
Electronic Journal of Mathematical Analysis and Applications

Vol. 5(2) July 2017, pp. 53-61.

ISSN: 2090-729X(online)

http://fcag-egypt.com/Journals/EJMAA/

————————————————————————————————

PERIODIC CHARACTER AND BOUNDEDNESS NATURE OF

POSITIVE SOLUTIONS OF A MAX-TYPE SYSTEM OF

DIFFERENCE EQUATIONS

F. BELHANNACHE

Abstract. In this paper, we investigate the periodic character and the bound-

edness nature of the positive solutions of the system of max-type difference
equations

xn+1 =
max{A, yn}

xn−1
, yn+1 =

max{A, xn}
yn−1

, n = 0, 1, ...,

where the parameter A and the initial conditions x−1, y−1, x0, and y0 are

positive real numbers.

1. Introduction

max-type difference equations appeared for the first time in control theory. Re-
cently, there is an increasing interest in the study of systems of max-type difference
equations see, for example, [2], [5], [8], [13], [14].
In [3] the authors investigated global behavior of solutions of the max-type equation

xn+1 =
max{A, xn}

xn−1
, n = 0, 1, ..., (1)

where the parameter A is a positive real number and the initial conditions x−1, and
x0 are arbitrary positive constants. Inspired and motivated by above mentioned
paper, our aim in this paper is to investigate the periodic character and boundedness
nature of positive solutions of the system

xn+1 =
max{A, yn}

xn−1
, yn+1 =

max{A, xn}
yn−1

, n = 0, 1, ..., (2)

where the parameter A and the initial conditions x−1, y−1, x0, and y0 are positive
real numbers.
We note that if x−1 = y−1 and x0 = y0 then system (2) reduces to the Eq.(1).

Let I and J be two intervals of real numbers and

f : I2 × J2 → I, g : I2 × J2 → J,
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be two continuously differentiable functions. Then for every set of initial conditions
(xi, yi) ∈ I × J, i = −1, 0, the system of difference equations{

xn+1 = f(xn, xn−1, yn, yn−1),
yn+1 = g(xn, xn−1, yn, yn−1),

n = 0, 1, ..., (3)

has a unique solution {(xn, yn)}∞n=−1.
we need the following definitions.
Definition 1 A point (x, y) ∈ I ×J is called an equilibrium point of system (3) if

x = f(x, x, y, y) and y = g(x, x, y, y).

Definition 2 A solution {(xn, yn)}∞n=−1 of system (3) is called positive if xn > 0
and yn > 0 for all n ≥ −1.
Definition 3 A solution {(xn, yn)}∞n=−1 of system (3) is said to be periodic with
period p if there is an integer p ≥ 1 such that xn+p = xn and yn+p = yn for all
n ≥ −1.
Definition 4 A solution {(xn, yn)}∞n=−1 of system (3) is said that is bounded if
there exists a positive constant M such that ∥ (xn, yn) ∥IR2≤ M.

2. Boundedness nature of solutions

The following lemma will be used in the proof of Theorem 1.
Lemma 1 Let {(xn, yn)}∞n=−1 be a solution of system (2), and for n ≥ 0, set

In = max{1, 1
xn−1

}×max{1, 1
yn−1

}×max{1, 1
xn

}×max{1, 1
yn

}×max{A, xn, yn−1}
×max{A, yn, xn−1}. Then In = I0 for all n ≥ 0.
Proof. Observe that for n ≥ 0,

In+1 = max{1, 1

xn
} ×max{1, 1

yn
} ×max{1, 1

xn+1
} ×max{1, 1

yn+1
}

×max{A, xn+1, yn} ×max{A, yn+1, xn}

= max{1, 1

xn
} ×max{1, 1

yn
} ×max{1, xn−1

max{A, yn}
} ×max{1, yn−1

max{A, xn}
}

×max{A, yn,
max{A, yn}

xn−1
} ×max{A, xn,

max{A, xn}
yn−1

}

= max{1, 1

xn
} ×max{1, 1

yn
}max{max{A, yn}, xn−1}

max{A, yn}
× max{max{A, xn}, yn−1}

max{A, xn}

×max{max{A, yn},
max{A, yn}

xn−1
} ×max{max{A, xn},

max{A, xn}
yn−1

}

= max{1, 1

xn
} ×max{1, 1

yn
} 1

max{A, yn}
×max{A, yn, xn−1}

× 1

max{A, xn}
×max{A, xn, yn−1} ×max{A, yn} ×max{1, 1

xn−1
}

×max{A, xn} ×max{1, 1

yn−1
}.

