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A NEW SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
DEFINED BY DERIVATIVE OPERATOR

SAURABH PORWAL AND SHIVAM KUMAR

ABSTRACT. In the present paper, we introduce a new subclass of harmonic
univalent functions in the unit disc U by using Derivative operator. Also, we
obtain coefficient conditions, distortion bounds, convolution conditions, convex
combinations, extreme points and discuss a class preserving integral operator.
Relevant connections of the results presented here with various known results
are briefly indicated.

1. INTRODUCTION

A continuous complex-valued function f = wu + iv is said to be harmonic in
a complex domain D if both v and v are real harmonic in D. In any simply-
connected domain D C C, we can write f = h + g, where h and ¢ are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense-preserving in D is that
W(2)] > Ig'(2)] in D, sce .

Denote by Sy (j), the class of functions f = h + g that are harmonic, univalent
and sense-preserving in the open unit disk U = {z : z € C and |z| < 1} with
normalization f(0) = h(0) = f,(0) — 1 =10. Then for f = h+7 € Sy(j), we may
express the analytic functions h and g as

h(z)=z4+ > az® g(z) =) bk, | < L. (1.1)
k=j+1 k=1

For j = 1 the class Si(j) reduce to the class Sy of harmonic univalent functions
in U and for j = 1,9 = 0 it reduce to the class S of normalized analytic univalent
functions.

Al-Shagsi and Darus [3] introduced the derivative operator for functions f of the

form (|L.1)) as:
DX f(z) = DYh(2) + (—1)"D%g(2), n,A € No = NU{0}, z €U, (1.2)

where
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o o0
Dyh(z) =z+ Y k"C(\k)arz®, Dig(z) =Y k"C(\ k)brz* and C(A k) =
k=j+1 k=1
(k+>\ 1)
It is easy to see that for A = 0 the operator D} reduce to the modified Salagean
derivative operator introduced by Jahangiri et al [6].
Now we introduce the class Gy (n, A, j, a, p, t) of functions of the form that
satisfy the following condition

o DA (2) :
3‘%{ 1+ pe' ’\—pem}>a, 1.3
( ) DIC2) (1.3)
where 0 < a<1,n€R,p>0,7€ Nyn, A€ Nop,0<t <1, fe(2) = (1 —t)z+tf(2)
and DY f(z) is defined by (1.2]).

Let Gg(n, ), 4, a, p,t) denote the subclass of G (n, A, j, a, p, t) consisting of har-
monic functions f,, = h +g,, such that h and g, are of the form

y=2z— Z |ak\z gn(2) = Z|bk|z (1.4)

k=j+1

Assigning specific values to n, \, j, «, p and ¢ in the subclass Gy (n, A, 7, a, p, t), we
obtain the following known subclasses studied earlier by various researchers.

(i) Ga(n,\, 1, a,p,1) = GH(n,)\,a,p) studied by Pathak et al. [9].

(ii) GH(n A1, a,0,1) = Gy (n, A, «) studied by Al-Shagsi and Darus [3].
(i) Gg(n,0,1,a,1,1) = Gy (n,a) studied by Yalcin et al.[I3].

(iv) Gg(0,\,1,0,0,1) = Gy (A, ) studied by Murugusundaramoorthy and Vi-

Jya 18]
v) Gu(0,1,1,,1,1) = Gy («) studied by Rosy et al. [10].

(vi) Gu(0,0,1,,0,1) = S3 () studied by Jahangiri [5],(see also [11], [12] ).
(vii) Gy (1,0,1,,0,1) = HK () studied by Jahangiri [5].
(viii) Gg(n,0,1,,0,1) = My(n,a) studied by Jahangiri et al. [6].

(ix) G (1,0,1,a,p,1) = HUC(p, @) studied by Kim et al. [7].

(x) Gu(0,0,1,a4p,1) = HUS*(p, ) studied by Ahuja et al. [2].

(xi) Gy(1,0,1,,0,0) = Ny () studied by Ahuja and Jahangiri [IJ.

In the present paper, we obtain coefficient condition, distortion bound, extreme
points, convolution and convex combination. Finally we discuss a class preserving
integral operator for this class.

