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ON A CLASS OF N-NORMED DOUBLE SEQUENCES RELATED
TO p-SUMMABLE DOUBLE SEQUENCE SPACE [/?

CENAP DUYAR, BIRSEN SAGIR, OGUZ OGUR

ABSTRACT. In this work we introduce the m?2 (¢)- class of n-normed double
sequences related to p-absolute convergence double sequence space. We study
some properties like solidity, simetricity, convergence-free of m?2 (¢) and obtain
some inclusion relations involved m?2 (¢).

1. INTRODUCTION

Throughout this work, N and R denote the set of positive integers and real
numbers, respectively. Let n € N and X be a R-linear space. A n-norm is a function
satisfying following four properties on X" (see, [5],[7],[10]): For all zy, ..., 2z, € X

1. ||(z1,...; 2n)ll,, = 0 if and only if z1, ..., 2, are linear depended,

2. ||(z1, ..., zn)||,, is constant under permutation,

3. [[(z1, s zn) |, = | || (21, s 20) ||, for any a € R,

4. (z15 ey 2n—1sx + Y|, < (215 o 2n—1, @) ||, 1 (215 s 21, ) ||,-

In this case a double (X, ||.||,,) is called a n-normed space. If every Cauchy se-
quence is convergent, then this space is called a n-Banach space. A double sequence
on a normed linear space X is a function z from N x N into X and briefly denoted
by {zk,;}. Throughout this work, w and w? denote the spaces of single sequences
and double sequences, respectively. If, for all ¢ > 0, there is a n. € N such that
|lzky —ally < € whenever & > n. and [ > n., then a double sequence {w;} is
said to be converge (in Pringsheim’s sense) to a a € X. If, for all € > 0, there
is a ne € N such that ||zx; — 4[|y < € whenever k,1,p,q > n., then a double
sequence {xy;} is said to be a double Cauchy sequence in X. A double series is
infinity sum 2?1:1 xy, and its convergence implies the convergence by |||y of
partial sums sequence {S, ;. }, where S, = >0, D%, @k (see [2],[8],[9]).

Throughout this work, we will use the convergence in Pringsheim’s sense of the
double sequences.

If each double Cauchy sequence in X converge an element of X according to
n-norm, then X is said to be a double complete space according to n-norm. A
double complete n-normed space is said to be a double n- Banach space.
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A n-normed double sequence space E is said to be solid if {a  zx,} € E when-
ever {zy,;} € E for all double sequences {ay;} of scalars with |ag,;| < 1 for all
k.l € N(see [3],[4]).

Let = {z1,} be a double sequence. A set S (z) is defined by

S(z) = {{xm(k),m(k)} : m1 and o are permutations of N} .
If S(x) C E for all x € E, then E is said to be symmetric.
If {z1,;} € E, whenever {yx,} € E and y;; = 0 implies x;; = 0, then a double
sequence space F is said to be convergence-free.
Throughout this work {¢y;} is taken as a non-decreasing double sequence of the
positive real numbers such that

kéri1g < (B +1) ¢ and lgg 1 < ([ +1) gy

for all (k,1) € N x N.
Now let s be a family of subsets ¢ having most elements s in N. The space
m (¢), introduced by Sargent in [11], is in the form

m@={ﬁ%m%%hw=>wp 2}m<m}

S=5 Je@s k€o

Tripathy and Borgshain in [12] expanded to n-normed spaces it. They introduced
this new space as follows:

(m (@), l-l,) = {w ={zr} [l ) = sup > NGz w)ll, < OO}-
s>1, o€ps ¢s keo

for all z1, ..., z,—1 € X. The spaces in this form for single sequences was studied by
many authors(see, [1],[12],[13]).

Let ps ¢ be the class of subsets 0 = o1 X 02 in N x N such that element numbers
of o1 and o9 are most s and ¢ respectively.

The aim of this work is to introduce the space m? (¢) and investigate various
properties of it. This space is defined by

(m2 0),111,) = {2 = {@ra} s 1@l ooy =

sup ﬁ Zkeal Zleaz H(Zla ---;Zn—laxk,l)Hn <0
(s,t) > (1,1)
01 X 02 € Qst
for all zq1,..., 2,1 € X.

2. MAIN RESULTS

Definition 1. A double sequence space E is said to be monotone if v = (xpjug;) € E
for all x = (z4;) and u = (u) € {0, (see [14]).

The following lemma is an easy result of the definitions:
Lemma 1. If a double sequence space E is solid, then E is monotone.

