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ON A THREE-DIMENSIONAL SYSTEM OF NONLINEAR
DIFFERENCE EQUATIONS

J. L. WILLIAMS

ABSTRACT. We investigate the solutions to the following system of nonlinear
difference equations,

Tn41 = 7’;51"1)7
Ynt1 = J;Ejinf
_ flyn)

Zn4+1 = o for n € Ny,

where x_1 = o, y—_1 =0, 21 =7, o = A\, Yo = U, and zg = w are positive
real numbers.

1. INTRODUCTION

There are various results on systems of difference equations, see [T}, 4 [10], 111 2].
Understanding the theory and dynamics of such systems play a crucial role in
mathematics, physics, and biology, see [8, [7], 3].

Consider the following system of difference equations,

Tpt+1 = ny(iz_nlia
Yn+1 = % (1)
gl = ’;(yfl) for n € Ny,

where x_1 = «a, y_1 = B, 2.1 = 7, To = A, Yo = i, and zg = w are positive
numbers.

Next are some papers on periodic and positive solutions to three-dimensional
systems of nonlinear difference equations:

Tarek F. Ibrahim studied in [5] the periodic solutions of the following three-
dimensional max-type cyclic system of difference equations

o o o
Tp41 =MaX —,Yn 0, Ynd1 = MaAX —, 2p 0, 2p41 = MAX | —, Ty -
Tn Yn Zn
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M. R. S. Kulenovi¢ and Z. Nurkanovi¢ in [6] studied the global behavior of the
following rational system of nonlinear difference equations
a—+ Ty, Cc+ Yn e+ z,
mﬁl}nﬂ = mvznﬂ = m
Stevo Stevi¢ in [9] studied the stability of the following rational system of non-
linear difference equations
A1Ln—2 a2Yn—2 a32n—2

Tnt+1 =

T i tn s e T bazatn ayn s s’ T batayn12ns + Cs
2. ASSUMPTIONS
The function f will have one of the following forms:

flt)=1 (2)
ft)=t 3)

A, ift>0
t)y=<" 4
1) {B, ift <0 )

At, ift <0
t) = ’ 5
I {Bt, ift>0 5)

where A, B € R such that A% + B2 # 0.

3. MAIN RESULTS

Theorem 3.1. Let hold and suppose that x_1, y_1, 2_1, o, Yo, and zy are
positive real numbers. Also, let {xn, yn,zn} be a solution of the system of equations
with t_1 = o, y_1 =06, 2.1 =7, To = A\, Yo = W, and zg = w. Then all
solutions of are of the following:

1 1 1
T12n+1 = 57 Y12n+1 = ;7 Z12n+1 = a
1 1 1
Ti2n+2 = —» Yi2n+2 = a, 212n+42 = X
Ti2n43 =Y, Yi2n43 =&, Zi2pg3 =0
T1on44 =W,  Y12ntd = A, Z12n44 = [
1 1 1
T12n+5 = —, Y12n+5 = 3> Z212n+5 — —
a B Y
1 1 1
T12n+6 = X’ Y12n+6 = ;7 212n+6 = a
Tiont7r = By Yiont7 =7 Fl2ng7r =
T12n48 = My Y12n48 = W, Z12n48 = A
1 1 1
Ti2n49 = =5  Yi2n4+9 = —» 212049 = —
Y a B
1 1
T12n410 = —5  Y12n410 = —» 2120410 = —
w A o

Ti12n4+11 = &,  Yioan411 = ﬁ, Z12n+11 =7
, w

1
T12n+12 = A Y12n+12 = Ky,  2Z12n412 =
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Proof. The result holds for n = 0. Now suppose the result is true for some k& > 0,

we have the following:

1

T12k+1 = B,
1

T12k4+2 = —,
7

T12k+3 = 7,

T12k4+4 = W,
1

T12k+5 = 57
1

T12k+6 = X’

T12k+7 = 5»

T12k+8 = M,
1

T12k+9 = —
0
1

T12k4+10 = —,
w

T12k+11 = @,

T12k+12 = A,
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1
Y12k+1 = —,
Y
1
Y12k+2 = —,
w
Y12k+3 = Q,
Y12k44 = A,
1
Y12k+5 = 5>
B
1
Y12k+6 = —,
o
Yi2k+7 =7,
Y12k4+8 = W,
1
Y1249 = —,
«
1

