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THE DOUBLE x? WITH TWO INNER PRODUCT DEFINED BY
MUSIELAK-ORLICZ FUNCTIONS

DEEPMALA, LAKSHMI NARAYAN MISHRA AND N. SUBRAMANIAN

ABSTRACT. In this paper, we introduce the x? inner product space and also
discuss general properties in an inner product of x2.

1. INTRODUCTION

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single
sequences, respectively. We write w? for the set of all complex double sequences
(Tmn), where m,n € N, the set of positive integers. Then, w? is a linear space
under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in Tripathy [1] and Mursaleen
[2] and Mursaleen and Edely [3, 4], Subramanian and Misra [5], Pringsheim [6],
Moricz and Rhoades [7], Robison [8], Savas et al. [9], Raj et al. [10], Francesco
Tulone [11] and many others [12-17].

Let (mn) be a double sequence of real or complex numbers. Then the series
Zomo,nﬂ Tmn 1s called a double series. The double series ano,n:1 Tmn give one
space is said to be convergent if and only if the double sequence (S,,,,) is convergent,

where
Smn = > gy Tij(myn =1,2,3,...) .
A double sequence & = (Z,,,,) is said to be double analytic if

1
m+n < 0.

SUPm,n |-Tmn
The vector space of all double analytic sequences are usually denoted by AZ. A
sequence & = () is called double entire sequence if
1
|Tsmn| ™" — 0 as m,n — co.

The vector space of all double entire sequences are usually denoted by I'2. Let the
set of sequences with this property be denoted by A? and I'? is a metric space with
the metric

d(x,y) = supmn {\xmn — Ymn = m,n:1,2,3, } , (1)
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forallz = {2, } andy = {ymn } inT2. Let ¢ = { finite sequences} .
Consider a double sequence & = (Z,,,,). The (m,n)*" section z[™"™ of the sequence
is defined by zl™m =S 2.6, for all m,n € N,

1,7=0
0 0 .0 O
0 0 .0 O
6mn =
00 .1 0
0 0 .0 O

with 1 in the (m,n)!" position and zero otherwise.
1
) m+tn N

A double sequence = () is called double gai sequence if ((m + n)! |Zmn
0 as m,n — oo. The double gai sequences will be denoted by 2.

Let M and ® are mutually complementary modulus functions. Then, we have:
(i) For all u,y > 0,

uy < M (u) + ® (y), (Young'sinequality) (2)

(ii) For all u > 0,
un (u) = M (u) + @ (n (v)) . 3)

(iii) For all w > 0, and 0 < A < 1,
M (Au) < AM (u) (4)
Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to construct Orlicz

sequence space
by = {x cw:y o M (lm“) < o0, forsomep > 0} ,

e
The space ¢j; with the norm

lall = inf {p>0: 522, m (2) <1},
becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces ¢j; coincide with the classical sequence space £,,.

A sequence f = (fyn) of modulus function is called a Musielak-modulus function
[see [13]]. A sequence g = (¢mn) defined by

Imn (V) = sup{|v|u — (fmn) (@) :u >0}, mn=12---
is called the complementary function of a Musielak-modulus function f. For a
given Musielak modulus function f, the Musielak-modulus sequence space ¢ty and
its subspace hy are defined as follows

tp= {x € w?: My (|xmn|)1/m+n —0asm,n — oo}7
hy = {.’L‘ e w?: My (|Tmn )™ = 0asm,n — oo},

where My is a convex modular defined by

1
My (@) = Sy S50y Frun ([Zn )74 2 = (@) €t
We consider t; equipped with the Luxemburg metric

d(z,y) = {2;0:1 >t fmn (%)} ’
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2. DEFINITION AND PRELIMINARIES

We first the notion of two inner product spaces and two metric spaces, which have
been introduced. Let X be a real vector space of dimension w > 2. A real valued
function (.,.|.) which satisfies the following properties on X? is called a two inner
product of Musielak on X, and the pair (X (., .|.)) is called a two inner product space

of Musielak. (i.€) dp((z1,21|2), ..., (Tn,znl2)) = ||(d1 (x1,21]2) , ..., dn (Tn, zn]2)|lp

on X satisfying the following four conditions:

(1) ”(dl <.’E171'1|Z> IR dn <xn7xn|z>)”P = Oifand and Only 1fdl <£C1, $1‘Z> PR vdn <£En,1’n|2>
are linearly dependent,

(i) ||(d1 {x1,21]2) - ., dn (Tnxn|2))||p is invariant under permutation,

iii) [[(ady (21, 21[2) 5 .- s dn (@ 2] 2))lp = |l [[(dy (21, 21]2) 5 - s din (@, 2] 2)) [lp, o €

R

(iv) dp ((z1,y1]2) , (22, 92[2) -~ (Tns ynl2)) =

(dX <£U1,£E27 o Tny L1, T2, 00 mn|z>p +dy <y17y27 o Yny Y1, Y2, 0 .yn|z>p)1/17 fOT]_ <p<
oo; (or)

(v) d ({1, y12) , (@2, 92]2) - (Tns Yn|2)) o=

sup {dx (T1, 22, Tpn, 21,22, - Tn|2) , dy (Y1, Y2, Yn: Y1, Y2, - Ynl2) }

for x1, 29, -z, € X, y1,Y2, - yYn € Y is called the p— two inner product metric of
the Cartesian inner product of n metric spaces is the p norm of the n-vector of the
norms of the n subspaces.

