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ON THE DYNAMICS OF A RECURSIVE SEQUENCE

H. EL-METWALLY, IBRAHIM YALCINKAYA AND CENGIZ CINAR

ABSTRACT. In this paper we investigate the global asymptotic behavior of the

solutions of the difference equation
ALy —(2k—1)

Tn+l = , n=0,1,...,

D q t
B+, (ah12)Tn—2kTp—(26—2)
where k is a positive integer number, the parameters «, 3,7 and the initial
conditions ©_s;_9, T_2x_1, ..., T_1, T are non-negative real numbers with
P q t
p,q,t>1and B +'mn—(2k+2)1‘n—2kxnf(2k—2) > 0.

1. INTRODUCTION

Recently there has been an increasing interest in the study of global behavior of
rational difference equations. That is because difference equations appear naturally
as discrete analogues and as numerical solutions of differential and delay differential
equations having applications in biology, ecology, physics, etc. See [I0]. Rational
difference equations is an important class of difference equations where they have
many applicatio ns in real life for example the difference equation =, 41 = %
which is known by Riccati Difference Equation has an applications in Optics and
Mathematical Biology (see [8]). For more results of the investigation of rational
difference equation see ([I]-[10]) and the references therein

In this paper we investigate the global asymptotic behavior of the solutions of
the difference equation

Wn—(2k-1) n=0,1,.. (1)

Tnt+1 = P q t
B+, o0y Tn—2kThn—(2k—2)
where k is a positive integer number, the parameters «, 8,y and the initial condi-
tions x_sk_2, T_2k—_1,..., T_1, To are non-negative real numbers with p,q,t > 1

and 3+ 7$Z7(2k+2)$i—2kx;—(2k—2) > 0.

Remark

(i) If & = 0, then Eq.(1) is trivial.
(ii) If v = 0, then Eq.(I) is linear.
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(iii) If 8 = 0, then Eq. can be also reduced to a linear difference equation by
the change of variables x,, = e¥".

The following definitions and the well known theorem A will be useful in the
investigation of Eq..

Definition 1 Let I be an interval of real numbers and let f : I**1 — I be a
continuously differentiable function. Consider the difference equation

Tpt1 = [ (@nyTpn—1, ey Tn—k), n=0,1,..., (2)

with _g,...,x9 € I. Let T be the equilibrium point of Eq..
The linearized equation of Eq. about the equilibrium point 7 is

Ynt1 = C1¥Yn + C2Yn—14- + Chp)Yn—k, n=0,1,..., (3)
where
1= ﬁ(f,...,f),@ = of (Ty oy @), oy Clog1) = i(i, vy T)
oz, O%p_1 O%p—;
The characteristic equation of Eq. is
Ak e \F — 02/\(]“71) — o= CA =g =0 (4)

Definition 2 Let T be an equilibrium point of Eq..

(a) The equilibrium T is called locally stable if for every € > 0, there exists § > 0
such that if zg,...,z_, € I and |xg —F| + -+ + |z_ — T| < 4, then |z, — T| < ¢,
for all n > —k.

(b) The equilibrium Z is called locally asymptotically stable if it is locally stable
and if there exists v > 0 such that if z¢,...,2_ € T and |xg — T|+---+|z_p — F| <
v, then lim z, ==.

n—oo
(¢) The equilibrium T is called global attractor if for every zg,...,z_p € I we
have lim z,, ==.
n—oo

(d) The equilibrium T is called globally asymptotically stable if it is locally stable
and is a global attractor.

Definition 3 A solution {z,},. _, of Eq.([2) is called nonoscillatory if there
exists IN > —k such that either

Ty >T for Yn>N or z,<T for Yn> N,

and it is called oscillatory if it is not nonoscillatory.

Theorem A [6]: (i) If all roots of Eq.(d) have absolute values less than one,
then the equilibrium point T of Eq. is locally asymptotically stable.

(ii) If at least one of the roots of Eq. has absolute value greater than one,
then the equilibrium point T of Eq. is unstable.
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2. MAIN RESULTS

In this section, we investigate the dynamics of Eq. under the assumptions
that all parameters in the equation are positive and the initial conditions are non-
negative.