Hence

In+1 = In for all n ≥ 0.

Then

In = I0 for all n ≥ 0.
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Theorem 1 Every solution of system (2) is bounded. Furthermore,

(xn, yn) ∈ [
1

I0
,
1

A
I0]× [

1

I0
,
1

A
I0], for all n ≥ 1,

where

I0 = max{1, 1

x−1
} ×max{1, 1

y−1
} ×max{1, 1

x0
} ×max{1, 1

y0
}

×max{A, x0, y−1} ×max{A, y0, x−1}.
Proof. Let {(xn, yn)}∞n=−1 be a solution of system (2). We have

max{A, xn} ×max{1, 1

xn−1
} ×max{1, 1

yn−1
} ×max{1, 1

xn
}

×max{1, 1

yn
} ×max{A, xn, yn−1} ×max{A, yn, xn−1} ≥ yn−1.

Then
max{A, xn}

yn−1
≥ 1

In
for all n ≥ 0,

so,

yn+1 ≥ 1

I0
for all n ≥ 0.

Similarly, we obtain

xn+1 ≥ 1

I0
for all n ≥ 0.

We have also

A×max{A, xn} ≤ ×max{A, yn, xn−1}max{A, xn, yn−1} ×max{1, 1

xn
}

×max{1, 1

yn
} ×max{1, 1

xn−1
},

and
1

yn−1
≤ max{1, 1

yn−1
},

then

yn+1 ≤ 1

A
In for all n ≥ 0.

Hence

yn+1 ≤ 1

A
I0 for all n ≥ 0.

Similarly, we get

xn+1 ≤ 1

A
I0 for all n ≥ 0.

Hence

(xn, yn) ∈ [
1

I0
,
1

A
I0] for all n ≥ 1.

Lemma 2 System (2) has a unique positive equilibrium point (x, y). Furthermore,

(x, y) =

{
(1, 1) if A ≤ 1

(
√
A,

√
A) if A > 1.

Lemma 3 Let {(xn, yn)}∞n=−1 be a solution of system (2), and suppose that there
exists N ≥ −1 such that (xn, yn) = (x, y) for all n ≥ N . Then (xn, yn) = (x, y) for
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all n ≥ −1.
Proof.

• Suppose A > 1. Then

xN+1 =
max{A, yN}

xN−1
= x and yN+1 =

max{A, xN}
yN−1

= y,

hence
xN−1 =

√
A = x and yN−1 =

√
A = y.

By induction we obtain (xn, yn) = (x, y) for all n < N.
• If A ≤ 1, the proof is similar and will be omitted.

3. Periodicity of solutions of system (2)

Theorem 2 Suppose A = 1. Let {(xn, yn)}∞n=−1 be a solution of system (2).

Then {(xn, yn)}∞n=−1 is periodic with period 10 and it is given as follows.

• Case 1 β ≤ 1, δ ≤ 1, γ ≥ 1, and α ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
1

γ
), (

1

β
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

1

γ
,
1

α
),

(
1

δ
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 2 β ≤ 1, δ ≤ 1, γ ≥ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
1

γ
), (

1

β
,
1

αδ
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

1

γ
,
1

α
),

(
1

αδ
,
1

β
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 3 β ≤ 1, δ ≤ 1, γ ≤ 1, and α ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
1

γ
), (

1

γβ
,
1

δ
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

1

γ
,
1

α
),

(
1

δ
,
1

γβ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 4 β ≤ 1, δ ≤ 1, γ ≤ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
1

γ
), (

1

γβ
,
1

αδ
), (

1

δ
,
1

β
), (γ, α), (δ, β), (

1

γ
,
1

α
),

(
1

αδ
,
1

γβ
), (

1

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 5 β ≤ 1, 1 ≤ δ ≤ α, and γ ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

β
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

δ
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 6 β ≤ 1, 1 ≤ α ≤ δ, and γ ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

β
,
1

α
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

α
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.
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• Case 7 β ≤ 1, α ≤ 1 ≤ δ, and γ ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

β
,
1

α
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

α
,
1

β
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 8 β ≤ 1, 1 ≤ δ ≤ α, and γ ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

