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RADII PROBLEMS OF THE CERTAIN SUBCLASSES OF
ANALYTIC FUNCTIONS WITH FIXED SECOND
COEFFICIENTS

SERAP BULUT AND SAURABH PORWAL

ABSTRACT. The purpose of the present paper is to study certain radii problems
for the function
1— 1/8

16 = {2 (7 mprar) |

where 8 be a positive real number, v be a complex number such that v+ 3 # 0
and the function F' (z) varies various subclasses of analytic functions with fixed
second coefficients. Relevant connections of the results presented herewith
various well-known results are briefly indicated.

1. INTRODUCTION

Let A denote the class of all functions of the form
o0
f(2) :z—|—Zakzk (1.1)
k=2

which are analytic in the open unit disk U:={z € C: |z| < 1}.
For f; € A given by

file) =2+ ar;?*  (j=1,2), (1.2)
k=2
the Hadamard product (or convolution) fi * fo of fi and fy is defined by
oo
(fixf2) (2) = Z"‘Zak,lak,zzk- (1.3)
k=2

Using the convolution (1.3), we introduce the generalization of the Ruscheweyh
derivative as follows:
For f€ A, § >0 and u > —1, we consider

Uf(2) = s % Rsf(z) (€U, (1.4)

(1-2)
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where
Rsf(z) = (1=0)f(2) +0zf'(2) (2 €D).
If f € Ais of the form (1.1), then we obtain the power series expansion of the
form

Rif(z) =2+ [1+ C(u, k)ayz", (1.5)
k=2
where a )
tu k—1 P
Clu, k) = N (keN:={1,2,3,...}), (1.6)

and where (a),, is the Pochhammer symbol (or shifted factorial) defined (in terms
of the Gamma function) by

_Tla+k) [1 if k=0,acC\{0}
@ ==r = { a(a+1)--(a+k—1) if keN aecC (L.7)
In the case m € Ny = NU {0}, we have
m— (m)
Ry () = ZETRIG]L (19)

m!
and for ¢ = 0, we obtain m-th Ruscheweyh derivative introduced in [13], Ry* = R™.

Remark 1.1. We have

Rif(2) = Rsf(2),

Rif(z) = z[R3f(2)] .

2R3f(2) = =z [Rif(2)] + Rif ()
(m+1) Ry f(2) = z[RFf(2)] +mRyf (2)

for all z € U.

Using the generalized Ruscheweyh derivative operator RY*, we consider the fol-
lowing classes.

Definition 1.1. Let Rs (m,a) be the class of functions f € A satisfying
2[Ry f <z)]’}
R———F— "1 >« 1.9
{Rere )
for some 0 < a<1,d >0, mée Ny, and all z € U.

Definition 1.2. Let R} (m,«) be the class of functions f € A satisfying
22 [Ry S (2)
R el/\z[éi > qcos A 1.10
i (140

for some 0 < a < 1, 5>Om€No,)\€( and all z € U.

5.5)

Definition 1.3. Let Ws (m, ) be the class of functions f € S satisfying
R{[Ryf(2)]'} >« (1.11)

forsome 0 <a<1,d >0, meNy, and all z € U.

The class R (m, o) is studied by Shagsi and Darus [11]. Also the class Wy (m, «)
is studied by Oros [9], and Esa and Darus [2].
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Remark 1.2. For the special chosing of the parameters, we have the following classes:
(i) Ro (0,) = S8* («x) of starlike functions of order a,

(ii) Ro (1, ) = C (@) of convex functions of order «,

(iii) R} (0,) = R* () of spiral-like functions of order «,

(iv) Wy (0, ) = W () of close-to-convex functions of order a.

Libera [5] proved that if f (z) is in S*(0) or K(0), then the function

=2 [ ar

is also an element of S*(0) or K(0), respectively. Subsequently Livingston [7]
considered the converse problem and proved that if F'(z) is in S*(0) or K(0), then
the function

7(2) = 3G

belongs to S*(0) or K(0) in |2| < 1, respectively.

Al-Amiri [1], Gupta et al. [3] and Kumar [4], (see also [14]) generalized these
results. In the present paper, we extend these results and establish some interesting
results. To prove our main result, we shall require the following definition and
lemma.

Let P denote the class of functions of the form p(z) = 1+ > 5, pxz" which
are analytic in U and satisfy ®{p(2)} > 0, z € U. Then, it is well-known that
Ipr] < 2 for k =1,2,..., (see Nehari [8]). Therefore, without loss of generality, we
may assume p; = 2b, where 0 < b < 1. Let P, denote the class of those functions
of p for which p’ (0) = 2b. Tuan and Anh [15] showed that if p (z) € P, then p(z)
maps |z| < r into the disc

’p<2>—(1fg§)‘< 2B _r(r+b)

- 1- B2’ I

Lemma 1.1. [4] Let 8 be a non-negative real number and v be a complex number
such that v+ 8 #0. If p(z) € Py, then

zp’ (2) }
R Z2)+ ———= >0 1.12
{p() v+ Bp(2) (12
in |z| < R[v, B,b], where R, 3,b] is the smallest positive root of the equation
|v(1 = r*)(1 4 2br + %) + B{(1 + br)* + r*(r + b)*}|
—2r {BA+br)(r+b)+ (b+2r+br?)} =0. (1.13)

The result is sharp when v is a non-negative real number.