2. COEFFICIENT BOUND

We begin with a sufficient coefficient condition for functions in Gy (n, A, j, o, p, t).
Theorem 2.1. Let f = h+7 be given by (L.1). If

> k(1 +p) = tla+ p)} larlk"COA k) + Y {k(1 + p) + ta + p)} [bx|
k=j+1 k=1

K'COVK) <1 —a, (2.1)
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where n, A € No,j € N,C(\ k) = (k+§ 1) p>0,0<t<1land0<a<1, then

f is sense-preserving, harmonic univalent in U and f € Gy (n,\, j,a,p,t).

Proof. If z1 # z5, then

‘f(zl) —flz2)| o |9(a1) —9(z2)
h(z1) —h(z2)| — h(z1) — h(Zg)
Zbk —22
—1_ - (2.2)
(21 —22)+ > axl(zh —25)
k=j+1
> kbl
>1-—r=
1-—- Z klay|
k=j+1
> [k(1+ p) +t(a+ p)|E"C(A k) x|
Z l1-«a
>1-—=
> [k(1+ p) = tla+ p)lk"C(A k)|a|
1—
k;rl 11—«
>0

which proves univalence. Note that f is sense-preserving in U. This is because

W) =1~ > Klagl]2/*"

k=j+1
= {k(1+p) —t(a+ p)}E"C(N, k)|a
>1_Z{( p) (172} (A K)|ag]
k=j+1
> Z {k(1+p) +t(oiﬂif;3}k”0(A k)b (2.3)
k=1
k(14 p) +t(a + p)YE"C(\ E) by |21
>;{( p) 1/))}@ 0w 2]

> > kw2 = 19/ ()]
k=1
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Using the fact that Rw > «, if and only if |1 — o + w| > |1 + a — w| it suffices

to show that

n+1 Py
|(1—-a)4-(1%—p6"013;§f1£0)

=X +a) = (1 + pe™)

— pein|

Dy f(2)

Substituting the values of DY f(2) and DY f,(2) in (2-4), we obtain

(1= o= pe) DY fr(2) + (1 + pe™) DY £(2)|

| — (14 a+ pe™ DY fi(2) + (1 + pe™) Dy f(2)

=1@2-a)z+ Y {k(1+pe™) +t(1—a— pe)}"C(\, k)
k=j+1

apz® — (—=1)" Z{k (14 pe™) —t(1 — o — pe'™)YE"C(\, k)bg2"|
k=1

—|—az+ Z {E(1 + pe') —t(1 + o + pe™) }k"C(\, k)ayz*
k*j+1

Z{k (14 pe™) 4+ t(1 + a + pe)Yk"C (N, k)by 2|

2(1 _ Oé)lZ| [1 _ Z {k + p) — t(a + p)}]{:"C(/\,/{:)|akHZ|kfl

- 11—«
k=j+1

Z k(L + p) + t(a + p)}E"C (N, E) b 2]
—Z{( p) + tla+ p) k" C(A, k) |bk | 2] }

11—«

1_ Z (kL +p) — tla+ p)}E"C(A ) |ax|

1 —«

(1—a|z|[

k=j+1
Z {k(1 4 p) + t(a+ p)}k"C (A, k)|bk|

11—«

} . (25)

This last expressions is non-negative by (2.1)), and so the proof is completed.

The harmonic function

(1-a)
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(oo} (oo}

where n, A € Ny, j € N,0<t<1,p>0,0<a<1and Z |mk\+Z|yk\:1
k=j+1 k=1

shows that the coefficient bound given by ([2.1)) is sharp. The functions of the form

(2.6) are in Gy (n, \, j, a, p,t) because

o~ kLt p) —Hatp) 1+p ta+p) n
kzﬂ — E"C(\, k)|ax| +Z — E"C(\, k) |b|
=J

Z \$k|+Z|yk|—1 (2.7)

k=j+1

In the following theorem, it is shown that the condition (2.1]) is also necessary
for functions f,, = h +g,,, where h and g, are of the form (|1.4). O

Theorem 2.2. Let f,, = h+3,, be given by (1.4). Then f, € Gu(n,\, j,a,p,t), if

and only if

i k(1+p1):;(a+p)k"0()\ k‘ |ak|+z

k=j+1 k=1

k(1 + p) + tla+ p)

— K*C(\, k) be| < 1,

(2.8)
where n,A € Ng,j € N, C(\ k) = (k+§_1),p2 0,0<a<1,0<t<1.