A trivial example of p two inner product metric of n metric space is the p norm
space is X = R equipped with the following Euclidean metric in the two inner
product space is the p norm:

(dy (@1, 21]2) ..y dn (T, 20| 2) | E = sup (|det(dmn {Xmn, Tmnl2))]) =
di <$11,$11|Z> di2 <$12,$12|2> din <$1n,$1n|2>
do1 (x21,%21]|2)  daa (T2, T22|2) ... dop (Ton, T2n|2)
sup
dnl <xnla g5'7L1|Z> dn? <xn23 Zn2|2> dnn <xmn7 xmn|z>

where z; = (241, - ®in) € R” for each i = 1,2,---n.

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the p— metric. Any complete p— metric space is said to
be p— Banach metric space.

The function d (A, B) = ||A — B||, which satisfies the following four properties, is
called a two metric and the pair (X, d (A4, B)) is called 2 metric space:

(N1)d(z,z) >0, for x,2 € X,d{x,z) =0 if and only if x and z are linearly inde-
pendent,

(N3)d(x,z) =d(z,z), for x,z € X,

(N3)d{ax,z) = |a|d{x,z), for x,z € X and a € R,

(N)d{z+y,2) = d (&, 2) +d{y,2), for 2,1, 2 € X.

A sequence x = () in two metric space (X,d (A4, B)) is convergent if there
is an £ € X such that d(z,y) = lim;jeo Hx” —&— yH = 0 and d(z,y) =
limij— oo Hx” —&— zH = 0 for some linearly independent vectors y,z € X. More-
over, a sequence T = (Zp,y,) in (X, d (A4, B)) is a called Cauchy sequence if

Limi jrs—oo |29 — 27 — y|| = 0 and lim; j;s 00 |27 — 2" — 2|| = 0 for some lin-
early independent vectors y, z € X. A two metric space is complete if every Cauchy
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sequence there is convergent. A complete two metric space is called a two Banach
metric space.
The space x? can be equipped with the following two metric ||. — .|| :

d(21,25) = |21 — 22| = (w11k1i — Brokni)—(warkay — waskas) = Y Y T

i=1j=1

T21 k2j $22k2j

(5)

The two metric is given by the equation (2.1)does not satisfy the parallelogram law.
To show this, we can take for example

1/2 1/12 0, 0 .. 1/2 —-1/12 0 0

0 0 0 0 .. 0 0 0 0
T =Ty = . and y = Ympn = . €
X%,
for all myn =1,2,---, then we have d (x1,22) =1 =d (y1,y2),

d(z1+y1, 22 +y2) = 1.414,d (21 — y1, 22 — y2) = 1. Hence, [d (21 + y1, 2 + y2)]°+
d(zy —y1, w0 —12)° # 2 [(d (z1,22))* + (d (yl,yg))ﬂ . Hence it is not satisfied by

the law. Therefore x? is not an inner product space.

2.1. Proposition. There is no constant C' > 0 such that ||z — z||> > C [|z1 — x||"*
for every z, z € x2.

100 0
0O 0 0 0 ..
Proof Let z = zmn = | . , for each r,s € N, take z[" =
r,s]
[, S]> _ (%) Th h [rs] _ 3311 ki w12k
Tmn | = ——~ | . Then we have ||x Pl rs
(+Fi?) = (G o - Sz, T | g P

2
1 _ 1
D1 2antl (m) = D mA1 2anAl (m)
1
S D omr1 Do (m) <0
while [z 2™ < 5, ¥ (G ) < o0 which tends to oo as

|2tel 2|2

r,s — o0o. Hence +— — 0 as r,s — 00. So, there is no constant C' > 0

Tl

such that ||z — z||* > C ||lz1 — x2||"° for every z, 2z € x2.

2.2. Definition. Consider a double sequence x = (z;;). The (m, n)*" section ™"
of the sequence is defined by zl™m" = Zzbj?ioxijgij for all m,n € N; where Gy
denotes the double sequence whose only non zero term is ﬁ in the (i, )th place
for each 4,5 € N.

An FK-space(or a metric space) X is said to have AK property if (S,y,) is a Schauder
basis for X. Or equivalently zl™™ — z.

2.3. Proposition: y? has AK.
Proof: Let # = (zmn) € x? and take 2™ = 3772 2,3 for all m, n € N. Hence
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d(z,zlel) = inf{supmn ((m 40 [T )™ ™ cm > r+ 1,0 > s+ 1} — 0 as

m, n — oo. Therefore, 2% — z as r, s — oo in x? Thus y? has AK. This
completes the proof.

2.4. Proposition. There is no constant ¢ = C,, > 0 such that ||z — z|* <
C ||xy — z2||"" for every z,2 € x2.

1 0 0, 0O

00 0 O
Proof:Let z = z,,, = | . . Suppose that such a constant exists.

Then, for 3;; denotes the double sequence whose only non zero term is ﬁ in

the (i,5)"" place (i,j > 2) for each i,j € N,. we have
1 < C luyviumoy,|?

for each m,n > 2. But this cannot be true, since u,,v, — 0 as m,n — oo.
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