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NONLINEAR INITIAL VALUE PROBLEMS WITH MEASURE
SOLUTIONS

JOSEFINA ALVAREZ AND MARTHA GUZMAN-PARTIDA

ABSTRACT. In this expository article, we discuss several initial value problems,
involving extensions of Nemickii operators to measures. For instance, we work
with general nonnegative Carathéodory functions and with signed measures
that are absolutely continuous with respect to a sigma finite measure. We
work as well with Carathéodory functions that are piecewise linear, allowing
us to extend the associated Nemickii operator to general signed measures. We
prove existence and uniqueness for the solution of the initial value problem
using an extension of the Banach fixed point theorem. Our goal is to give a
detailed exposition of the results.

1. INTRODUCTION

These notes comprise material taken from [1], plus several extensions and a few
additions. Our aim is to give a detailed exposition, including abundant preliminary
material, on the existence of signed measures solutions for non linear initial value

problems.
The problems we consider have the form
LB — AN () = 0for0<t<T
A0) = Ao ’

where A = A (t) is associated with a particular Nemyckii operator.

The notion of Nemyckil operator was first introduced by Viktor V. Nemyckil
[10] and studied by A. Mark Krasnosel’skil [9] and Mordukhai M. Vainberg [13],
who was Nemyckii’s doctoral student at Moscow State University, among others.
Since we are interested in extending this operator to signed measures, we begin by
summarizing some of the definitions and results we need from measure theory. We
present them in the context of the extended real number system R*, although for
much of what we need it suffices to work in R. Other results will be stated at the
appropriate time. For more details, we refer to [11] and the references therein.
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2. PRELIMINARY DEFINITIONS AND RESULTS

Let us recall that a family ¥ of subsets of a non-empty set X is called a o-algebra

if it satisfies the following three properties:
(1) The empty set & belongs to X.
(2) If A € &, then the complement X\ A also belongs to X.
(3) If {Aj}j>1 - E, then UjZl Aj €.

Let R* be the extended real line consisting of the real numbers and the symbols
—o0 and +oo, with the usual operations. We adopt the convention 0. (+o0) =
(£00).0 = 0. We leave (400) + (—o0) and (—o0) + (+00) undefined. For more on
the algebraic and topological structure of R*, see [14].

Given a o-algebra X, we consider set functions A : ¥ — R* that take at most
one of the two values +o0o and —oo.

Definition 1. The set function X : ¥ — R* is called a signed measure if
(1) A(@) =0
(2) MU;>q1 4i) = D51 MAi) whenever {A;},~, € X are pairwise disjoint.
The signe(i measure \ is called finite if A= X —R.

As a consequence of 2) in Definition |1} the series »,., A(A;) converges commu-
tatively in R* and, if A({J,;~, As) is finite, it converges absolutely in R. We also
observe that if A and B € ¥ with B C A and p(B) is finite,

AMA = B) = MA) — A(B).

Moreover, if A(A) is finite for some A € X, then A(B) is finite for every B C A,
B € ¥. In fact, assume that this statement is not true for some set B. We can
write

AA) = A(B) + AM(A — B),
which contradicts the assumption that A(A) is finite.
Definition 2. A measure u is a signed measure that only takes nonnegative values
in R*. It is a finite measure if p: X — [0, 400).
Definition 3. An ordered triple (X, X, u) consisting of a non-empty set X, a o-
algebra X of subsets of X and a measure p : ¥ — R*, is called a measure space.

Definition 4. A measure space (X, %, 1) is complete if A € 5 and p(A) = 0 imply
that B € ¥ for every B C A. As a consequence, u(B) = 0.

Measurable sets of measure zero are called null sets, o p-null sets, if it is necessary
to identify the measure.

Definition 5. A measure space (X, X, 1) is o-finite if we can write
X:U&,
i>1
where {A;};5, C ¥ are pairwise disjoint and ju(A;) is finite for all i > 1.
Definition 6. Given a measure space (X, X, u) and a X-measurable function f :

X — R*, we say that f has a p-integral if at least one of [ f¥du and [ f~du is
finite. If this is the case, we write

/X fdu = /X frdu - /X fd.
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If a function f has a p-integral, then the integral |, g fdp exists in R* for every
EeX.

Definition 7. Given a signed measure X : ¥ — R*, the set functions AT, A7 : ¥ —
R* are defined as

AM(E)=sup{\(A): ACE, Aec X%}
A (E)=—inf{MNA): ACE,Ac %}

Since A(@) = 0, this implies that AT and A” are nonnegative. They are, in fact,
measures and they are called, respectively, the positive part or upper variation of
A and the negative part or lower variation of A. We recall the following properties
of the measures A\™ and A~:

(1) AT >Xand A~ > -
(2) AT and A\~ are increasing, and A~ = (=\)"
(3) Given E € ¥, if one of the numbers AT(E) and A\~ (E) is finite, then
ME)=2T(E) -\ (BE).
As a consequence, if A : ¥ — R,

ANE) = X" (B) = A" (E), (1)
for all E € X.
(4) Let A: 3 — R* be a signed measure and let E € ¥. Then,
AT (E) = +o0 implies A(F) = +o0 (2)
A (E) = +o0 implies A(E) = —oc0. (3)

Therefore, if \(E) is finite, both AT(E) and A~ (E) are finite. We can
conclude that every signed measure A : ¥ — R is bounded, in the sense
that

sup |A (E)| < +oo.
Ees

As a consequence of 3) and 4) we have

Theorem 1. (Jordan decomposition) Given a signed measure A : 3 — R*,
A=A -7,

Definition 8. If A : ¥ — R* is a signed measure, the total variation or variation
of X\ is defined as
A= AT+ 2.