Proof. Since G (n,\,j,a,p,t) C Gu(n,\ j,a,p,t), we only need to prove the

“only if” part of the theorem. To this end, for functions f, of the form (1.4]), we
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notice that the condition (1.3) is equivalent to

. _Dn+1 z .
%{(1+pe”’) IW — (pe™ +a)} >0

{(1+pe™) DY (2) — (pe™ + @) DR (2)}
DY fe (2)

(1+ pe') (z = >0 RO R Jaklt + (1) TR b C (A K) zk)

k=j+1 k=1

= R >0

—(pe +a) | 2 - Z E"C (A k) tlag|2* + ( Q”Zk"ﬂbk\C()\ k)z*
k=j+1 k=1

=R

o0 oo

= > K"C (A k) tlagl + (1)) E"C (A k) t|b|z"

k=j+1 k=1

(1-—a)z— Z K"k (14 pe'™) —t (pe' + a)]C (A, k) |ax|2F
k=j+1
1)t Z K"K (L+ pe™) +t (pe™ + a)]C (A, k) |bi|Z¥
=R >0
z— Z EMC (N, k) tlag|2* + ( Q"anc (A, k) t|bg |2

k=j+1 k=1

(I—a)= > E'[k(1+pe™) =t (pe" + a)]C (A k) a|*
k=j+1

1- Z K (O k) tag| 251 + 2 (1) D KC (A k)t [

= R k=it = = z0

E 2"Zk” (14 pe™) +t (pe' + a)]C (N, k) [by[z"

oo

1- Z E"C (N k) tlag|2F 1 + z( DY K" (A k) tbe 24

k=j+1 k=1
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The above condition (2.9) must hold for all values of z on the positive real axes,

where, 0 < |z| =7 < 1, we must have

(1—a) Z k™ (k — ta)C(\ k)|ag|r™" = (=1)2" > " k™ (k + ta)C(A, k) by |~
k=j+1 k=1
1= Y KON k)tlaglrt T+ 2”anc (A, k)t[bg Pt
R o T o >0
> KMk = )C\ k)taglrt T+ Q"Zk" k+t)C(\, k)t|by|rF !
nk=j+1 =1
1= > KOO R aglr T 4 (1)) T EPC(N k)t by !
k=j+1 k=1
Since R(—ei) > —|e™| = —1, the above inequality reduce to

(1-a) Z E{(k(1 4 p) — t(p + ) }O (N, k)| ag|r* Zk" (k(1+p) +t(p+ a)}ON k) |bg|rF !

k=j+1 k=1
-1
1= Y E"CN k)tlar|rt =" + Y " E"C (A, k)t[be|r* ! > 0. (2.10)
k=j+1 k=1

If the condition ([2.8]) does not hold, then the numerator in (2.10]) is negative for
r sufficiently close to 1. Hence there exist a, zg = ro in (0,1) for which the quotient
in (2.10) is negative. This contradicts the condition for f,, € Gg(n, A, j,a, p,t) and

so the proof is complete. O

3. DISTORTION BOUNDS

In this section, we will obtain distortion bounds for functions in G (n, A, j, @, p, t).

Theorem 3.1. Let f,, € Gg(n, \, j,a, p,t). Then for |z| =7 < 1, we have

j—1 r 1—«
S@ES bl el I G T = W+ ) G+ 7 O 1)
[1 e Dora)y QOED oAy gy p | GUED T j)] G+
()] > (1= [bi] = Jbalr — ... + [bs 7~ — L-o

((G+DA+p)—tlp+a)G+1"CAG+1)

[1 SOxelota), ) CUEA oty o2 - - ULEAF T ), \j"C(A,j)] P+
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Proof. We only prove the left-hand inequality. The proof for the right-hand in-
equality is similar and is thus omitted. Let f, € Gg(n,\,j,a,p,t). Taking the

absolute value of f,, we obtain

(@) =2 = > ar + (=) b
k=1

k=j+1
< L+ [bal+ bl + o+ Byl e+ D (k] + b))
k=j+1
< (L [ba] + balr+ o+ byl e+ D> (Jaw] + [bel)ro
k=j+1