Y12k+10 = N

Y12k+11 = 57
Y12k4+12 = K,

Also, for k+ 1 we have the following:

EJMAA-2016/4(2)

1
212k+1 = —
+ «
1
212k4+2 = 1
A
212k+3 = 5
212k+4 = M
1
212k+5 = —
v
1
212k+6 = —
+ w
212k+7 = Q&
212k+8 = A
1
212k+9 = B
1
212k+10 = —
W
Z12k+11 =7

212k+12 = W.

1 1
Ti12k+13 = —— = 3,
Y12k+11 B
1 1
T12k+14 = ——— = —,
Y12k+12 H
1
T12k415 = ——— =7,
Y12k+13
1
T12k+16 = — = W,
Y12k+14
1 1
Ti2k+17 = ———— = —,
Y12k+15 Q
1 1
T12k4+18 = ——— = 7,
Y12k+16 A
1
T12k+19 = ——— = 5,
Y12k+17
1
T12k420 = ——— = U,
Y12k+18
1 1
T12k421 = —— = —,
Y12k+19 Y
1 1
T12k422 = ——— = —,
Y12k+20 w
1
T12k423 = — = Q,
Y12k+21
1
T12k4+24 = —— = A,
Y12k+22

Y12k+13 =

Y12k+14 =

Y12k+15 =

Y12k+16 =

Y12k+17 =

Y12k+18 =

Y12k+19 =

Y12k4+20 =

Y12k+21 =

Y12k+22 =

Y12k+23 =

Y12k+24 =

212k+19

212k+22

1

212k+11
1

212k+12
1

212k+13
1

212k+14
1

1

212k+15 8

1 1

212k+16 o
1

y

Z12k+17
1

212k+18
1

1

212k+20
1

212k+21
1

1
212k+13 = ————
T12k+11
1
212k4+14 =
T12k412
1
212k4+15 =
T12k+13
1
212k4+16 =
T12k+14
1
212k4+17 = T
T12k+15
1
212k4+18 = ———
T12k416
1
212k+19 = ——
T12k+17
1
212k420 = —————
T12k+18
1
212k+421 = ————
T12k4+19
1
212k422 = ———
L12k420
1
212k423 =
T12k421
1
212k+24 =

T12k422
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Therefore the result is true for every k € Ny. This concludes the proof. O

Theorem 3.2. Suppose that hold and let {xy,, yn, zn} be a solution of the system
of equations . Also, assume that x_1, y_1, z_1, To, Yo, and zg are positive real
numbers. Then all solutions of are periodic with period twelve.

Proof. By , we have the following equal:

7f(zn)7 1 7f(mn)7 1 7f(yn)7 1
Tptl = —— = ——,  Yntl1 = =—, Znt1= =
Yn—1 Yn—1 Zn—1 Zn—1 Tn—1 Tn—1
_ flagr) 1 _ f@pgr) 1 ~ fYnyr) 1
Tpp2 = =7 = —, Ynt2 =" =, Zny2= — = —
Zn+2 Tn+2 2
g = 22 o S@ase) )
Yn+1 Zn+1 Tn41
z T
xn+4:M:Zm ynH:M:xm ZM:M:%
Yn+2 Zn+2 Tn+2
Zn+3 Tn+3 3
G N . N (125 S
Yn+2 Zn+2 Tn42
~ fleard) 1 ~ flwnga) 1 ~ f(Ynsa) 1
Tpps = =" = =) Y45 = = ) Iy = o = ———
yn+3 Tn—1 Zn+3 Yn—1 xn+3 Zn—1
_ flengs) 1 _ f(@ngs) 1 ~ fYnss) 1
Tpte = —————— = —, UYn46 =~ = —, Zpt6— = —
Yn+4 T Zn+4 Yn Tn+4 Zn
f(znte J(Tnye f(Ynte
= 2w o S@ese) T We)
Yn+5 Zn+5 Tn+5
J(Zn47 J(@Tnyr J(WYni7
g = L) @) )
Yn+6 Zn+6 Tni6
_ flaays) 1 _ fangs) 1 _ flynts) 1
Tpyg = ———— = ——, Ynit9 = = , Zppg =t = ——
Yn+7 Zn—1 Zn+7 Tn—1 Tn+7 Yn—1
f(Zngo) 1 ~ f(rpge) 1  f(Ynyo) 1
Tp410=———"=—, Yntlo= ———— = —, Zptl0—= ——— = —
Yn+8 Zn Zn+8 Tn Tn48 Yn
z T
Tn4+11 = 7“ n+10) =Tn—-1, Yn+1l1 = 7f( n+10) =Yn—-1, Znt1l1 = 7f(yn+10) = Zn—1
yn+9 Zn+9 xn+9
Jfzny11 Tn+11 11
xwu:wz%’ yn+1z=M=yn, ang:M: _
Yn+10 Zn+10 Tn410
This concludes the proof. [