Remark 1. The properties of \T and A\~ imply that |\| is a measure satisfying the
following properties:

(1) [MA) < |A[(4), for any A€ X

(2) [MA)] =sup{|[A(B)|+ [A\(A\ B)| : BC A, B € X}

(3) [A(A) = sup {Z |)\(Ai)|}, where {A;}; is any finite partition of A with

A, ex. '

Property 3 can be adopted as the definition of |A|, avoiding any reference to the
Jordan Decomposition.

Thus, a signed measure A : ¥ — R* is bounded if and only if it has finite total
variation.
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Definition 9. Two measures \,v : X — [0,00] are mutually singular, denoted
A L v, if there is a partition X = AUB, with A, B € X3, such that A\(A) = v(B) = 0.

If A : ¥ — R* is a signed measure, then A\™ L A\™. Moreover, if there are measures
A1 and Ao such that A = Ay — Ay and A1 L Ao, then \; = At and Ay = A7, In
particular, the Jordan decomposition of a signed measure is unique.

Remark 2. We extend Definition[d to signed measures in the following way: Two
signed measures \,v : 3 — R* are mutually singular, denoted X L v, if there is a
partition X = AU B, with A, B € X, such that A(A1) = 0 for every X-measurable
subset Ay of A and v(By) = 0 for every X-measurable subset By of B. Equivalently,
two signed measures A\, v : 3 — R* are mutually singular, if |A| L |v|.

Remark 3. If A1, s : ¥ — R* are mutually singular signed measures and we
assume that A\ (E) + A2 (E) is well defined for all E € X, then

|A1 + Aa| = [Ar] + [A2] .

The inequality | A1 + Xa| < |A1|+|Ae| follows from 3) in Remark[d], while the proof
of the reverse inequality, |\ + Aa| < |A1] + |A2|, uses Remark[d and the definition
of supremum adapted to the various cases, |\i|(E), | 2| (E) < 400, |M\i|(E) =
+00, [A2| (E) < +o0, etc.

Definition 10. If A and v are signed measures, we say that v is absolutely con-
tinuous with respect to A, denoted v < A, if E € ¥ and |\ (E) = 0 implies that
W] (E) = 0.

If )\ is a measure, we have that v < ) if and only if vT <« X and v~ < A\
Moreover, we can say that v < X if and only if F € ¥ and A (E) = 0 implies that
v (E;) = 0 for every Y-measurable subset E; of E.

Given a measure space (X, ¥, 1) and a function f : X — R* that has a p-integral,
the set function X, defined for E € ¥ as A(E) = [, fdp, is a signed measure and
A < p. We will denote this signed measure \ as fdu.

Conversely, we have the following result:

Theorem 2. (Radon-Nikodym theorem) Let (X,X, 1) be a o-finite measure space
and let A : ¥ — R*be a signed measure such that A << u. Then, there exists a
Y -measurable function f: X — R such that A = fdu. The function f is unique up
to p-a.e. That is to say, if fdu = gdu then f and g are equal, except on a p-null
set.

We remark that this result does not require the signed measure A to be o-finite.
Moreover, there are known conditions characterizing those measures p for which
every signed measure A can be represented as fdpu.

Observe that given F € ¥,

(d) (E) = /E dji = 1 (E). (4)

As for the total variation of fdu,

[fdpl = |fldp, ()
where |f| denotes de absolute value of the function f. The context should make
clear the distinction between the absolute value of a function and the total variation
of a signed measure. If the signed measure ) is finite, then f € L' (u).
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Theorem 3. (Lebesgue decomposition) Let (X,%, u) be a measure space and let
A Y — R*be a o-finite signed measure. Then, there exist unique signed measures
Aq and Ag defined on X such that X = Mg + As, Ag < b and A L pu.

The Jordan and Lebesgue decompositions are related in the following way: Given
the Jordan decomposition A = AT — A~ of a signed measure A : ¥ — R*, if X is
o-finite, then

Ay = ()\Jr)a — ()\*)a, (6)

A= (M), = (A7), (7)

This concludes our review of signed measures. Additional results will be pre-
sented at the appropriate time.

We are now ready to introduce the notion of Nemyckii operator. We follow, for

the most part, the presentation in ([I3], Chapter VI), which we extend from the
Lebesgue measure space on R™, to the setting of an abstract measure space.

3. THE NEMYCKII OPERATOR
To begin, we fix a complete measure space (X, %, ).

Definition 11. (Carathéodory function) A function g : XXR — R is called a
Carathéodory function, or N-function, if it satisfies the following two properties,
called Carathéodory conditions:

(1) The function u — g (z,u) is continuous for p-a.e. © € X.
(2) The function x — g (x,u) is X-measurable for each u € R.