γβ
,
1

δ
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

δ
,
1

γβ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 9 β ≤ 1, δ ≥ 1, γ ≤ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

γβ
,
1

α
), (

1

δ
,
1

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

α
,
1

γβ
), (

1

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 10 β ≤ 1, γ ≤ 1, and 1 ≤ α ≤ δ.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
1

γ
), (

1

γβ
,
1

α
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

1

γ
,
δ

α
),

(
1

α
,
1

γβ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 11 1 ≤ β ≤ γ, δ ≤ 1, and α ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

β
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

δ
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 12 1 ≤ γ ≤ β, δ ≤ 1, and α ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

γ
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

δ
,
1

γ
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 13 β ≥ 1, δ ≤ 1, γ ≤ 1, and α ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

γ
,
1

δ
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

δ
,
1

γ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 14 1 ≤ β ≤ γ, δ ≤ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

β
,
1

αδ
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

αδ
,
1

β
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.
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• Case 15 δ ≤ 1 ≤ β, δ ≤ 1, γ ≤ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

γ
,
1

αδ
), (

1

δ
,
1

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

αδ
,
1

γ
), (

1

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 16 1 ≤ γ ≤ β, δ ≤ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( 1
α
,
β

γ
), (

1

γ
,
1

αδ
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
1

α
),

(
1

αδ
,
1

γ
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 17 1 ≤ β ≤ γ and 1 ≤ δ ≤ α.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

β
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

δ
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 18 1 ≤ β ≤ γ and 1 ≤ α ≤ δ.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

β
,
1

α
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

β
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 19 1 ≤ β ≤ γ, δ ≥ 1, and α ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

β
,
1

α
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

β
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 20 1 ≤ γ ≤ β and 1 ≤ δ ≤ α.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

δ
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

δ
,
1

γ
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 21 β ≥ 1, γ ≤ 1, and 1 ≤ δ ≤ α.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

δ
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

δ
,
1

γ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 22 1 ≤ γ ≤ β and 1 ≤ α ≤ δ.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

α
), (

α

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

γ
), (

γ

β
,
α

δ
), (α, γ), (β, δ), ...}.
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• Case 23 β ≥ 1, γ ≤ 1, and 1 ≤ α ≤ δ.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

α
), (

α

δ
,
1

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

γ
), (

1

β
,
α

δ
), (α, γ), (β, δ), ...}.

• Case 24 1 ≤ γ ≤ β, α ≤ 1, and δ ≥ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

α
), (

1

δ
,
γ

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

γ
), (

γ

β
,
1

δ
), (α, γ), (β, δ), ...}.

• Case 25 β ≥ 1, δ ≥ 1, α ≤ 1, and γ ≤ 1.

{(xn, yn)}∞n=−1 = {(α, γ), (β, δ), ( δ
α
,
β

γ
), (

1

γ
,
1

α
), (

1

δ
,
1

β
), (γ, α), (δ, β), (

β

γ
,
δ

α
),

(
1

α
,
1

γ
), (

1

β
,
1

δ
), (α, γ), (β, δ), ...}.

Where x−1 = α, x0 = β, y−1 = γ, and y0 = δ.
Proof. Let {(xn, yn)}∞n=−1 be a solution of system (2), and let x−1 = α, x0 = β,
y−1 = γ, and y0 = δ.

• Case 1 Assume that β ≤ 1, δ ≤ 1, γ ≥ 1, and α ≥ 1. Then

x1 =
max{1, δ}

α
=

1

α
and y1 =

max{1, β}
γ

=
1

γ
,

x2 =
max{1, 1

γ }
β

=
1

β
and y2 =

max{1, 1
α}

δ
=

1

δ
,

x3 =
max{1, 1

δ}
1
α

=
α

δ
and y3 =

max{1, 1
β }

1
γ

=
γ

β
,

x4 =
max{1, γ

β }
1
β

= γ and y4 =
max{1, α

δ }
1
δ

= α,

x5 =
max{1, α}

α
δ

= δ and y5 =
max{1, γ}

γ
β

= β,

x6 =
max{1, β}

γ
=

1

γ
and y6 =

max{1, δ}
α

=
1

α
,

x7 =
max{1, 1

α}
δ

=
1

δ
and y7 =

max{1, 1
γ }

β
=

1

β
,

x8 =
max{1, 1

β }
1
γ

=
γ

β
and y8 =

max{1, 1
δ }

1
α

=
α

δ
,

x9 =
max{1, α

δ }
1
δ

= α and y9 =
max{1, γ

β }
1
β

= γ,

x10 =
max{1, γ}

γ
β

= β and y10 =
max{1, α}

α
δ

= δ.

