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ON THE GROWTH PROPERTIES OF COMPOSITE FUNCTIONS
ANALYTIC IN THE UNIT DISC FROM THE VIEW POINT OF
THEIR RELATIVE L*- TYPES AND RELATIVE L*-WEAK
TYPES

SANJIB KUMAR DATTA,TANMAY BISWAS AND PULAK SAHOO

ABSTRACT. In this paper we introduce the idea of relative Nevanlinna L* -type
and relative Nevanlinna L* -weak type in the Unit disc U = {z: |z| < 1}.
Hence we study some comparative growth properties of composition of two
analytic function in the unit disc U on the basis of relative Nevanlinna L*
-type and relative Nevanlinna L*-weak type.

1. INTRODUCTION

A function f, analytic in the unit disc U = {z : |z] < 1}, is said to be of finite
Nevanlinna order [10] if there exist a number p such that Nevanlinna characteristic

function
27

T(r,f)= %/log'Ir ’f (rei0)|d0
0

satisfies T (r, f) < (1 —r) " for all 7 in 0 < ro(u) < r < 1. The greatest lower
bound of all such numbers p is called the Nevanlinna order of f. Thus the Nevan-
linna order ps of f is given by

pr = lim supM .
r—1 —log (1 - 7“)
Similarly, the Nevanlinna lower order Ay of f is given by
Af = lim infilogT (r, /) .
r—1 —log(1—r)
Datta et. al. [4] introduced the notion of Nevanlinna L-order for an analytic
function f in the unit disc U = {z:|z| < 1} where L = L( L

1—r

) is a positive

continuous function in the unit disc U increasing slowly i.e., L (ﬁ) ~ L (12)

as r — 1, for every positive constant ‘a’, in the following manner:
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Definition 1. If f be analytic in U, then the Nevanlinna L-order pJLc and the
Nevanlinna L-lower order )\Jé of [ are defined as

ok — log T (r, f) log T (r, f)
= (-1 (-1 )

o (457) o (552)
Now we introduce the concepts of relative Nevanlinna L*-order and relative

Nevanlinna L*-lower order of an analytic function f with respect to another analytic
function g in the unit disc U which are as follows:

and /\JLc = lim inf
r—1

Definition 2. If f be analytic in U and g be entire, then the relative Nevanlinna
L*-order of f with respect to g, denoted by pg* (f) is defined by

* wrf ()}
Pé (f)=inf ¢ > 0:Tf (r) < Ty (1—_” forall0 <rg(p) <r<1

Similarly, the relative Nevanlinna L*-order of f with respect to g, denoted by )\5* (f)
is given by

log T;le (r)

e (1)

When g (z) = exp z, the definition coincides with the definition of the Nevan-
linna L*-order and the Nevanlinna L*-lower order.

To compare the relative growth of two analytic functions having same non
zero finite relative Nevanlinna L*-order with respect to another entire function, one
may introduce the definitions of relative Nevanlinna L*-type and relative Nevan-
linna L*-lower type of analytic functions with respect to an entire function in the
following manner:

Definition 3. The relative Nevanlinna L*-type and relative Nevanlinna L*-lower
type denoted respectively by 05* (f) and Eé (f) of an analytic function f with
respect to an entire function g are respectively defined as follows:

- T1T, (r
05 (f) = limsup g Tr ()

sl exp{L(ﬁ)} PE*(f)
=it

and

1
7Y (f) = liminf Ty Tp (r) pE(f) <oo.

—, 0<
= {cxp{L(sr)}rg W !

(1-r)

Analogusly to determine the relative growth of two analytic functions having
same non zero finite relative Nevanlinna L*-lower order with respect to another
entire function one may introduce the definition of relative Nevanlinna L*-weak
type of an analytic functions having finite positive relative Nevanlinna L*-lower
order with respect to an entire function in the following way:
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Definition 4. The relative Nevanlinna L*-weak type denoted by TgL* (f) of an an-
alytic function f with respect to an entire function g is defined as follows:

. T1T, (r
TgL (f) = liminf g Tr ()

s {exp{Lm)}rW

(1=r)

I
, 0< Ay (f) <oo.