We denote
LO(X) ={f: X = R; f is Y-measurable} .

Lemma 4. Given an N-function g and given f € L°(X), the composite function
g (z, f (x)) belongs to L° (%).

Proof. We first assume that f is a simple function,

k
f = aciXEiv
i=

with ¢; € R and {E;} C X, pairwise disjoint. Given a € R,

k
{meX:g(m,f(x))<a}:{x€X\‘UEi:g(x,0)<a}

i=1

k
UU{z€eEi :g(z,c) <al,

i=1
which is Y-measurable because of Definition If f € L°(2), there exists a
sequence {p, } of simple functions, ¢, : X — R, such that ¢, () — f(z) in R
for each x € X ([1I], p. 78). Then, Definition [11] implies that g (z, ¢, (x)) —
g (z, f (z)) for p-a.e. € X. Thus, the function g (z, f (x)) is E-measurable and
the lemma is proved. O

Remark 4. When the function g only depends on u, the operator Ny is called
autonomous. In this case, N4 reduces to a simple composition of two functions,

gof.
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It was Constantin Carathéodory [4] who studied the measurability of this compo-
sition. He observed that the composition of two measurable functions might no be
measurable and proved that g o f is measurable if f is measurable and g is contin-
uous, thus suggesting the correct assumptions on a general function g as stated in
Definition [11]. This is the reason for N-functions to be called Carathéodory func-
tions and for the two conditions formulated in Definition to be referred to as
Carathéodory conditions.

Definition 12. (Nemyckii operator) Given an N -function g, the Nemyckii operator
N, is defined for f € L°(X) as

Ng(f) (@) =g (=, f (z)). (8)
Lemma implies that the Nemyckil operator maps L° (3) into itself. When p is a
finite measure, LY () becomes a complete semi-metric space defining

@@l
169 = [ Tt @),

for which convergence of a sequence is the convergence in p-measure ([11], p. 110).
When X is a bounded subset of R¥ for some k > 1 and p is the Lebesgue measure
defined on the Lebesgue o-algebra of X, Vainberg proves that N, is continuous
from (L°(X),d) to itself ([I3], p. 153). In the abstract case, the continuity is
proved in ([7], p. 343, Proposition 7.18).

Remark 5. Deﬁmtion can be extended to a function g : X xR"™ — R™ in the
natural way, with the associated Nemyckit operator defined as

Ng (f) (z) = g (2,1 (2))
= (gl (.’17, fl (.’E) [ fn (‘T)) y ey gm (x’ fl (‘T) PR fn (l‘))) .

Then, if f1,..., fn € L° (X), each of the functions g; (z, f1 (), ..., fn (z)) belongs to
LY (%), for 1 < j < m, extending Lemma . To prove this assertion, we observe
that if we fix (u1,...,un—1) € R"71 the function (z,un) — gj (T, U1, .oy Un—1,Un)
is an N-function from X x R to R. Thus, using Lemma [], the function x —
95 (T, U1,y ey un—1, fn (z)) is measurable for each (u1,...,un—1) € R"™. Then, the
function (z,u1,...;n—1) — gj (T, U1, .., Un_1, fn (z)) from X x R"71 to R is an
N -function as well, and so on.

Under appropriate hypotheses, the Nemyckii operator has interesting continuity
and boundedness properties in LP spaces and in Sobolev spaces, among others. As
an example, we state the following result: Consider the Lebesgue measure space on
R*. Given 1 < p,q < o0, defines a continuous and bounded operator from LP
into L? if and only if ([13], p. 155) there exist a function a € L? and a constant
b > 0 so that

g (z,u)| < a(z)+blu”/?.

This result applies as well to 0 < p,q < 1, if LP and L9 are endowed with their
standard structure of metric spaces ([I3], p. 155).

For much more on LP-continuity, see ([7], Chapter 7).

There is an extensive literature in which various forms of the Nemyckii operator
are studied in connection with nonlinear problems involving integral operators as
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well as partial differential equations and ordinary differential equations, (for in-
stance, see the references mentioned in [I]). In some applications, the need arises
to study the Fréchet and Gateau differentiability of particular Nemyckii operators
(see [, p. 267; [6], pp. 318, 342; [§], pp. 96-97; [12]). Other results on differentia-
bility can be formulated using Sobolev spaces ([6], p. 342). For a treatment of the
differentiability of a general Nemyckii operator, see ([2], Chapter 1; [7], Chapter 6).

In the following sections we will describe extensions of particular Nemyckii op-
erators to various spaces of signed measures, under appropriate conditions on the
function g.

From now on we will assume that (X, X, i) is a complete o-finite measure space.

4. EXTENSION OF THE NEMYCKII OPERATOR FOR NON-NEGATIVE N-FUNCTIONS

If we denote
L(p)={f€L’(®); f has a p-integral }
(see Definition [6]) and
M, ={X: X — R* signed measure; A << pu},

there is a map A : L (u) — M,, defined as A (f) = fdu. Moreover, if g is a non-
negative N-function, N, maps L (u) into itself. In fact, Ny, maps L° (X) into L° (%)
according to Lemma [4] and then the non-negative measurable function g (z, f (x))
has a p-integral, for every f € L (u).