2. MAIN RESULTS

Theorem 2.1. Let 8 be a positive real number and v be a complex number such
that v+ 8 # 0. If

l-«o
F — 222 +--- l0<a< ——— —
(=204 (0502 )
belongs to Rs (m, ), then the function f(z) defined by
1/B

0= {25 werer)'] 2.)
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belongs to S* (o) in |z| < R ['y +afB,8(1 —a), M} )

l—a
The result is sharp when ~yv is a real number such that v > —fa.

Proof. From (2.1), we have

(f (2))°

z [RmF(z)]/
[RF(2)) 6 .

(v+8) RIF(2)

=7+8 (2:2)

Substituting
Z[RPF(2)])
Ry F(z)

and differentiating logarithmically, the relation (2.2) yields

2f"(2) ¢ (2)

=q(z)+ L2 2.3

OIS T1E) )

Now F (z2) € Rs(m,a) if and only if there exists a function p(z) in Patsa+mia
1—«

such that

gz)=1-a)p(z)+a. (2.4)
From (2.3) and (2.4) , we obtain
5 —a ()
T R RS () 22)

Since the real part of right hand side of the equation (2.5) is, by Lemma 1.1, greater
than zero in |z| < R ['y +aB,8(1 — ), %71:"”“} , it follows that

Rbieaat

in |2 < R [y +aB, B(1 - a), L0 Eme]

«
To show the sharpness when 7 is a real number such that v > —fSa, we take

—(1-a)
1+6)(1+m)a>2+22} .

l1—«

RpFe) =2 [1-2(!

Clearly F(z) = z + 2az? + ---, and for this function it is easy to compute from
(2.4) that
1—22

1 ((eglima) 4 o2

Hence the sharpness of the result follows from that of Lemma 1.1. This completes
the proof of Theorem 2.1. O

p(2) =

Theorem 2.2. Let v be a complex number such that v+ 1 # 0. If
11—«
F(z) = 24 (0<a< —————
@)=z astee (05 o< Ggrt)
belongs to Ws (m, «), then the function f(z) defined by
2

7+1@7W?F@HY (2.6)

fz) =
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0 (148)(1+m)a )

l—o

belongs to W (o) in |z| < R {'y +1,

The result is sharp when v is a real number such that v > —1.
Proof. The relation (2.6) can be written as
(v +1) f(2) = Y [R§"F(2)] + 2 [RFF(2)) .
Substituting ¢ (z) = [RPF(z)]" and differentiating the above relation, we have
’ zq' (2)
= 4+ —F. 2.7
e =a@+ 25 (2.7
Now F(z) € Ws (m,«) if and only if there exists a function p(z) in Pts)a+ma
11—«
such that

gz)=1-a)p(z)+a. (2.8)
From (2.7) and (2.8), we obtain
f’fz_);a :p(2)+ Z’f;_(zl),

and hence by Lemma 1.1,
R{f(2)} >«
holds in |2| < R [+ 1,0, (L) eme
To show the sharpness we take

. 21—2wat—(1—2a)t2d
) (Z) - /0 1— 2(1+6i£1;—7rz)at + 2 t

O

Finally we consider the function f(z) defined by (2.1) is a limiting case for spiral-
like functions.
If 8 — 0, the relation (2.1) reduces to

1 [z[RPF(2)]
f(z) = R{'F(z) exp [ {m 171, (2.9)
) ’ v R F(z)
where v # 0. We now prove the following;:
Theorem 2.3. If
1l-«a

F(z) = 2ae 2% 4 ... <a<
(2) =24+ 2ae " 2" + <0_a_ (1+§)(1+m)sec/\)

belongs to Ry (m, ) and 7y is a complex number with vy # 0, then the function f()
defined by (2.9) belongs to R* (a) in |z| < R [7,0, M} :

-«
The result is sharp when v is a positive real number.

Proof. Letting
ix? [RSnF(z)]I

1(2) = Ry
we have from (2.9) that
ei/\Z‘]{l(S) =q(2)+ %zq’ (2). (2.10)
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Now F(z) € R} (m, ) if and only if there exists a function p (2) in P a1s)(rmiasee
11—«
such that

q(z) = (1 —a)cosAp(z) + acos A+ isin A. (2.11)
From (2.10) and (2.11), we get
e”‘—z}cgg) — @cos A — isin A

1 /
(1 —a)cosA :P(Z)-ﬁ-;zp (2).

Therefore, by Lemma 1.1, the real part of right hand side of this last relation is

positive in |z| < R [7,07 W} and hence %{e“%} > acos A in
‘Z| <R ~,0, (146)(1+m)a sec A )

-«

Sharpness follows by taking

RPF(2) = 2 {1—2(1“5) (iz)asec’\zjtz?

:| —(1—a)e™ ™ cos A

O

Remark 2.1. It would be interesting to establish the sharpness of present results
for complex ~.

Remark 2.2. If we put m = § = 0 in Theorem 2.1 —2.3, then we obtain correspond-
ing results of Kumar [4].
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