To see the periodic behavior of {x,,, Yn, zn }, observe the following three diagrams
with 1 =1, 20 =2, y1 =3, y2 =4, 21 =5, and 25 = 6:

Plot of z(n)

Plot of x(n) Plot of y(n)
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Theorem 3.3. Let hold and suppose that T_1, y_1, z—1, To, Yo, and zy are
positive real numbers. Also, let {xy,yn, zn} be a solution of the system of equations
with x_1 = a, y_1 = B, 2.1 =7, o = A, Yo = W, and zo = w. Then all
solutions of are of the following:

w A I
Ten—5 — Ea Yén—5 = ;7 Z6n—5 = a
1 1 1
Ten—4 = 57 Yon—a4 = B, Z6n—4 = ;
1 1 1
Ten—3 = Xa Y6n—3 = ;7 Z6n—3 = ;
B Y o
Ten—2 = o’ Yon—2 = % Z6n—2 = ;
Ten—1 =0, Yen—-1=P5 Zen—1="7

Ten = A, Yon = Ky Zen = W.

Proof. The result holds for n = 0. Now suppose the result is true for some k > 0,
we have the following:

w A I
Tek—5 = &, Y6k—5 = —, k-5 = —
B Y a
1 1 1
Tok—4 = —» Y6k—4 = &5, Z6k—4 = —
a B Y
1 1 1
Tek—3 = N Y6k—3 = —y R6k—3 = —
" w
B " a
Tek—2 = —, Yék-2 = v, 26k—2 = —
w A °w
Teh—1 =&, Yek—1 =B, Zek—1 =7
Tek =N, Yok = [y 26k = W.
Also, for k + 1 we have the following:
Tk _f(Zﬁk)_ 6k W
6ht1 = ——— = —— = —
- Yek—1 Y6k—1 B
_ flzer)  wer A
Y6k+1 = = = -
Z6k—1 Z6k—1 Y
_ I (Yer) Yk P
26k+1 = = = -
Tek—1 Tek—1 «
~ fzek+1)  zekyr  p/a 1
Tok+2 = = = =
Yok Yok 1% «
_ f@ekt1)  wer+1  w/B 1
Yok+2 = = = =2
Z6k 26k w B
 fers1)  yery1 Ay 1
Zek+2 = = ===
Tk Tk A vy
vy = 1 FORT2) _ Zowta /v L
" Y6k-+1 Yek+1  AY A
_ f(wert2)  weri2  1/a 1
Yok+3 = = = =-
26k+1 26k+1 ple p
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Therefore the result is true for every k € Ny. This concludes the proof.