Proposition 5. Let g be a non-negative N-function. Then, there exists a unique
operator Ng : My — Mg such that

Ao N, (f)=NgoA(f) 9)

for all f € L°(X). That is to say, there is a unique operator Ny : M, — M, that
makes the following diagram commutative:

Lw ~ L
Al LA (10)
M, = M,

Proof. According to Theorem [2 given A € M,, A = fdu for f € L(u). Thus, we
propose the definition

2|

Ng(\) =g(z, f () dpu. (11)
Since Theorem assures the uniqueness of f up to u-a.e., we need to show that Wg
is well defined. Indeed, if f = h outside of a null set O € ¥, and E € ¥,

[E g (2 h (z)) ds = [E g I @) = /E g (. f (@) dp,

where we have used the completeness of (X,%, ). So, N, (\) = N, (hdu). The
definition given by implies that @ holds. Concerning the uniqueness of N,
suppose that T : M, — M, is another operator satisfying

Ao N, (f)=ToA(f).

Then,
T (fdu) =ToA(f)=AoNg(f)=NgoA(f) =N,y (fdu).
This completes the proof of the proposition. O
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5. PROPERTIES OF THE MAP (g,A) — N, ())

If the operator N, is given by , the map (g, \) — N, (A) has several proper-
ties resembling those expected from a functional calculus. We gather them in the
following proposition:

Proposition 6. (1) When X is the measure p,
Ny (1) = g (x,1) du,

for every non-negative N -function g.
(2) If g1 and g2 are two N-functions, the sum g1 + g2 is an N-function. More-
over, when they are non-negative, the operator N, is additive in g. That
18,
Ngit+gs = Ngy + Ng,.
(3) The multiplicative product g1g2 of two N-functions g1 and g2, is an N-
function. Given two non-negative N-functions g1 and ga,

Ny (fdu) = g1 (z, f) g2 (z, f) dpe.

As a particular case, given a non-negative S-measurable function o : X —
[0,400) and a non-negative N-function g, the multiplicative product ag is
also a non-negative N -function and
Nog = aN,,
where (N ) (fdp) is the measure defined on E € ¥ as [, o (x) g (z, f (z)) dp.
(4) Given two N-functions g1,92 : X x R — R, the function (g2 0 g1) (z,u) =
92 (x, g1 (z,w)) is also an N-function. Furthermore, if g1 and go are non-
negative, o o
N92 ONgl = NQ2091'
(5) If g(z,u) does not depend on u, then
for all A = fdu € M,. In particular,

Ny (1) = g () dp. (12)
(6) If g (x,u) = |ul, then g is a non-negative N -function and
Ng(/\) = |>\‘ ’

the total variation of \.

Proof. The assertion in 1) follows from (4) and the definition of N,. As a conse-
quence, the operator Ng can be defined on measures p, finite or not, for a fairly
general class of N-functions.

The main statements in 2) and 3) are direct applications of Definition [11] and
Proposition As for the particular case in 3), given A = fdu € M, and given
Eecl,

(W oy (V) () = [E Noy (f) dp = /E o (z) g (z, f () dp

def -
= [(aNy) (fdw)] ().
Let us prove 4): By Definition for p-null sets A, B € 3, the function v —
g1 (x,w) is continuous for each © € X\ A and the function v — gs (z,v) is continuous
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for each z € X\B. So, the function u — g2 (x,¢1 (z,u)) is continuous for each
z € X\ (AU B). Now, if we fix v € R, the function z — g; (z,u) is E-measurable,
so, according to Lemma the function z — go (x, g1 (z,u)) is X-measurable.

If we assume now that g; and go are both non-negative N-functions, we can
write

(Ngz ONQI) (fdﬂ) = Ngz (Ngl (f) dﬂ') = NQQ (91(3'3, f (x) d/’L)
= g2 (2,01 (x, f (2))) dp = N{hogl (fdu).

Part 5) follows directly from the definition of N, and the particular case is
an application of .

Finally, the proof of 6) is a direct application of and the definition of N .

This completes the proof of the theorem. O

In the next section we obtain an explicit representation of the operator Ng for
N-functions generalizing the function |u.

6. EXTENSION OF THE NEMYCKII OPERATOR FOR PIECEWISE LINEAR
N-FUNCTIONS

We begin with the following definition:
Definition 13. An N-function g : X xR — R is called piecewise linear if

n
gz, u) = a; () |diu—bi (z) |+ ¢ (@) u, (13)
i=1
where d; € R,a;,b;,¢c : X — R are X-measurable, bounded functions and b; is

p-integrable.