Also one may define the growth indicator ?5* (f) of an analytic function [ in
the following manner :
g . T, Ty (r)
7'5 (f) = limsup 9 )
r—1 l:eXP{L(ll,,,)}:| g

I
, 0< Ay (f) <o
(1=r)

For analytic functions, the notions of the growth indicators such as Nevanlinna
order and Nevanlinna type are classical in complex analysis and during the past
decades, several researchers have already been exploring their studies in the area
of comparative growth properties of analytic functions in different directions using
the classical growth indicators. But at that time, the concepts of relative Nevan-
linna order, relative Nevanlinna type and relative Nevanlinna weak type of analytic
functions are not at all known to the researchers of this area. Therefore the studies
of the growths of analytic functions in the light of their relative Nevanlinna order
(relative Nevanlinna L*-order) relative Nevanlinna type (relative Nevanlinna L*-
type ) and relative weak type (relative Nevanlinna L*-weak) are the prime concern
of this paper. In fact some light has already been thrown on such type of works
in [1], [2], [5], [6], [7] , [8] and [9]. Actually in this paper we establish some new
results depending on the comparative growth properties of composite analytic func-
tion in the unit disc U = {z : |z] < 1} using relative Nevanlinna L*-order, relative
Nevanlinna L*- type and relative Nevanlinna L*-weak type as compared to the
corresponding left and right factors. We do not explain the standard definitions
and notations in the theory of entire functions as those are available in [11].

2. THEOREMS.
In this section we present the main results of the paper.

Theorem 1. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < 7L (fog) < of (fog) <oo, 0<TE (f) <of (f) <
and pE™ (fog) = pE™ (f), then

L -1 L
I 09) g igTn Trea )  On (J09)
o (f) r=1 T Ty (r) o (f)
T 1Ty, L*
< lim sup h_lf g(r) < U'LLEfoy)
r—1 T, Ty (r) oy (f)

Proof. From the definition of J,g* (f) and 7% " (f o g), we have for arbitrary positive

¢ and for all sufficiently large values of ( L ) that

1—r
»
exp L ir Py (fog)
0 S

T ey (1) > (7 (Fog) —¢)
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g™,

fNow from (1), (2) and the condition pf~ (f og) = pE™ (f), it follows for all suffi-

ciently large values of ( ) that

T, Troy () 7 (f09) -
T, 2 o (e

and

07 () < (o (D) +

As e (> 0) is arbitrary , we obtain from above that

T, 'Tyo oL
hmmf 71f 9( ) 2 Op Lgfog)
r=1 T Ty (r) o (f)

Again for a sequence of values of <i) tending to infinity,

oft (=N

Ty Theg (1) < (h (Fo) +2) | — 25

and for all sufficiently large values of (rlr),

- . ()
Ty () > (58 () — <) W . (5)

Combining (4) and (5) and the condition pZ™ (f o g) = pL™ (f), we get for a sequence
of values of ( ) tending to infinity that

Ty Trog (r) _ o5 (fog)+e
T\ Ty (r) — ok (f) -«

Since € (> 0) is arbitrary, it follows from above that

Ty Tyog (1) _ 7 (fog)

lim inf —— < > (6)
r=1 T Ty (r) o (f)
Also for a sequence of values of ( ) tending to infinity, it follows that
L
1 P (f)
p < (o1 e {L ()}
T, Ty (r) < (Uk (f) +5) D : (7)

Now from (1), (7) and the condition pf~ (f o g) = pF" (f), we obtain for a sequence
of values of ( L ) tending to infinity that

Ty, ' Tiog () S GL (fog)—
T'Ty(r) = &8 (f)+e¢




EJMAA-2017/5(1) GROWTH PROPERTIES OF COMPOSITE FUNCTIONS 159

As e (> 0) is arbitrary, we get from above that

Ty ' Treg (r) _ TR (fog)
NPT ) T el () .