1—«
((G+1D)A+p) —tlp+a)(G+1)"CAj+1)
i (((j+1)(1+p)t(p+a))(j+1)"C(A,j+1)

< (14 by + |balr + ... 4 |b|r e +

| - |a|
k=j+1

* l—«a

(G+1) (14 p) —tp+a) G+ D" CO+1) |bk|> PG+
l-a
GO0+ Hpra)G D O+
(k(1+ p) + tipjaa))k”c(k k) bk|:| )

< (14 by + |balr + ...+ |b|r e +

|ak| +

i [(k(l +p) —tp+ )" C(A k)

- 11—«
k=j+1

l—-«
((G+1) (A +p) —tlp+a)(G+1)"C(j+1)

< (L4 |by| + |ba|r + ...+ b7 Hr +

1+ (t+1)p+a)
1—

1—

(21 +p)i—t(p+a)) b227C(0,2) — ... — (A +p)+tp+ )

g N rG+D

b1 —

O

4. CONVOLUTION, CONVEX COMBINATION AND EXTREME POINTS

In this section, we show that the class Gg(n, ), j, a, p, t) is invariant under con-
volution and convex combination.
For harmonic functions

fa(z)=2— Z |ak|zk—|—(—1)”2:|b;€|EIC
k=1

k=j+1

and
oo oo

Fo(z)=2— Y |Axlz" + (-1)" > |Byz*,

k=j+1 k=1
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the convolution of f,, and F, is given by

(fn % E)(2) = ful2) * Fo(2) = 2 — Z laxAg| 2" + ( Z|kak\z (4.1)

k=j+1
Theorem 4.1. For0 < g <a<1l,nA&€ Ny,jeEN,p>0,0<t<1let f, €
éH(na Aajaaapat) anan € 6H(na)\;jaﬂ7p7t)' Then fn*Fn € aH(nvAhjaaapat) c
éH(nu)‘7j>67p7t)'

Proof. We wish to show that the coefficient of f,, * F}, satisfy the required condition
given in Theorem 2.2. For F, € Gg(n,\,j,03,p,t), we note that |Ax| < 1 and

|B| < 1. Now, for the convolution function f, * F,,, we obtain

i {k(1 + p) — t(a + p)}k"C(\ k) ax LAy

—it1 e
H:fj {k(1+p) + tfa_zmk”c“’ e84
Zk {1k 1+ p) _tifa JECAK),
k=j+1
S L e A0,
Z {k +p)—tiaizf’)}k"o(*k)laﬂ
A
Z e

<1

Since 0 < 8 < a < 1 and f, € Gg(n,\,j,a,p,t). Therefore f, x F, €
éH(na Aaj7oz7p7t) C éH(TLv)Hjaﬁap’t)'
We now examine the convex combination of Gg(n, A, j, @, p, t).

Let the functions f,,(z) be defined, for i = 1,2,...,m, by

frn(2) =2 — Z lag.i) 2% + (—=1)" Z |br.i |25 (4.2)
k=j+1 k=1
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Theorem 4.2. Let the functions f,,(z) defined by ([£.2)) be in the class G (n, A, j, o, p, t)

for every i =1,2,...,m. Then the functions t;(z) defined by
m

ti(z) = Z ¢ifn;(2), 0< ¢ <1 (4.3)

i=1

are also in the class Gu(n, )\, j,a, p,t), where > .~ ¢; = 1.

Proof. According to the definition of ¢;, we can write

z)=2z— Z (Z ; ,)z’%(l)”Z(ZCku,iI)Zk

k=j+1 k=1 \i=1

Further, since f,,(z) are in Gg(n, ), j,a, p,t) for every i = 1,2,...,m, then

S| k(14 p) —ta+p) (Zczwak,ﬂ)
k=j+1 i=1

+Z (14 p) +tla+p)) (Zci|bk,i|>1 E"C(N k)
k=1 =1

zq( S (k(L4p)— ot PR CO R)ans [+ (K(Ltp) (e t0) by k7C )

i=1 k=j+1 k=1
m
ZCZ l—a)<(1-a).
i=1

Hence the Theorem follows. O

Next we determine the extreme points of closed convex hulls of Gr(n,\ j,a,p,t)
denoted by clco Gy (n, \, j, a, p, t).