If g is a piecewise linear N-function, the Nemyckil operator N, is well defined,
bounded and continuous from L' (1) into itself. We consider now the space M of
finite signed measures,

My ={X: X — R; X signed measure} .
The properties listed in Proposition |§| suggest that given A € My we can write,

Ny(A) = Z a; () |did = bi () pl + ¢ (2) A, (14)

where |d;\ — b; () p| means the total variation of the finite signed measure d; A —
b; (x) p and ¢ (x) A is the finite signed measure defined as

(c(@) N <E>:/Ec<x>d(k+)f/Ec@:)d(A‘),

for E € X. Since |d;A — b; (x) p is a finite measure, a; (z) |[d;\ — b; (z) p| is defined
as is suggested in 3) of Proposition @,

(ai (z) [diX — b; (@M)(E):/Eai (x) d|di\ = b; () pul ,

for F € X.
We claim that
e (@) Al = [e (@)] [A].
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In fact, using the Jordan decomposition, we can write
lc(z) A = |c(2) (A - A7) = |e(=) - c(z) A |.

. Since ATand A~ are mutually singular, the signed measures c (z) A and ¢ (z) A\~
are mutually singular as well. According to Remark [3] and (5,

le(@) AT —c(@) A7 =|c(@) AT+ |e(@) A7| = |e(@)| AT + |e(@)| A~
= le(@)[|Al,
where, once again, the context should make clear the distinction between the ab-
solute value of a function and the total variation of a signed measure

From , we can see that the operator Ng defined by makes the following
diagram commutative:

'w I
Al LA (15)

My = My
In fact, if A = A (f), for f € L (p),

=

Ny(N) = (NgoA)(f) = Zai |di fdp — bip| + cfdp
i=1

n
= <Zai lcif — bil +Cf> dp = (Ao Ng)(f).
i=1

That is to say, the definition given by is a natural extension of N, to the
whole space M. Observe that A is an isometric isomorphism between L' (1) and
the proper closed subspace M, of M consisting of those signed measures of the
form fdp, for f € L' (u). As such, the restriction of N, to M, is the only operator
that makes the following diagram conmutative:

Ng

L'(n) = L'(n)
Al LA
Mo S My,
We can write in a more explicit form. In fact, let,
+ T g(x,u) _ S ] )
(0) () = tim =3 @) ]+ o(0) (16)
and
- gz, u) -
= 1 = — : ; . 1
(0 )= lim L = =3 ) ] (o) (a7)

We observe that I (g) () and [7(g) (z) exist for each x € X and are Y-measurable,
bounded functions. Then we have

Proposition 7. Given A € My, we can write,

N, 0E) = [ Ny Dt (160 007) (B) - (76 0)7) (),
where, using Theorem[d and Theorem[3, A = fdu + As.
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Proof. According to (14),

No(\) =" aildi fdp+ dide = bipl + ¢ (fdp + Xs) .
i=1
We observe that d; fdu — b;p and d;As are mutually singular. Therefore, using
Lemma 3]

No(A\) =D aildifdp —bipl + cfdu+ > ai|dil |Xs| + s

=1 i=1

= Ny(fdp) + Y ai|dil |As] + cXs.

=1

Using and , we obtain, for each E € 3,

N, 0E) = [ Ny (HOT D) )+ (RLTED ) ),
Since
As = ()‘S)Jr - ()\5)7
and

|>‘8‘ = O‘S)+ + ()‘s)_ )
after some cancellations, we can write

N,(\(E) = /E Ny (D dp+ (1 (9) 0)7) (B) = (17 (9) A)7) (B).
This completes the proof of the proposition. O
We are now ready to consider an initial value problem associated with the oper-

ator Wg, where g is the N-function given by .

7. AN INITIAL VALUE PROBLEM ASSOCIATED WITH A PIECEWISE LINEAR
N-FUNCTION

We first introduce some preliminary definitions and results, starting with the
following proposition:

Proposition 8. The space My becomes a Banach space if we define
Ally, = A1) (18)
For a proof of this result see [I1], Theorem 1, p. 226.

Given 0 < T < +oo fixed, we denote with C'[0,T; M| the space of continuous
functions A : [0,7] — M. The space C[0,T; M/ ] becomes a Banach space with
the norm

[All = sup [IA(@)|, - (19)
0<t<T

Likewise, the space C'[0,T;M;] of continuously differentiable functions A :
[0,7] — My, becomes a Banach space with the norm [|A[| + [|X'[].
We now consider the function G : [0,7] x X x R — R defined as

G(t,z,u) = Zai () |td;u — b; (z) | + ¢ (z) tu,
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where, as in the previous section, d; € R,a;,b;,c : X — R are X-measurable,
bounded functions and b; is u-integrable.
Now, we define the operator A = A(t) on C'[0,T; My] as

ZaL ) [tdid = bi () pf + ¢ () EA. (20)

That is to say, if we define
Gt (z,u) = G (t,z,u) Zaz ) [tdiw — b; () | + ¢ (x) tu

the operator A, for 0 <t < T fixed, is
AN (t) = Ng, (A (1)),
for A € C[0,T; My], where Ng, is defined by .

Proposition 9. The operator A satisfies the following conditions:

(1) Given A € C'[0,T; My, A(XN) (t) € My, for each 0 <t <T.

(2) JAN) )| < AN+ B(z)p, for 0<t < T,z € X and A € C[0,T; My],
where A is a non-negative real number and B € L' (u).

B) [AM) ) —AM) @) < ANE) =X (t)]| forall0 <t < T,z € X and
A1, A2 € C[0,T; My], where the constant A is the same one as in 2).