Also for all sufficiently large values of (1ir),

cofr ()"

Th_leog (r) < (Ui[;* (fog) +5> (1—7)

In view of the condition p2™ (fog) = pk™ (f), it follows from (5) and (9) for all

sufficiently large values of ( 1 ) that

Ty ' Toy (1) _ ok (fog) e
T () T ok (D -e

Since € (> 0) is arbitrary, we obtain that

Th‘leog (r) _ o (fog)

lim sup T (10)
ro1 T Ty (r) 7 (f)
Thus the theorem follows from (3), (6), (8) and (10). O

The following theorem can be proved in the line of Theorem 1 and so its
proof is omitted.

Theorem 2. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) < of (fog) <oo, 0<TE (9) < of (g9) < 00 and
p. (fog)=ri (9), then

T 00) g T Taen 1) T (09
o (9) T ol T () T 7 (9)
—1 L*
iy T T 0) _ o (f20)
ror T T (r) o (9)

Theorem 3. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < oF" (fog) < 00, 0 < & (f) < oo and pt (fog) =

pE” (f), then

1 oL 1
_leOg (r) < L(j °9) < lim SupTh_;ffog (r)
r—1 Tk: Tf (’I“) O (f) r—1 Tk Tf (’I“)

Proof. From the definition of a,f* (f)s we get for a sequence of values of (ﬁ)

PE" ()

tending to infinity that

Tk_le(r)Z(a;f*(f) ) GXP{ (
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fNow from (9), (11) and the condition pf~ (f o g) = p£~ (f), it follows for a sequence

of values of (1—;) tending to infinity that

Ty ' Tyog (r) _ ok (fog)+e
LTy (r) — ox () -«
As g (> 0) is arbitrary, we obtain that
Ty Tyoq (r) _ o (fog)
= Ty (r) T oy (f)

(12)

Again for a sequence of values of ( 1 ) tending to infinity that

—r
eXp{L (liir)} e ) (13)

Ty ' Tog (1) > (Uﬁ* (fog)— 6) 1=7)

So combining (2) and (13) and in view of the condition pf™ (fog) = pk™ (f), we

get for a sequence of values of (ﬁ) tending to infinity that

Ty Tyoy (r) ok (fog)—¢

T Ty (r) — o () +e
Since € (> 0) is arbitrary, it follows that
T, ' Tys L
lim sup h_lf o (7) > a L(*ng) : (14)
ro1 T Ty (r) or (f)
Thus the theorem follows from (12) and (14). O

The following theorem can be carried out in the line of Theorem 3 and
therefore we omit its proof.

Theorem 4. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < of" (fog) < 00, 0 < of (9) < 00 and pt™ (fog) = pk (g),
then

1T, L 1T,
lim inf h_lf 9 (7“) < Ih L(*f Og) < 1imsup7h_1f g (7‘)
T T, (r) oy (9) ro1 T VT, (r)

The following theorem is a natural consequence of Theorem 1 and Theorem 3:

Theorem 5. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < @& (fog) < ok (fog) <o0,0< Tt (f) <of (f) <
and pj;” (fog) = pi (f), then

Ty Tyog (r) _ {aﬁ" (fog) of (fog) }

o h
lim inf —2— Eé* TR 0;5* 7

rol Ty ()
7 (fog) aw (fog) | oy Ty Tro (r)

r—1 kale (T)
Analogously one may state the following theorem without its proof.
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Theorem 6. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < @£ (fog) <ok (fog) <00, 0<TE (9) < ok (g9) < 0o and
pi. (fog) =pi (9), then

T, ' Ty, 7 L
liminfih_1 rog (1) < min J’LL(*f Og), T L(*f °9)
rol T T (r) oy (9) o (9)
e L T,'T
U’LL(*f °9) L(*f °9D | pimsup h_Ttos (r)
o (9) o (9) r—1 T, Ty (r)
Now in the line of Theorem 1, Theorem 3, Theorem 5 and Theorem 2,

Theorem 4, Theorem 6 respectively one can easily prove the following six theorems

using the notion of relative Nevanlinna L*-weak type of a meromorphic function
with respect to an entire function and therefore their proofs are omitted.

