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EIGENVALUES AND EIGENFUNCTIONS OF NON-LOCAL
BOUNDARY VALUE PROBLEMS OF THE STURM-LIOUVILLE
EQUATION

A. M. A. EL-SAYED, ZAKI. F. A. EL-RAHEEM AND N. A. O. BUHALIMA

ABSTRACT. The initial and boundary value problems of differential equations
with nonlocal initial and nonlocal boundary conditions are of interests in ap-
plications. In this paper we study the existence and some general properties of
eigenvalues and eigenfunctions of the boundary value problem of the Sturm-
Liouville differential equation non-local boundary conditions.

1. INTRODUCTION

The problems of differential equations with nonlocal conditions have been stud-
ied by some authors (see for example [1] and [3]-[5]). Also theoretical investigation
of Sturm-Liouville boundary value problems with various types of nonlocal bound-
ary conditions is a topical problem and recently has been paid much attention to
them in the scientific literature (see for exampl [6] and [7] -[9]).

Consider the two non-local boundary value problems of the Sturm-Liouville equa-
tion

—y' +q@)y=Xy, 0<z <7 (1)
with each one of the two non-local conditions

y(0) =0, y(§) =0, & € (0, 7], (2)
and

y(n) =0, y(ﬂ) =0,ne [077T) (3)

where the non-negative real function ¢(x) has a second piecewise integrable deriva-
tives on (0, 7) and A is spectral parameter.

Here we study the existence and some general properties of the eigenvalues and
eigenfunctions of the two non-local boundary value problems (1) and (2) and (1)
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and (3). Comparison with the local boundary value problem problem of equation
(1) with the local boundary value problem

y(O) =0, y(ﬂ-) =0

will be given.

2. GENERAL PROPERTIES

Here we prove some results concerning the eigenvalues and eigenfunctions of the
two non-local problems (1)-(2) and (1)-(3).
lemma 2.1 The eigenvalues of the non-local boundary value problem (1) and (2)
are real.
Proof. Let yo(x) be the eigenfunction that corresponds to the eigenvalue g of the
problem (1) and (2), then

— g +a(@) yo = Ayo (0 <& <), (4)
and
Y0(0) = yo(§) =0 (5)
Multiplying both sides of (4) by go and then integrating form 0 to ¢ with respect
to x, we have

€ 13 €
“oo i 5+ [ Wl dot [ ale) lwfdo =35 [ ool da.
0 0 0
using the boundary condition (5), we have

o _ Jo La(@) |l + lyiol* ] de
0o — .
f(f lyol? da

From which it follows the reality of A2 .CJ

By the same way we can prove the following lemma.

lemma 2.2 The eigenvalues of the non-local boundary value problem (1) and (3)
are real.

lemma 2.3 The eigenfunctions that corresponds to two different eigenvalues of the
non-local boundary value problem (1) and (2) are orthogonal.

Proof. Let A1 # Ay be two different eigenvalues of the non-local boundary value
problem (1) and (2). Let y1(x),y2(z) be the corresponding eigenfunctions, then

—y +al@)y1= Ay (0< e <), (6)
y1(0) =51(§) =0 (7)
and
—yy +a(@)y2= Ay (0<z <), (8)
y2(0) = 32(§) =0 (9)
Multiplying both sides of (6) by §2 and integrating with respect to x, we obtain
3 3 €
—/ Y"1 72 d$+/ q(z) Y1 Yo dv = A%/ Y1 Yo dx. (10)
0 0 0

By taking the complex conjugate of (8) and multiply it by y; and integrate the
resulting expression with respect to x, we have

13 13 13
—/ TR dm—i—/ q(x) 11 Yo dx = )\%/ Y1 Y2 dz. (11)
0 0 0
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Subtracting (10) from (11) and using the boundary conditions of (7) and (9) we
obtain

3
(A%_/\g)/ v G2 dz = 0, AT # A3,
0

which completes the proof.[]

By the same way we can prove the following lemma

lemma 2.4 The eigenfunctions that corresponds to two different eigenvalues of the
non-local boundary value problem (1) and (3) are orthogonal.