(4) A is continuous and bounded from C'[0,T; M| to itself.

Proof. To simplify the notation, and without loss of generality, we will work with
one term in . That is to say, we will assume for this proof that

A@)(X) = a(x) [td\ — b (z) p| + c(z) A,

where d; € R,a,b,c: X — R are X-measurable, bounded functions and b € L ().
1) follows directly from the definition of A.
Proof of 2): By the properties of the total variation, we can write

AN @) < la (@)] (¢[d][A] +[b(x)[ ) + t e ()] [A
=t(la(x)[|d] + |c(@)]) A + |a ()] [b ()] 1,
So, the estimate follows if we take

A= Twsgg(la(x)l |d| + |c(@)]),

B(z) = la ()| [b(2)].
Proof of 3):
[A (M) () = A(A2) (1)
= la () [tdAy () = b () pl + ¢ (2) tA1 (1) — a () [tdAe () — b () pl — ¢ (z) tAa (2)]
< la (@)] ([tdAr (t) = b(2) p| = [tdrz () = b(2) pl])
+le(@)]t A (8) — A2 (B))]
<la (@) |d[ A (&) = A2 ()] + [e(@)[E]A1 () = A2 (2)]
<t(la(@)]ld] +[e(@)]) [A (@) = A2 (@),

from which the estimate follows.
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Proof of 4): According to 1), we know that given A € C[0,T; M¢], A(N) (¢)
maps [0,T] to My. Let us prove that this function is continuous. If {¢;} converges
to t,

AN () = AQ) ()]
= la () [t;dA (t;) = b(x) pl + c(2) t;A (t5) — a (@) [LdA () = b(z) p| — c (z) A ()]
< (la (@) [d] + |e (2)]) [£;dA () — tdX (2)]
S A([t; =t A E)] + LA (E) = A@)])
So,
A () = AN D)l pg, < Al = LM+ T[AE) = A@)]) — 0.

Jj—o00

We now prove that A is continuous from C' [0, T; My] to itself. If {\;} converges
to Ain C'[0,T; My], using 3) we can write

OiltlgTM(/\j)(t)—A(A)(t)\(X)SAToiltlgTP\j ) =A@ (X) — 0.

Finally, if B is a bounded set in C'[0,T; M ], using 2) we write
sup [A ()| < AT sup N + [ B (@) du < o,
xeB AEB X

It is clear that the same proof works for the full operator given by , with
constants

A=Tsup (Zlai (@)]di] + IC(x)> ;

i=1
Zlaz )Ibi (=

This completes the proof of the proposition. O

Given \g € M, we consider the initial value problem
B AN (@) = Ofor0<t<T
A(0) = Ao ’

where A = A(t) is defined by (20).
We recall the following well known extension of the Banach fixed point theorem:

(21)

Proposition 10. Let (S, d) be a complete metric space and consider a map f : S —
S. If there exists k € {1,2,...} such that the composite map f*®) s a contraction,
then the map f has a unique fixed point.

Theorem 11. The initial value problem has one and only one solution in
Cl [0, T; ./\/lf]

Proof. We begin by observing that has the same solutions in C*' [0, T; M/] as
the integral equation

t) =X+ /OtA()\) (s)ds. (22)
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Thus, to prove the theorem, it suffices to show that has one and only one
solution in C'[0,T; M|, by proving that the operator 7 defined on C [0,T; M]
as

T(\) () = Ao + /O A(N) () ds (23)

has a unique fixed point. According to Proposition [I0} it is enough to show that the
composite operator 7 where 7T is given by , is a contraction on C0, T'; M ]
for some k € {1,2,...}.

We claim that 7*) satisfies the following estimate:

A’“t’“

[7® 000 -T% G2 0|, < S 1A=l (24)

We will prove this claim by induction on k.
For k = 1, we can write, using and Part 3) of Proposition |§|,

1T (A @) = TA2)(B)l|m,

< / JA ) (5) = A(Aa) (5], ds

<4 / At (5) = Az ()]l g, ds
< Atf|A = Al

which gives us for £k = 1. Assuming that holds for k = n, let us prove it
for k=n+1.

17D )(@) = T A2) ()],

< /0 tHA(T(")()\l)) (s)—A(T(")()\g)) (S)H ds

My

<A / 1T (M) (5) = T (A)(5)] aa, ds

t A g™ An+1t7z+1
<A [N 6) = 2 (9l s < DT I =l

so the estimate holds. Finally,

Hq—(k) (A1) —T®) ()\2)H= sup HT(’“ (M) () =T® (A2) (t)H

0<t<T

A’“T’c

My

A1 = Azl

Since (A,z;)k — 0 as k — 00, we can conclude that the operator 7®*) will be a
contraction on C[0,T; My], for k large enough.
This concludes the proof of the theorem. O

Remark 6. From the proof of Theorem we can see that the estimate of T*)
for k =1, that is to say the estimate of T, will just give a solution to the equation
(@) for T sufficiently small. However, using an observation that appears in [3] we
can obtain a unique global solution of (@) without using iterations. The idea is to