Theorem 7. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < 7L (fog) <7 (fog) <oo, 0 < 7t (f) <7E (f) < o0
and \E™ (fog) = A" (f), then

L* -1 L*
h Lgfog) S liminfTh Tfog (7") S Th Lgfog)
Ty (f) r=1b T Ty (r) 7" (f)
T Ty, 7L
< T 1) <7 U o0
r—1 k r\r T

Theorem 8. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < T£™ (fog) < 00, 0 < TE (f) <00 and A" (fog) = M\ (f),
then

T 1Ty, 7L T 1Ty,
limi?f h71 fog (r) < TEL(*fOQ) < limsup7h71 fog (r)
T— Tk Tf (’I“) Tk (f) r—1 Tk Tf (T)

Theorem 9. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < 7L (fog) < 7L (fog) <oo, 0 < 7t (f) <7E (f) < o0
and ML (fog) = N (f), then

L T_lTo r . L (fo 7L (fo
T e 3047

=1 Ty (r)
+L" o ?L* o . T_lTO
Smax{ thLgf(f)m’ i éf(f)g)} < lim sup D Los (1)

r—1 T,;le (r)
Theorem 10. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) < 7L (fog) < o0, 0< 75 (9) < 7F (9) < 0 and
N (fog) =X (g), then

T (fog)  Tyog (r) _ 1 (fog)
Ti(g) T ool T () T T (9)

T Ty 7L
< limsup h—lf g (1) < Th L(*fog)
r—1 1T, (r) Tk (9)
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Theorem 11. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < T£" (fog) < 00, 0 < 7L (g9) < 00 and N\ (fog) =
A (g), then

T1T,, 7L T 1T,
lim inf hflf g (7) < T}LL(*fog) < limsupihflf o (r)
r=1 T T, (r) e (9) r—1 T Ty (1)

Theorem 12. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7F" (fog) < TE (fog) <00, 0 < 75 (9) < 7L (9) < 00 and
N (fog) =X (g), then

T e (1) T (fog) TE (fog)
111}1_}1%1f T.'T, (r) = mln{ ™ (g9) T T (9)
< {h (fog) 7 (fog)} T, Tyoq ()

- — < limsup
T (9) T T (9)

rs1 Ty 'y (r)
We may now state the following theorems without their proofs based on rel-
ative Nevanlinna L*- type and relative Nevanlinna L*-weak type of a meromorphic
fucntion with respect to an entire function:

Theorem 13. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < £ (fog) < of (fog) <oo, 0< 7L (f) <TE (f) < o0
and o (f 0.9) = M (), then

Tk (Fog) gD Tros () _ 7k (Fog)

7= (f) r=1 T\ Ty (r) = 1 (f)
ims Ty ' Tiog (r) _ ok (fog)
< limsup T, ) S ()

Theorem 14. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < aﬁ* (fog) <o0,0< Ff* (f) < o0 and pﬁ* (fog) = )\ﬁ* N,
then

1T, L 1T,
limi{lf hflf g (7) < J}LLEfog) < limsupihilf o (1) .
r=1 T Ty (r) e (f) r—1 T Ty (r)

Theorem 15. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < GF (fog) <ok (fog) <00, 0 <7 (f) <TF (f) <
and pE* (fo.g) = AE" (f), then

T oy (1) _ o {o—ﬁ* (fog) ok (fo9) }

. . h
R DD

r=b T Ty (r) k
oL (fo ol o . T-ir o
< max{ };—kLEf(f)g)’ Zﬁgf(f)g) } < hrnSupM .