Theorem 4.3. Let f,, be given by (1.4). Then f, € Gg(n, ), j,a, p,t), if and only
if
Zthk + ZYkgTLk (4.4)

where

11—«

<<k<1 T p) —ta+ )k CON k)

() =+ (1"

hj(z) =z, hy(z) =2z —

>zk, k=j+1,7+2,....

11—« L
(k(1+ p) +t(a+ p))knC(A, k)) =

k=1,2,3,....

and ZXk + ZYk =1, X >0, Y > 0. In particular, the extreme points of
k=j k=1

Gu(n, X j,a,p,t) are {hy} and {gn, }.
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Proof. For the function f,, of the form (4.4]) we have

Z Xihi(z) + Z Yign, (2

= 11—« > 11—«
=z- Xy + (=1)" V. zF
k;ﬂ (k(1+ p) — t(a+ p))k"C(\, k) = Zl L+ p) + Ha+ p)k"CON k)
Then
= (B(L+p) —tla+ p)k"C\ k = (k(1+ p) + tla+ p))k"C\, k
3 (k(L+p) iiap)) ( )Iak|+z(( p) iiap)) ( )|bk|
k=j+1 k=1
Z Xk‘i‘ZYk
k=j+1
—1-X,<1
and so f, € clco Gg(n, )\, j,a, p,t).
Conversely, suppose that f,, € clco Gg(n, A, j,a, p,t). Setting
k(1 —t n
Xi = o ia—zp))k O(A7k)‘ak\7 0<Xpy<lk=j+1j+2...
k(1 t k"C (N k
y, = FU+p) + ia“’)) COR) e 0<Yi<1h=1,23...
-«
(4.5)
and X; =1— Z X + ZY’“' Therefore, f,, can be written as
k=j+1 k=1
y=z— Z lax| 2" + ( Z|bk\z
k=j+1
— - (1 _a)Xk k
— k_Z (h(1+ p) — o+ )" CONR)
j+1
ni l_a)Yk Zk
= (k(1+p) +tla+ p))k"C(A k)
=z+ Z (hie(2) — 2) Xk + Z(gnk(z) —2)Yy
k=j+1 k=1
= Z hi(z XkJngnk Wie+2z|1- Z Xk*ZYk
k=j+1 k=1 k=j+1
= Zthk + ZYkgnk , as required. (4.6)

This completes the proof of Theorem O
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5. A FaMILY OF CLASS PRESERVING INTEGRAL OPERATOR

Let f(z) = h(2) 4+ g(2) be defined by (L.1) then F(z) defined by the relation
c+1

F(z) = — /Ztc—lh( )dt + —— + /tc—lg(t)dt, (c>—1). (5.1)

Z 0 o

Theorem 5.1. Let f,(z) = h(z) + gn(z) € Su be given by (L.4) and f.(z) €
Gr(n, A j,a,p,t) then F(z) be defined by (5.1)) also belong to Gg(n, \, j,a, p,t).

Proof. From the representation of (5.1]) of F(z), it follows that

= c+1 b nxmCcH1,
F(z)=2z— Z c+k|ak|z +(=1) Zc+k|bk\z. (5.2)
k=j+1 k=1
Since f,,(z) € Gg(n, A, j, a, p,t), then by Theorem we have
= (k(1+ p) — t(a+ p))k"C(\ k > (k(1+ p) + tla+ p)k"C\ k
S (1) = tat COR) S (L p) ot COR)
- 11—« 11—«
k=j+1 k=1
Now

Z(kz(l—l—p)—t(a—i—p))k C\ k) c—|—1| k|+z k(L +p) +t(a+p)k"C(\ k) c+1

Pt 11—« 1—a c+k
=~ (k(1+p) —tla+p k”C)\k k(1 +p) +t(a+ p)E"C (N E
SZ(( ) —t( ) Z (a+p))k"C( )|bk|
11—« 11—«

k=2 k=1
<1

Thus F(2) € Gg(n, A, j, a, p,t). O
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