SYSTEM OF NONLINEAR DIFFERENCE EQUATIONS

~ fyek+2)  Yers2 1/ 1
Z6k+3 = = = =~
Tek+1 Tept1 W/ 0w
ey = 1 FORE8) _ Zonts _ Lw B
- Y6k+3 Yor+e 1/ w
_ f(@ert3)  werss  1/A vy
Yok+4 = = =T-=73
26k+3 Zek+2  L/y A
_ fyer+3)  yerts  1/u  «
Zokhta = = == ==
T6k+3 Tepr2 Ll/a
_ [ (Z6k+4) _ Z6k+4 a/p _
Tekts = = =——=a
Y6k+3 Yert3  L/p
[ (w6rta)  Torya  Blw
Yé6k+5 = = = =4
Z6k+3 Zek+s  1/w
ks = f Yor+a) _ Yok+a _ V/_A —
T6k43 Tekys  1/A
_ [ (26k+5) _ Rek+5 Y
Tek+6 = = =—==2A
Y6k+4 Y6k+4 ’Y//\
_ [ (T6k+5) _ Tek+s 0
Y6k+6 = = ==k
26k44 Zokrd O
Sorre = I (Yok+5) _ Yekts _ B _ "
Tek+4 Tek+4 ﬂ/w
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O

To see the periodic behavior of {x,,, Yn, zn }, observe the following three diagrams
with g =1, 20 =2, y1 =3, y2 =4, 21 = 5, and 2z, = 6:

Plot of x(n)

Plot of y(n)
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Theorem 3.4. Let hold with A, B < 0 and suppose that x_1, y_1, 2_1, To, Yo,
and zo are positive real numbers. Also, let {x,, yn, zn} be a solution of the system
of equations (1)) with x_1 = a, y—1 = B, z—1 =7, To = A\, Yo = K, and 2y = w.
Then all solutions of are the following:

_A éi’)n _é éi’m _é A3n
= B s y12n+1—7 B s Z12n+1—a B

Tion42 =

B 3n+1 B 3n+1 B 3n+1
Ti2n4+3 =7 Z y  Yi2zn43 = Q& Z s 212n+3=5 Z

B é é 3n+1 B é é 3n+1 B é é 3n+1
T12n+5 = o \B o Yi2n45 = ﬁ B ,  R12n45 = ~ B
B B 3n+1 B B 3n+1 B B 3n+1
T12n+6 — X Z y  Y12n46 = ; Z y  R12n+6 = ; Z
B 3n+2 B 3n+42 B 3n+2
T12n+7 = B Z s Yizp4r =7 Z y  Rl2n47T — (& Z
A 3n+2 A 3n+2 A 3n+2
Tionts = 1| 5 » Yiems=w( g 21248 = A B
B A A 3n+2 B A A 3n+2 B A A 3n+2
T12n+9 = v B ) Y12n+9 = o B ) 212n+9 = ﬂ B
B B 3n+2 B B 3n+2 B B 3n+2
T12n+10 = ; Z y  Yi2n+10 = X Z y  Z12n+10 = E Z

3n+3 _5 B 3n+3 B B 3n+3
,  Yi2n411 = A ,  R12n+11 =7 A

A 3n+3 A 3n+3 A 3n+3
Ti2n+12 = A (B> , Yien412 = 1 <B) ,  R12n+412 = W <B> .

| o

Ti2n411 = & (

Proof. The result follows by the principle of mathematical induction. O

Corollary 3.1. If A # B and A, B < 0, then the solutions of are oscillatory
and nonperiodic.

Theorem 3.5. Suppose hold and let {Zn,Yn,zn} be a solution of the system
of equations . Also, assume that x_1, y_1, z_1, Tog, Yo, and zg are positive real
numbers with A > 0 and B < 0. Then all solutions of are periodic with period
twelve.
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Proof. Let (.,.,.) be the pair of solutions of (L)), then the following set

Bw BA Bp AB AB AB A2 A% A2 BA ~vA aA
(0475-’7)7()\7%‘0)(7,777 7<a, B 7>7<7’777 o e T
aB BB 78) (3@ uB gﬁ) wA MA MA) (A2 A2 A? AB AB AB)

) k) 9 )

A ATA A A A

By«

o By )\ T Tw

(avﬂfY)a()‘aM,W),...

is periodic with period twelve. This concludes the proof. [

To see the periodic and oscillatory behavior of {z,,y,}, observe the following

three diagrams with A =1, B= -1, 21 =1, 20 =2, y1 = 3, y2 = 4, 21 = 5, and

22

[9

[10

= 6:

Plot of y(n)

Plot of x(n)

()

Plot of z(n)

2(n)
R ]
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