EJMAA-2017/5(2) NONLINEAR INITIAL VALUE PROBLEMS 83

replace the norm on C[0,T; M ] with the norm
—A
AL = s (e IA(0)]ur, ) (25)
0<t<T
where A is the constant appearing in Part 3 of Proposition[4 From the inequalities

AT INDlpe, < e M IA D, < 1A Olpe,

we can see that the norm given by s equivalent to the original norm given by
(@). Now, we claim that the operator T satisfies the inequality

17 (M) =T Qo)ll, < (1 =e=T) A = Ae., (26)
that is, it is a contraction with respecto to the new norm on C'[0,T; My]. In fact,
1T (M) (@) = T (A)(E)l

< [ 140D (5) = A0 (5], s
0
<A [ 1M ) =2 (), 0
:A/O e A= Ay (5) = Az (5)]] g, d

t
< I = dal, [ Aeds = (€4 - 1) s = .
0
from which (@) follows.
8. AN INITIAL VALUE PROBLEM ASSOCIATED WITH A CLASS OF NON-NEGATIVE
N-FUNCTIONS
As before, we fix a complete o-finite measure space (X, X, ). We denote
Mo (1) = {A: ¥ — R signed measure; A << p}
and we consider on Mg, (1) the same norm we used on My,
ALty = N (X)

Remark 7. With this norm, My, (1) is a closed subspace of My and, thus, it is
a Banach space. In fact, let {\;},5, be a sequence in My, (1) converging to X in

M. Then for each j, \j = fidu, with f; € L* (n). We claim that {f;}

j>1 5 a
Cauchy sequence in L (u).
15 = Fellpagy = /X |fj (@) = fr (@) dp = |Aj — M| (X)
=y = Aullyg, | 0
Thus, {fj}j21 converges in L' (i) to some function f. We claim that A = fdp.

1A= Fdulo,

< H)‘ - )‘j”Mf + ||)‘j - fdﬂ||Mf

— A= Ayllag, + 1G5 = Dl

= A= ilag, + 163 = Pl = 0.
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Notice that, in particular, we have really proved that My, (1) is isometrically
isomorphic to L' (11), as we mentioned before. Indeed,

Lfdull oy = Lfdul (X):/X‘f(m”d:u:||fHL1(p)7

(111, p. 94).

For 0 < T < +oo fixed, C'[0,T; My, ()] is the space of continuous functions
A:[0,T] = Myq (1) It becomes a Banach space with the norm

A= su A(t .
I = s 1A )l

Likewise, the space C'[0,7; M, (u)] of continuously differentiable functions A :
[0,T7] — Myq(p), becomes a Banach space with the norm [[Al| + |||, while
C [0,T; L (u)] is the space of continuous functions f : [0,7] — L' (u), which
becomes a Banach space with the norm

= t .
£ 0zltlnglf( M)

The spaces C[0,T; My, (1)] and C [0,T;L* ()] are isometrically isomorphic.
According to all we have said before, it suffices to prove that C'[0,T; M4 (p)] is
isometrically isomorphic to the subspace C (1) of C'[0,T; M| defined as

C(p)={NeC0,T;Ms]: X(t) = f(t)dpfor f€C[0,T;L" (n)]}.

We first prove that C(u) = C[0,T; My, (1)] as sets. It is clear that C(pu) C
C0,T; Myq (p)]. Conversely, if A € C'[0,T; My, (1)], then for each 0 < ¢t < T,
there is a function f; € L' (1) so that A(t) = fi,du. As for the continuity of the
function ¢t — fy, if {t;},,, converges to t,

||ftj - ftHLl(u) = /X |ft_7' - ft|d/uf = ||)\(tj) - )\(t)”an,(,u) j:)oo 0.

A similar estimate will show that C'[0,T; My, (11)] and C (p) are isometrically
isomorphic. Consequently, each of these spaces is isometrically isomorphic to
C[0,T; L' (w)].

Given fo € L' (1), we formulate the initial value problem

T Af)t) = 0for0<t<T 27)

f0) = fo ’

where

A(f) () = G (t,z, f), (28)

for some function G : [0,7] x X x R — R to be defined later.

Likewise, given A\g € M, (1), we consider the initial value problem

B AN @) = Ofor0<t<T (29)

A(0) = Ao ’

where
AN (1) = G (¢, f) du.
The solutions in C* [0, T; M, ()] of (29)) are exactly the measures of the form
A = fdu, where the function f runs throught all the solutions in C* [O,T; Lt (u)]
of the problem . The proof of this claim follows from the relationship we
have shown between continuous functions with values in M, (1) and continuous
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functions with values in L (i). So, to prove that has one and only one solution
in C' (0,75 My, ()], it suffices to prove that has one and only one solution in
Ct[0,T; L* ()]

We now formulate conditions on the function G, so that has one and only
one solution in C' [0,T; L' (11)]. We begin with the following lemma:

Lemma 12. Let G:[0,T] x X x R — R be a function satisfying the conditions:

(1) |G (t,z,u)| < a(z)+blu|, for somea € L' () and b > 0, for p-a.e. v € X,
0<t<T andu € R.

(2) The function z — G (t,x,u) is X-measurable for each 0 <t < T and u € R.