Proposition 1. Let X be a n-Banach space. Then (m?(¢),|.|,) is also a n-
Banach space with the norm |[.[|,, .2 (4)-
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Proof. Let {2V} be a double Cauchy sequence in (m? (¢), |.||,,) such that z(" =
. (oo}

{xg)l} for all : € N. Then for arbitrary ¢ > 0 there is a n. € N such that
: 1

k=
(i) _ ) <
W -z —
H nm2(¢) P11
for each 7,5 > n.. Then the inequality
(o1 2o (582 — )| <=

holds for all i,j > n. and (k,l) € N x N, since (¢y,;) is a non-decreasing double
sequence of the positive real numbers. So {x,(;)l} is a double Cauchy sequence in

X. Since X is a n-Banach space, {a:,(;)l} is convergent in X. We say

lim x,(;)l =T,
1—00 ’

for each (k,1) € N x N. Now, for this double sequence z = {zj,;} we have to show
that lim 2(Y = z and « € (m?(¢),|.||,,). Since {z(V} is a double Cauchy sequence

1—00
in (m?(¢),]|.|l,,), there is a number n.eN such that

1 ) .
sup Z Z H(zl,...,zn,l, (xfﬁz)l — :E,(jg))Hn <e€

(5,8) > (1,1) Pt feor icon
01 X 02 € Pst

where i, 7 > n..
Taking limit as j — co, we have

1 i
sup ¢ Z Z H (zl, ey Zp—1, (x,(c)l — xkl)) <e€

(87t) Z (17 1) st k€oq l€os "

01 X 02 € st
for all ¢ > n.. This implies that

Hx(i) —x <e
n,m?2(¢)
for all i > n. and so lim () = 2. We also have that
71— 00
lelhmaior < [l =] 17N, <1 <
’ n,m?2(¢) n,m2 () n,m?2(¢)

for a fixed i > n., and hence z € (m? (@) ,||.||,,). Thus (m?(¢),|.|,,) is a n-Banach
space with the norm |[.[|,, .2 (4)- O

Proposition 2. The class (m?(¢), |.|l,)) of double sequences is solid.
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Proof. Let {zx,} € (m?(¢),]|.||,) and let {ax,;} € w? be any double sequence of
scalars with |aj;| < 1. Then we can write

1
sup P Z Z (215 s 2n—1, @i )|,
s,t

(s,t) > (1,1) k€oy l€os
01 X 02 € Pst

1
= sup 3 Do laral s zaoszr)l,
S,

(S, t) > (1, 1) k€oy l€o2
01 X 02 € Qst

1
sup s Z Z (1, s 2n—1, 2,0l

(S,t) Z (1, 1) t k€oi l€os
01 X 02 € QPst

IN

Thus we obtain

|| o) < -

This implies that {azx,} € (m?(¢),|.|,,), and hence the class (m? (¢),].||,,) is
solid.

Corollary 1. The space (m? (), ||.|,,) is monotone.

Proposition 3. The class ), |I-1l,,) of double sequences is symmetric.

Proof.  Let {zi,} € (m?(9),]. || ) and let {yx,;} € w? be any permutation of it.
Then there exists a (pr,qx) € N x N such that yx; = x,, 4 for all (k,1) € NxN.
Hence we have

||{$k,l}||n7mz(¢) = sup ¢> Z Z (21, s 2n—1, 2,0l
(S,t) > (1, 1) 85t k€oq l€os

01 X 02 € Pt

= sup Z Z (215 s 2015 Tpg, )l

(5,8) > (1,1) ¢s’ prCor 4iCos
01 X 02 € Pst

= H{xmxqu}Hn,mz(@ = H{y’“vl}”n,mzw)'

O
Example 1. Let n = 2 and a double sequence ¢ be given by ¢ (s,t) = s.t. Also we
take a double sequence {xy} such that x; = % + % and define 2-norm on R X R
such that

(= 2kl = 2.2k
Then we obtain

1 1 1
EIER I 5D ol (3
(S,t) > (1, 1) " keoy leos
01 X 02 € QPst

<sup{ k;gz ( ) (s,t)

Y

=

—_

N~—
—
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1
< sup {215 z.st:(s,t) > (1,1)} =2z <00
s.
forallz € R.

Remark 1. The class (m?*(¢),||.||,,) of double sequences have not to convergence-
free. This can be immediately observed from the example above.

Theorem 1. Let ¢ be an other double sequence like ¢. Then (m? (), ].||,) €

(m2 (), |I.,) if and only if ~ sup (Zi’i)<oo-
(s,t)>(1,1) > 7

Proof. Let K =  sup (b) < 00. Then, ¢s¢ < Kabs, for all (s,t) > (1,1). If
(5.2 (11) \ Vo ’ ’

{zri} € (M2 (9),].]l,,), then
1
sup Z Z (215 s Zn1, 21 1) ||, < 0.