3. THE ASYMPTOTIC FORMULAS FOR THE SOLUTION

Here we study the asymptotic formulas for the solutions of problems (1) and (2)
and (1) and (3).
Lemma 1.1 deals with the nature the eigenvalues. Let be p(xz, A) the solution of
equation (1) and (2) satisfying the initial conditions

90(07/\) =0, ‘pl(ov )‘) =1 (12)
and by ¥(z, A) the solution of the same equation, satisfying the initial conditions
P(0,A) =1, ¥'(0,A) =0 (13)

We notes that ¢(x, A) and 1(x, ) are linearly independent if and only if W () # 0.
W()\) = QO(CC, )‘)1//(937 )‘) - <p/(xa )\)1/’(55, A)

The characteristic equation will be

W) = @& ) (14)
lemma 3.5 The solution ¢(x,\) of problem (1) and (2) satisfy the integral equa-

tions
sin Az /x sin A(z — 1)
+ - 7
0

(P(mv )‘) = by \ Q(T)LP(T’ )‘>d7’ (15)

Proof. First we obtain formula (15) Indeed,with solution of the form ¢(z) = 0. (1)
becomes becomes —y” = A2y by means of variation of parameter method, we have

o(x,\) = C1(z, A) cos A\x + Ca(x, A) sin Az (16)
and the direct calculation of C(x,s) and Cy(x, s), we have
¥ sin A
Gl ) = - [ gr)ptr i,
0
(17)

A A

substituting from (17) into (16) equation (15) follows. Second we show that the
integral representation (15) satisfies the problem (1) and (12). Let ¢(z, A) be the
solution of (1), so that

q(x) (@A) = ¢" (2, A) + Mp(x, A).
We multiply both sides by

Col ) =+ / " COSAT i, A
0

sin Mz — 1)
A
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and integrating with respect to 7 from 0 to = we obtain

/ T TT) 0 o) dr = / T TT) e nydar (18)
0

A 0 A
+A / SIMA@ZT) ) dr
O A
Integrating by parts twice and using the condition (12), we have
/ mAarty (i ) (e N dr (19)
0

sin Az

= p(x,\) — T /\/Ox sin \N(x — 7) o(1, \) dr.

By substituting from (19) into (18) we get the required formula (15).00
By the same way we can prove the following lemma
lemma 3.6 The solutions 9 (x, ) of problem (1)and (3) satisfy the integral equa-

tions
B, \) = sin \(n — ) +/“’ sin Az — 1)
7

3 3 q(1) ¥(r, \) dr. (20)

lemma 3.7 Let A\ = o + it. Then there exists A\g > 0, such that [A| > g the
following inequalities for the solutions ¢(z, A) of boundary value problem (1) and

(2) hold true
sin Az elfmAle

Proof. We show first that

o5, ) = O (|'A'|> |

where the inequality is uniformly with respect to x. Form the integral equation
(15) we have

cltlz  oltle pa

o2, A)] < +—— [ la(n)llp(r, N dr. (22)
A A Jo
By using the notation ¢(x, \)e™I!1* = F(z, \), equation (22) takes the form
1 1 (7
a5+ [ lalIEe ) dn (23)

Let pt = maxo<y<~F(x, A), so that from (23) it follows that

>

B < 7 .
1%y la(r)| dr

For [A| > Ao = [ |q(7)|dr it follows from the last inequality that F(z, A) < constant
/|A| and this implies that

e\t\x
o) =0 (5. en
A
By the aid of (23) we find that

/OgC SIHA(+T) q(t) p(r,A) dr= O <(|3§|:> . (25)
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From (15) and (23) it follows that, ¢(x, A) has the asymptotic formula (21), as in
[2] .O

By the same way we can prove the following lemma

lemma 3.8 Let A = ¢ + i¢t. Then there exists Ao > 0, such that |[A| > A\ the
following inequalities for the solutions ¢ (z, A) of boundary value problem (1) and

(3) hold true
: o [ImA|(n—1)
W, \) = w + o0 <€|A|:> (26)

Theorem 3.1 Let A\ = o +it and suppose that g(x) has a second order piecewise
differentiable derivatives on [0, 7]. Then the solution ¢(x, A) of non-local boundary
value (1) and (2) have the following asymptotic formula

: [ImX|z
oz, ) = sinhe - aq (@) cos A\x — az(z) sin Az + O (e) (27)

