1

n∑
i=1

Bi(t)x(t− hi(t))

+2yT (t)NT
1

n∑
i=1

Ci(t)y(t− hi(t))− 2xT (t)NT
2 y(t) + 2xT (t)NT

2 A(t)x(t)
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+ 2xT (t)NT
2

n∑
i=1

Bi(t)x(t− hi(t)) + 2xT (t)NT
2

n∑
i=1

Ci(t)y(t− hi(t))

− 2
n∑

i=1

xT (t− hi(t))N
T
3 y(t) + 2

n∑
i=1

xT (t− hi(t))N
T
3 A(t)x(t)

+ 2

n∑
i=1

xT (t− hi(t))N
T
3 Bi(t)x(t− hi(t)) + 2

n∑
i=1

x(t− hi(t))N
T
3 Ci(t)y(t− hi(t))

+ (ε1 + ε2 + ε3)x
T (t)PT

1 P1x(t) + (ε7 + ε8 + ε9)x
T (t)NT

2 N2x(t)

+ (ε4 + ε5 + ε6)y
T (t)NT

1 N1y(t)

+ (ε10 + ε11 + ε12)
n∑

i=1

xT (t− hi(t))N
T
3 N3

n∑
i=1

x(t− hi(t))

+ (ε−1
1 + ε−1

4 + ε−1
7 + ε−1

10 )x
T (t)α2

1x(t)

+ (ε−1
2 + ε−1

5 + ε−1
8 + ε−1

11 )
n∑

i=1

xT (t− hi(t))α
2
2

n∑
i=1

x(t− hi(t))

+ (ε−1
3 + ε−1

6 + ε−1
9 + ε−1

12 )
n∑

i=1

yT (t− hi(t))α
2
3

n∑
i=1

y(t− hi(t))

}
.

so that

V̇ (t) ≤ e2αt

{
xT (t)

[
P1A(t) +AT (t)P1 + 2αP1 +

n∑
i=1

P2 −
n∑

i=1

e−2αhi(t)P4

+2NT
2 A(t) + (ε1 + ε2 + ε3)P

T
1 P1 + (ε7 + ε8 + ε9)N

T
2 N2

+(ε−1
1 + ε−1

4 + ε−1
7 + ε−1

10 )α
2
1

]
x(t) + 2xT (t)

[
n∑

i=1

e−2αhi(t)P4

+

n∑
i=1

NT
2 Bi(t) +

n∑
i=1

P1Bi(t) +AT (t)N3

]
n∑

i=1

x(t− hi(t))

+2xT (t)[AT (t)N1 −NT
2 ]yT (t)

+2xT (t)

[
n∑

i=1

P1Ci(t) +
n∑

i=1

NT
2 Ci(t)

]
n∑

i=1

y(t− hi(t))

+
n∑

i=1

xT (t− hi(t))[2
n∑

i=1

NT
3 Bi(t)

−
n∑

i=1

(1− di)e
−2αhi(t)P2 −

n∑
i=1

e−2αhi(t)P4

+(ε10 + ε11 + ε12)N
T
3 N3

+(ε−1
2 + ε−1

5 + ε−1
8 + ε−1

11 )α
2
2]

n∑
i=1

x(t− hi(t))

+2
n∑

i=1

xT (t− hi(t))

[
n∑

i=1

BT
i (t)N1 −NT

3

]
y(t)
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+ 2
n∑

i=1

xT (t− hi(t))N
T
3 Ci(t)y(t− hi(t))

+ yT (t)

[
n∑

i=1

P3 +
n∑

i=1

h2
MiP4 − 2NT

1 + (ε4 + ε5 + ε6)N
T
1 N1

]
y(t)

+ 2yT (t)NT
1

n∑
i=1

Ci(t)y(t− hi(t))

+
n∑

i=1

yT (t− hi(t))[−
n∑

i=1

(1− di)e
−2αhi(t)P3

+ (ε−1
3 + ε−1

6 + ε−1
9 + ε−1

12 )α
2
3]

n∑
i=1

y(t− hi(t))

}
.

In this case, we achieve the following result

V̇ (t) ≤ e2αtξTΣξ,

where

ξT = [xT (t)xT (t− h(t))yT (t)yT (t− h(t))],

Σ =


Σ11 Σ12 Σ13 Σ14

∗ Σ22 Σ23 Σ24

∗ ∗ Σ33 Σ34

∗ ∗ ∗ Σ44

 ,

Σ11 = P1A(t) +AT (t)P1 + 2αP1 +
n∑

i=1

P2 −
n∑

i=1

e−2αhi(t)P4 +NT
2 A(t)

+AT (t)N2 + (ε1 + ε2 + ε3)P
T
1 P1 + (ε7 + ε8 + ε9)N

T
2 N2

+(ε−1
1 + ε−1

4 + ε−1
7 + ε−1

10 )α
2
1,

Σ12 =
n∑

i=1

e−2αhi(t)P4 +
n∑

i=1

NT
2 Bi(t) +

n∑
i=1

P1Bi(t) +AT (t)N3,

Σ13 = −NT
2 +AT (t)N1,

Σ14 =

n∑
i=1

P1Ci(t) +

n∑
i=1

NT
2 Ci(t),

Σ22 = −
n∑

i=1

(1− di)e
−2αhi(t)P2 −

n∑
i=1

e−2αhi(t)P4

+
n∑

i=1

NT
3 Bi(t) +

n∑
i=1

BT
i (t)N3

+(ε10 + ε11 + ε12)N
T
3 N3 + (ε−1

2 + ε−1
5 + ε−1

8 + ε−1
11 )α

2
2,

Σ23 =
n∑

i=1

BT
i (t)N1 −NT

3 ,
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Σ24 =
n∑

i=1

NT
3 Ci(t),

Σ33 =
n∑

i=1

P3 +
n∑

i=1

h2
MiP4 −NT

1 −N1 + (ε4 + ε5 + ε6)N
T
1 N1,

Σ34 =

n∑
i=1

NT
1 Ci(t),

Σ44 = −
n∑

i=1

(1− di)e
−2αhi(t)P3 + (ε−1

3 + ε−1
6 + ε−1

9 + ε−1
12 )α

2
3.

By applying Lemma 2.1 in Σ with some effort, we get Ξ < 0. Therefore; we can
conclude the following result

λm(P1)e
2αt||x(t)||2 ≤ V (t) ≤ V (0),

where

λ = λM (P1) + λM (P2)h
n
M + λM (P3)h

n
M + λM (P4)h

n+2
M

and

V (0) = xT (0)P1(x)(0) +
n∑

i=1

∫ 0

−hi(0)

e2αsxT (s)P2x(s)ds

+
n∑

i=1

∫ 0

−hi(0)

e2αsyT (s)P3y(s)ds

+

n∑
i=1

hMi

∫ 0

−hMi

∫ 0

β

e2αsẋT (s)P4ẋ(s)P4ẋ(s)dsdβ = λ|µ|2h.

Hence

||x(t)|| ≤
√
(λM (P1) + λM (P2)hn

M + λM (P3)hn
M + λM (P4)h

n+2
M )/λM (P1)|µ|he−αt

for t ≥ 0.

This implies that system (1) is globally exponentially stable.

3. CONCLUSION

We give certain sufficient conditions, which guarantee globally exponentially sta-
bility of the considered system. By the defining a suitable Lyapunov-Krasovskii
functional, we prove a result on the topic. Our result includes and improves some
resent ones in the literature.
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