1

The change of variables z, = (é)p +q+ tyn reduces Eq. 1} to the difference
gl

equation
TYn—(2k—1
Ynt1 = Y _ (q ) 7 forn=0,1,..., (5)
Yn—2k+2)Yn—2kYn—(2k—2)
where r = % > 0. Note that 7; = 0 is always an equilibrium point of Eq.. When

r>1, Eq. also possesses the unique positive equilibrium g, = (r — 1) preTE .
Lemma The following statements are true:
(i) If r < 1, then the equilibrium point 7; = 0 of Eq. is locally asymptotically
stable,
(ii) If » > 1, then the equilibrium point 7, = 0 of Eq.(5)) is unstable,
(iii) If » > 1, then the equilibrium point G, = (r — 1) ?FaF of Eq. is unstable.
Proof. The linearized equation of Eq. about the equilibrium point 7; = 0 is
Zn+1 = TZp—(2k—1) for n = O, 1, ceey
so the associated characteristic equation about 7, is
MO — ) =0.
Then the proof of (i) and (ii) follows by Theorem A. Now the linearized equation
1
of Eq. about the equilibrium point g, = (r — 1) ¥4 is
p(r—1) q(r—1) tr—1)

Zn+1 = Zpn—(2k—1) — - Zn—(2k+2) — . Zn—2k — ”

Zn—(2k—2)

for n =0,1,... and the associated characteristic equation about 7, is

—1 -1 -1
FO\) :)\2k+3_)\3+p(7" )+ q(r ))\2+ t(r ))\4:0.
T T T

Since F(—1) > 0 and limy_,_, F(A) = —oo, then there is A < —1 such that
F(A) = 0. Consequently, 7, is unstable. This completes the proof.

Theorem 1 Assume that » > 1 and let {yn}zo:_(%H) be a solution of Eq. ()
such that
Yo (2k42)s Y=2k s - Y0 = Yo and Y (2k41)s Y—(2k—1)5 -+ Y—1 < Yo, (6)
or
Y (2h42), Y2k s Y—2ms - Y0 < T and Y_(ok41), Y—(2k—1), Y1 = Y- (7)

Then, {yn}f:7(2k+2) oscillates about g, = (r — 1) e with semicycles of length

one.
Proof. Assume that @ holds. Then,

TY—(2k—-1)

Y1 < y??

1+ y€(2k+2)yg2kyt—(2k—2)
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TY1—(2k—1)

Yo = > s
L+ 97 ooy Y1-2u¥i— 2—2)

and

TY2—(2k—1)

Y3 = < Ys.
L+ yg—(2k+2)yg—2ky§—(2k—2)
The proof follows by induction. The case where @) holds is similar and will be

omitted. This completes the proof.

Theorem 2 Assume that r < 1, then the equilibrium point 7; = 0 of Eq. is
globally asymptotically stable.

Proof. By Lemma 1, the equilibrium point 77 = 0 of Eq. is locally asymp-
totically stable, when r < 1. Let {yn}fzi(%Jﬂ) be a solution of Eq.. We have
Ynt+1 < TYn—(2k—1)- This implies that yoprim < 7" 'yon_1)—(26-1), 7 = 1,2,...,
m = 1,2, ...,2k. Hence lim,,_, o ¥, = 0. This completes the proof.

As a confirmation of the result obtained in Theorem 2 above, we present the
following figures:
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Theorem 3 Assume that 7 > 1, then Eq. possesses an unbounded solution
{yntor (2k+2) such that {y2nm+},, increases to co whenever i is odd and decreases
to 0 whenever ¢ is even, where i = 0,1,...,2m — 1.

Proof. From Theorem 2, we may choose solution {yn}zo:_(% +2) of Eq. such
that yon—1 < ¥y and ya, > T, for each n. We can see that the sequence {ank}n
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increases to ly > 7y, where we allow for [y to be infinity. Indeed, we have

TYonk

= D q 3
L+ Yonk—3Y2nk—1Y2nk+1

Y2(n+1)k > Yonk > Yo (8)

So it is easy to see that the sequences

{yonk—3},, » {vank—1}, and {yonkt1},

decrease to three non-negative numbers, say a1, b; and ¢; respectively which are
less than 7,. Assume as the sake of contradiction that Iy < co. Then taking the limit
as n — oo in Eq., to obtain 1 =17 / (14 afblct).Hence r — 1 = alblc, < gttt
which is a contradiction. We conclude that lj = co. Now the sequence {ygnk+1}n
is decreasing to a non-negative number /1. Indeed, we have

TYank+1 (9)

Y2(n+1)k+1 = P T 1 < Yonk+1 < Ya-
L+ Yonk—2YonkYonkt2

Similarly, {y2nk+i},, is increasing (decreasing) to l; < 7z (I; > ¥2), @ is even (i is
odd). As before we can see that the sequences

{yank—2}, > {¥2nr}, and {yanrin},

increase to three elements ag,bs and cy respectively which are greater than v,.
Assume that I, # 0. Taking the limit as n — oo in Eq.@, we get 7—1=abbich >
y§+q+t which is a contradiction. This implies that I; = 0. Similarly, we can show
that [; = 0,7 = 3,5,...,2m — 1 and I; = 00,7 = 2,4, ...,2m — 2.This completes the
proof.

Again as a confirmation of the result obtained in Theorem 3 above, we present
the following figures:
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