A A2 A3 |24
where
1
ai(xz) = 5/0 q(t
_ 1 [q(=) + 4(0)]
arle) = 1 ([ aw ) O] (28)
Proof. By substituting from (21) into the mtegral equation (15), we have
sin /\x Cos Az v
- — —9
oz, \) = e / q(t) dt + 2)\2 cos A(z — 2t) q(t) dt
O e|ImA|9c -
oG ) ‘ 2

Integrating the last integration of (29) by parts and noticing that there exists ¢’ (z)
such that ¢’ € L]0, 7]

% Ox cos A(z — 2t) q(t) dt
= 2lafe) —q(0) =~ Oz sin A(x — 2¢) dt
substituting from (30) into (29) , we get
oz, ) = sin)\)\a: - a1>\(2x) cosdx + O <e||1;n|2“> . (31)

where a(x) is defined by (28) . In order to make ¢(x, \) more precise we repeat
this procedure again by substituting from the last result (31) into the same integral
equation (15), we have

p(r,A\) = q(t) dt

A A2

T sin AM(z — t) cos At
_ 3
0

sin Az N /x sin \(x — t) sin At
0

q(t)aq (t) dt
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n /0 ’ 751“(;”‘” 4(H)0 (ﬁ:t') dt. (32)

Now we estimate each term in (32). Integrating by parts twice the first term of
(32), and noticing that ¢ € L]0, 7], we have

Tsin A(x — t) sin At ai(z) q(z) — q(0) | elImAlz
/0 \2 Nz Cos Ar+ 5 sin \x+0O B

(33)

g(z) di = —

Similarly, we have

“ sin A(w — t) cos At 1 [° in A |TmAle
—/ S A A3)C°S ¢(x) a1 () dt:—§/ ai(x) () dt==5=+0 <6 ; )
0 0 Al

(34)

Substituting from (33) and (34) into (32) we get the required formula (27).00

By the same way we can prove the following theorem

Theorem 3.2 Let A = o + it and suppose that ¢g(x) has a second order piecewise
differentiable derivatives on [0, 7]. Then the solution #(x, A) of non-local boundary
value (1) and (3) have the following asymptotic formula

sin A(x — T x elImAl(z—n)
Pz, \) = )\(/\ ) — 71/\(2 ) cos A(z—mn)— 72)53 ) sin A\(z—n)+0O (|)\4|n)
(35)

where

nw) = g [ ate

2

@) = ([ a0 a) - 10 (36)

Now inserting the values of the functions p(z, A) from the estimate (27) into the
second of the boundary conditions in (2), we obtain the following equation for the
determination of the eigenvalues: Equation (21) is the characteristic equation which

gives roots of A
nw

P ra n=0,+1,+2, ...
Then the W (A) has the same root of the function sinA¢ (By Rouche’s theorem)
A =2 4e,, n=0,1,2,... (37)

Theorem 3.3 Let ¢ € L1(0,7), then we have the following asymptotic formulas
for A, of non-local boundary value (1) and (2)

_nmLo 2z
An = +n +O<n2>. (38)

where aq(z) defined in (28).
Proof.
sin A ai(x)

W(z,\) = 3 2

TmAlg
cos A — ai\(f) sin A{ + O (e|)\4|) (39)
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It follows from (39) that

[1mAlg
sin/\g—oé\lcos)\f—ié;sin)\f—i—O(epﬂ) =0 (40)
From equation (40), we have
az, . Qg
[1-— F] sin A — 5 Cos AE=0 (41)
Dividing (41) by cos A{ we obtain
(65) (651
since imaginary A = O (%), then
(6751 1
tan A\, = —+0 | — 42
g = 40 () (12)

From (37), (42) after elementary calculation, we obtain
(65} 1
n=—+0|— 43
c nmw * (n2> (43)

From (37) and (43) , we have

nT o« 1
An=—+-—+0(=).
& nmw n
By the same way we can prove the following theorem

Theorem 3.4 Let ¢ € L1(0,7), then we have the following asymptotic formulas
for A\, of non-local boundary value (1) and (3)

1
An—m+“+0<2>. (44)
n n

where 71 defined in (36).

Corollary 3.1 If £ = 7, then the eigenvalues of (38), we obtain

1
nm n

and, if n = 0, then the eigenvalues of (44), we obtain

1
nw n
Which meets with the result obtained in [11].
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