(Sﬂf) > (1, 1) ¢s,t k€oy leoa
01 X 02 € Pst

Thus
1

sup Z Z (215 ey Zn1, 2R 0)||,, < 00

(s,8) > (1,1) KVt [ i

01 X 02 € Pst

nom2(y) < 00- This shows that (m2(¢),I-1,,) € (m? (@), 1l,,)-
Conversely, let (m?(¢),|.ll,,) € (m* (), ].|l,) and oy, = j;“ for all (s,t) >

st

and hence |[{zg,}||

(1,1). Suppose that sup s, = co. Then there exists a subsequence {as;, ¢, } of
(s,6)>(1,1)

{as,+} such that lim ay, ¢, = co. Let us take a non-zero arbitrary sequence {xy;}
11— 00

in (m?(),].||,,)- Using the hypothesis, we have

1
sup Vo Z Z (215 s 2n—1, T ),

(s,t) > (1,1) keoy leos
01 X 02 € Qst
Qg
= sup (Z;’t Z Z ||(21,-~-,Zn—1a$k,l)||n
(S,t) Z (1, 1) 5t k€oi l€oy
01 X 02 € Psit

1
sup Oési,t,iT Z Z ||(Zl, "'?Zn—lvxk,l)”n = 00.
Siyti

1 >1 k€o l€os
01 X 02 € Qs t;

Y

This is a contradiction as {zx,;} ¢ (m? (), |.],,). The proof is completed.
Corollary 2. (m?(¢),||.ll,,) = (m* (), |.ll,,) if and only if ~sup o,y < oo and
(s,)>(1,1)

sup  ag; < oo, where ag; = % for all (s,t) > (1,1).
(50211

N

Theorem 2. (a) (lEZ), ||||n) C (m2 (), ||Hn) - (léi), ||Hn> )
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() (m?(@),0,) = (17.11],) ifand only it sup @y =¢ < oo

(s,t)>(1,1)
(c) (m*(9),]|.ll,) = (lg), ||||n) if and only if  sup % = ¢ < oo and
(s:)>(1,1)
sup = ¢ < 0.
(s:0)>(1.1) s
Proof. Firstly we write clearly this topic spaces:

(82, 1,) = § & = {wad s D2 Mo zners i), <00 p

k=1

(m? (), I1Ll1,) = {z={ana} < [l mes) =

sup ¢ Z (21, s 2n1, TR )], < 0O
(S,t) > (1, 1) 85t keoy leoa
01 X 03 € §2s,t

and

@ghmu){x{mMr( sup nuhm@m%xmwn<a}
k,l

JENXN

for all zq1,...,2,1 € X.
(a) Take © = {z),;} € l§2) and let a set A be defined as follows:

{¢ Z Z H Zlyeeey Rn— la'rk l)” (Svt) 2 (171)a 01 X 02 S ps,t}
8 k€01 le€oy

for all #1,...,2,—1 € X. Then we can write ||z||

() = sup A. Since {¢s;} is a

n,m?(¢

non-decreasing double sequence, {ﬁ} is a non-increasing double sequence. So we
S,

obtain

¢ ) Z (21, s 2n—1, 21,0 l,, > @
1,

k=1
for all @ € A and hence

]l = D G zat @k ), = d1a-sup A = G |2, 2 -
k=1
Therefore @ € (m2 (¢),|.]|,,). Thus we have (z§2>, ||.||n) C (m2(e),I[l,)-
It is clear that 1
sup A > (b— (21, - os 2ne1, ZR)]l,

)

for all (k,1) € N x N, and hence

1
T > —  su 21y eees Zn—1,T = —
H ||n ,m2(¢p) = (;5171 (k,l)e]l\:f)xN H( 1o #n—1, k,l)Hn ¢171

This shows that if {zx,} € (m?(¢), ||.||,,), then {zx,;} € (12,,].]],)). Thus we have

(m? @) 10,) € (1€, 111L,)-

I, @ -
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(b) Let  sup ¢, < oo. It is clear that (m?(¥),|.],) = <l§2),||.|\n) if
(s,t)>(1,1)
Ps.t

s,t

s = 1forall (s,t) > (1,1). Then we can write sup ¢s; = sup < 00.
(s,)>(1,1) (s,)>(1,1)

By Theorem 1, we have (m2 (), ||||n) - (m2 (W), ||Hn), and
(m* (@) I1,) = (621101,

according to (a). We can see just the opposite of this from Theorem 1 again.
(¢) Firstly we show that (zg?, \|.||n) = (m2W), |.I,,) if ¥ (s,t) = s.t for all

(s,t) € Nx N. Let {zx,} € (lg), ||||n) Then we have

1 1
22 2l zam )l < st sup I 2oz, < oo
st keoy leoy st (k)eNxN

This gives the inclusion (zé?, ||Hn) c (m*(®),|.ll,,). The reverse inclusion is

a result of the alternative (a). Thus we have (m?(¢),|.|,) = (lé?, ||Hn) By
Theorem 1, the proof is completed.
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