(3) There exists C > 0 such that |G (t,z,u1) — G (¢, z,u2)| < Clug — ual, for
0<t<T, u,us € R and for p-a.e. x € X.

(4) There exists C > 0 such that |G (t1,z,u) — G (to, z,u)| < Clu||t1 — tal, for
0<ty,to <T,ueR and for p-a.e. x € X.

Then, the following properties hold:

a): For each 0 <t < T, the function Gy : X x R — R defined as Gt (z,u) =
G (t,z,u) is an N-function.

b): For each 0 <t < T, the Nemyckii operator Ng, maps L* (i) to itself.

c): The function f — Ng, (f) maps C[0,T; L' (u)] continuously into itself.

Proof. The proof of a) is a direct application of 2) and 3), while the proof of b)
follows from 1). To prove c) we begin by observing that given f € C[0,T; L (u)],
the function Ng, (f) (x) belongs to L* (1) for each 0 < ¢ < T, as a consequence of
b). Moreover, Ng, (f) belongs to C[0,T; L' (11)] because of 4. Finally, if {f;}

converges to f in C[0,T; L' (u)], we use 3) to write =
NG, (£ (6) = Na, (F) Bl sy < C 15 () = £ Ol s
<C|fi =1l
Thus,
o, NG, (£) () = Ne, () Oll gy =, 0
This completes the proof of the lemma. |

Theorem 13. The initial value problem has one and only one solution in
ct [0, T;L! (ﬂ)] if we assume that the operator A is given by @ and the function
G satisfies the conditions stated in Lemma [I3

Proof. The proof goes along the same lines as the proof of Theorem The initial
value problem has the same solutions in C1[0, T’; L' (1)] as the integral equation

£ = fo+ / A(f) (s) ds. (30)

We show that has one and only one solution in C1[0, T; L' (11)] by proving that
the operator 7 defined on C[0,T; L ()] as

T(f)(t)=fo+/0tA(f)(5)ds

has a unique fixed point. According to Proposition |10} it suffices to show that 7 (%)
is a contraction in C[0,T; L' (u)] for some k € {1,2,...}, for which it is enough to
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prove that for fi, fo € C[0,T; L' (n)] and k € {1,2,...},
\wwwn@—ﬂWhﬂwum<ckHﬁ fall. (31)
When k£ =1,
17 (f1) (t) = T(f2) () 1w
< [ I 6 = AU Gl
- / IG (6,3, f1 (5)) = G (8,2, 2 (D] s

< Ct|fr — fa] -

We prove now that holds for k = n + 1, assuming that it holds for k& = n.
1TV )E) = T (f2) ()] 21 )
= [ AT ) - AT sl
< /O IG5, T (f1)(5)) = Gls, -, T™ (f2)(8)) | L1y ds
t
<€ [ITO(R)6) = TV Ao ds

t cngn Cn+1tn+1
< —_ _ —— —_— .
<c [ S = pllds = T In - £

As in Theorem implies the estimate

IT® (1) (k)(fz)||<0’“ ||f1 foll,

from which the result follows. This completes the proof of the theorem. O

Remark 8. As an illustration, we present now an example of an operator A as
considered in Theorem[I3 With this purpose, we construct first a function G that
satisfies the hypothesis of Lemma[I3 We fiz a function H : R — R satisfying the
two conditions:

1. There exists C1 > 0 such that |[H(r)| < Cy|r| for all v € R.

2. H is a Lipschitz function; that is to say, there exists Cy > 0 such that
|H(r1) — H(ra)| < Ca|ry — 12| for all ri,7m5 € R.

Then, given a € L' (), we define G : [0,T] x X x R — R as G(t,z,u) =
H(a(zx) + tu).

We claim that G satisfies conditions 1) through 4) in Lemma .

In fact, |G(t,z,u)| = |H(a(z) +tu)| < Cy|a(z) +tu] < Cy (la(x)] + T |u|), so
condition 1) is satisfied.

If we fixr 0 <t < T, u € R, the function x — H(a(x) + tu) is L-measurable,
because it is the composition, in the appropriate order, of the X-measurable function
x — a(x) and the continuous function v — H(r + tu). So condition 2) holds.
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Th

Th

We can write
|G(t,z,u1) — G(t, z,us)|
= |H(a(x) + tus) — H(a(z) + tus)|
< Cot|lug —ug| < CoT uy — ug| .

erefore, condition 3) is satisfied.
Finally, if we fir 0 <t1,to <T,xz € X, ueR, we have that

|G(t17$au) - G(t27x7u)‘
= |H(a(z) + t1u) — H(a(z) + tau)| < Cq |u| [t; — ta] .

us, condition 4) is satisfied as well.
According to Lemma [I3, for each 0 < t < T, the function Gy : X x R — R

defined as Gi(xz,u) = H(a(x) + tu) is an N-function.

as

If f € C[0,T; L (11)], we can define the operator
A:C[0,T; L' ()] — C[0,T; L' ()]

A(f)(t) = Ng, (f(t)) = H(a(-) + Lf(t,))-

Remark 9. According to Remark[5, Theorem[I3 applies, with the obvious changes

mn

(1]

notation, to a system of m equations in n unknowns.
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