r—1 T,;le (r)
Theorem 16. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) <TE (fog) <00, 0<TE (f) < of” (f) < o0 and
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L* _ L
Ay (fog) = pi (f), then

A (fog) . T Ty (1) _ T (fog)
B M ey S e )

—1 —L*
<t Tres ) 7 (f00)
r—1 Tk Tf (7”) oy (f)
Theorem 17. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < T£™ (fog) < 00, 0 < oF (f) < 00 and A" (fog) =
pE"(f), then

-1 —L* -1
Th_leOg (r) < Th L(*f °g) < limsupTh_leog (r)
r—1 Tk Tf (’I“) Oy (f) r—1 Tk: Tf (r)
Theorem 18. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) <TE (fog) <00, 0<TE (f) < of” (f) < o0 and

AT (Fog) = ok (f), then

Ty ' Thog (1) . {ThL* Efog) T (fog)}

liminf=2 /%9 Y/ < min , -
r=1 Ty () (f 7 o ()

T
L* =L* T—lT R
< max T’LL(*f Og), Th L(*f °9) < limsupih_1 fog (r) .
or (f) o (f) r—1 T, Ty (r)
Theorem 19. If f, g be any two analytic functions and h,k be any two entire

functions such that 0 < G5 (fog) < oF (fog) < oo, 0< 7 (9) <7TF (9) < o0
and pk" (f o) = A(g), then

T (Fo9) i Th Trog (1) _ T (fog)
?L*( — 11’11*3{1 T—lT — L*
K (9) r w Ly (r) 7. (9)
1 L*
e i Trea 1) _ oE (09
r—1 T Ty (r) v (9)

Theorem 20. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < o™ (f o g) < 00, 0 < T£™ (g) < 00 and pk~ (f o g) = A(g), then

T Ty, L* T Ty,
lim inf h_lf g (r) < U}LL(*f °9) < 1imsup7h_1f g (r) .
r—=1 T, T, (r) 7 (9) r—1 T Ty (r)

Theorem 21. If f, g be any two analytic functions and h,k be any two entire
functions such that 0 < G5 (fog) < of (fog) < oo, 0< 7 (9) <7TF (g9) < o0
and p” (f o g) = A(g), then

T o (1) _ o {oﬁ* (fog) ok (fog) }

lim inf =2 > , -
w9 T (9)

r=1 T, (r)
gmax{“ﬁ* (fog) of (fog)} Ty Tyog (r)

> , — = < lim sup——
" (9) 7 (9) ro1 T T, (r)
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Theorem 22. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) < 7L (fog) <o, 0< 7L (9) < of (g9) < 0o and
Xy (fog) = pi (9), then

L -1 L
Th L(*fog) S hmlnf h_?fog (’r‘) S Th L(*fog)
o (9) r=1 T Ty (r) ar (9)
-1 —L*
< limsupTh_ilrng (r) < TEL(*ng) .
r—1 T Ty (r) or (9)

Theorem 23. If f, g be any two analytic functzons and h,k be any two entire
functwns such that 0 < TE" (fog) < 00, 0 < of (9) < oo and N\" (fog) =

pk; ( ); then

T Ty, 7L T Ty,
lim inf = 1f g( ) < Th L(*fog) glimsup%m.
=1 T, (r) o (9) ro1 T YT, (r)

Theorem 24. If f, g be any two analytic functions and h,k be any two entire
functions with 0 < 7" (fog) <TE (fog) < o0, 0< T (9) < o (g9) < 00 and
A (fog) =pi (9), then

T Tfog( ) < min L* (fog) Th (fog)

lim inf < —= ) -
r=1 TN, (r) 05 (9) = o (9)
L* =L* T T R
< max ThiL(*fog)’Th L(*fog) < Tim sup L fog (1)
or (9) o (9) r—1 T Tg (r)
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