By induction we obtain

xn+10 = xn and yn+10 = yn for all n ≥ 0.
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• The proof of the other cases is similar and will be omitted.

If A > 1, set

D4 = {(u, v, w, t) ∈ (0,∞)4, 1 ≤ u, v, w, t ≤ A},
CD4 = (0,∞)4 −D4,

and if 0 < A < 1, set

D6 = {(u, v, w, t) ∈ [A,
1

A
]4, Av ≤ w ≤ 1

A
v, Au ≤ t ≤ 1

A
u},

CD6 = (0,∞)4 −D6.

Theorem 3 Suppose A > 1. Let {(xn, yn)}∞n=−1 be a solution of system (2). Then
the following statements are true

(1) If (x−1, x0, y−1, y0) ∈ D4. Then (xn, xn+1, yn, yn+1) ∈ D4 for all n ≥ 0.
Moreover {(xn, yn)}∞n=−1 is periodic with period 4 and is given by

(x−1, y−1), (x0, y0), (
A

x−1
,
A

y−1
), (

A

x0
,
A

y0
), (x−1, y−1), ...

(2) If (x−1, x0, y−1, y0) ∈ CD4. Then (xn, xn+1, yn, yn+1) ∈ CD4 for all n ≥ 0.

Proof. Let {(xn, yn)}∞n=−1 be a solution of system (2).

(1) Suppose (x−1, x0, y−1, y0) ∈ D4. Then

x1 =
A

x−1
∈ [1, A] and y1 =

A

y−1
∈ [1, A],

x2 =
A

x0
∈ [1, A] and y2 =

A

y0
∈ [1, A],

x3 = x−1 ∈ [1, A] and y3 = y−1 ∈ [1, A],

x4 = x0 ∈ [1, A] and y4 = y0 ∈ [1, A].

By induction we get {(xn, yn)}∞n=−1 is periodic with period 4 and (xn, xn+1, yn, yn+1) ∈
D4 for all n ≥ 0.

(2) Suppose that (x−1, x0, y−1, y0) ∈ CD4 and we shall show that (xn, xn+1, yn, yn+1) ∈
CD4 for all n ≥ 0. Suppose that there exists an integer N ≥ 0 such that
(xN , xN+1, yN , yN+1) ∈ D4. Then

xN+1 =
max{A, yN}

xN−1
=

A

xN−1
and yN+1 =

max{A, xN}
yN−1

=
A

yN−1
.

Hence

xN−1 =
A

xN+1
∈ [1, A] and yN−1 =

A

yN+1
∈ [1, A].

Then (xN−1, xN , yN−1, yN ) ∈ D4. By induction it follows that (x−1, x0, y−1, y0) ∈
D4 which is a contradiction, So (xn, xn+1, yn, yn+1) ∈ CD4 for all n ≥ 0.

Theorem 4 Suppose 0 < A < 1. Let {(xn, yn)}∞n=−1 be a solution of system (2).
Then the following statements are true

(1) If (x−1, x0, y−1, y0) ∈ D6. Then (xn, xn+1, yn, yn+1) ∈ D6 for all n ≥ 0.
Moreover {(xn, yn)}∞n=−1 is periodic with period 6 and is given by

(x−1, y−1), (x0, y0), (
y0
x−1

,
x0

y−1
), (

1

y−1
,

1

x−1
), (

1

y0
,
1

x0
), (

y−1

x0
,
x−1

y0
), (x−1, y−1), ...

(2) If (x−1, x0, y−1, y0) ∈ CD6. Then (xn, xn+1, yn, yn+1) ∈ CD6 for all n ≥ 0.
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Proof. The proof is similar to that of Theorem 3 and will be omitted.
Remark 1 Observe that if A > 1, then (x, x, y, y) = (

√
A,

√
A,

√
A,

√
A) is an

interior point of D4 and if 0 < A < 1, then (x, x, y, y) = (1, 1, 1, 1) is an interior
point of D6.
Corollary 1 The equilibrium point (x, y) of system (2) is stable but is not locally
asymptotically stable.
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