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EXISTENCE OF POSITIVE SOLUTIONS FOR ITERATIVE
SYSTEMS OF NONLINEAR m-POINT BOUNDARY VALUE
PROBLEMS ON TIME SCALES

N. SREEDHAR, K. R. PRASAD

ABSTRACT. In this paper, we establish the existence of positive solutions for
the iterative system of nonlinear dynamic equations on time scales

yAA () + pi(t) filyisa (1) =0, 1<i<n, te€ [tlﬂ(tm)]']r,
Yn+1(t) = 91(t), ¢ € [t o (tm)ls

satisfying the m-point boundary conditions

yi(tl) =0,
m—1
ayi(o(tm)) + By (0(tm)) = Dyl (), 1<i<n,
k=2

by applying Guo—Krasnosel’skii fixed point theorem.

1. INTRODUCTION

The theory of time scales was introduced by Hilger [18] not only to unify contin-
uous and discrete theory, but also to provide an accurate information of phenomena
that manifest themselves partly in continuous time and partly in discrete time. This
theory [1, 5, 6] can be applied to various real life situations like epidemic models,
stock markets and mathematical modeling of physical and biological systems.

The existence of positive solutions of boundary value problems have created a
great deal of interest due to wide applicability in both theory and applications. By
using fixed point theorems in cones, Fink and Gatica [7], Wang [27], Zhou and Xu
[28], Henderson et al. [9, 10, 11, 12] have studied existence of positive solutions
for system of nonlinear boundary value problems associated with ordinary differ-
ential equations. Agarwal and O’Regan [2], Sun et al. [25, 26], Henderson et al.
[13, 14, 15, 16, 17] considered the system of nonlinear boundary value problems
associated with difference equations and established the existence of positive so-
lutions to boundary value problems by using various techniques. In recent years,
much attention is paid in establishing the existence of positive solutions for iterative
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systems of nonlinear boundary value problems on time scales by the researchers.
For some recent contributions, we refer to [3, 4, 19, 21, 22, 23, 24].

Motivated by the papers mentioned above, in this paper, we establish the ex-
istence of positive solutions for the iterative systems of second order nonlinear
dynamic equations on time scales

yR A () + pit) filyisa (1) =0, 1<i<n, te€ [tl,a(tm)]r]r,} )
Yn+1(t) = 91(t), T € [tr, o(tm)l,
satisfying the m-point boundary conditions
yi(t1) = 0,

a0 (tm)) + By (o(tm)) = S 4B (1), 1<i<n, @
k=2

where T is the time scale with t1,to, - tm_1,0(tm),0%(tm) € T, 0 < t; <ty <
s < tme1 < 0(tm), @ >0, 8 > m — 2 are real numbers and m > 3. We assume
the following conditions hold through out the paper:
(A1) fi:R* - R" is continuous for 1 < i < n,
(A2) p; : [tr, o(tm)l — R* is continuous and p; does not vanish identically on
any closed subinterval of [t1, o (tm )| for 1 <i<n,

(A3) « and f§ are positive constants such that o > tﬁtl and > m — 2.

We define the nonnegative extended real numbers f;p and f;» by

%x) and fioo = lim fi(z)

r—r0o0 X

fio= lim , for 1 <i<n,

z—0t
and assume that they will exist. When fjp = 0 and f;oc = 0o for 1 <7 < n is the
called super linear case and f;o = oo and fijo, = 0 for 1 < i < n is called the sub
linear case.

The rest of the paper is organized as follows. In Section 2, we construct the
Green’s function for the homogeneous problem corresponding to (1)-(2) and esti-
mate bounds for the Green’s function. In Section 3, we establish the existence of
at least one positive solution of the boundary value problem (1)-(2) by using the
Guo—Krasnosel’skii fixed point theorem for operators on a cone in a Banach space.
Finally as an application, we demonstrate our results with an example.

2. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous problem
corresponding to (1)-(2) and estimate bounds for the Green’s function.
Let G(t, s) be the Green’s function for the homogeneous boundary value problem

_ylAA(t) =0, te [tlvo(tm)]rﬂ‘a (3)
yi(t1) =0,
A B m—1 A (4)
ayi(o(tm)) + Byt (0(tm)) = D y1 (t), m = 3.
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Lemma 1. [22, 24] Let d = a(o(ty) —t1) + 8 —m + 2 # 0. Then the Green’s
function G(t,s) for the homogeneous boundary value problem (3)-(4) is given by

Gi(t,s), t1 < s <o(s) <ty
GQ(ta 5)7 t2 S S S U(S) S t37

G(t,s) =4 - (5)

Gm—?(t7 5)7 tm—Q S S S U(S) S tm—la
Gm—l(t75)7 tm—l S S S U(S) S U(tm)a

where

Sl@a(o(tn) = 1)+ 1~ m 4+ 1(a(s) ~ 1) + (G~ Dt~ o(s)],
G,(t,s) = o(s) <t,

St =)l (o(tm) ~ o(s)) + 1 —m+j+1], t<s,

forj=1,2,---m-—1.

Lemma 2. [22, 24] Assume that the condition (A3) is satisfied. Then the Green’s
function G(t, s) of (3)-(4) is positive, for all (t,s) € (t1,0(tm)) X (t1,tm )

Theorem 3. [22, 24] Assume that the condition (A3) is satisfied. Then the Green’s
function G(t,s) in (5) satisfies the following inequality,

g(t)G(a(s),8) < G(t,s) < G(a(s),s), for all (t,s) € [tl,a(tm)]v]r X [tl,tm]T, (6)

where

o(tm) —t1" oltm) —t1

g(t) = min{ o(tm) —t b=t }

Lemma 4. (22, 24] Assume that the condition (A3) is satisfied and s € [t1, tm ]
Then the Green’s function G(t, s) in (5) satisfies
G(t,s) > kG(o(s), s),

min
te [t'm— 1 7U(trn )]P]I‘

where
_ B—m+2
k_a(o(tm)—t1)+ﬂ—m+2<1' (™)

Now, we express the solution of the boundary value problem (1)-(2) in to an
equivalent integral equation, see [3]. Therefore, an n-tuple (y1(t),y2(¢),- - -, yn(t))
is a solution of the boundary value problem (1)-(2) if and only if

U(tM)

yl(t) = / G<t7S)pl(s)fl(yﬁ-l(s))ASv 1 < 1 < n, te [t170(tm)]Ta
ty

where

yn+1(t> =Y (t)a te [tlva(tm)]T'



EJMAA-2017/5(2) EXISTENCE OF POSITIVE SOLUTIONS FOR ITERATIVE SYSTEMS 203

In particular

o (tm) o (tm)
y1(t) :/ G(t,s1)p1(s1)f1 </ G(s1,52)p2(s2) - -

t1 tl

U(tvrb)
fn—1 (/ G(sn-1, Sn)pn(sn)fn(yl(sn))A5n> e A82> Asq,

te [tha(tm)]T-

To establish the existence of positive solutions for the boundary value problem
(1)-(2), we will employ the following Guo—Krasnosel’skii fixed point theorem [8, 20].

Theorem 5. [8, 20] Let X be a Banach Space, k C X be a cone and suppose
that 1,8 are open subsets of X with 0 € 1 and 0y C Qa. Suppose further that
T: kN (Q2\Q1) = Kk is completely continuous operator such that either

(@) [|[Tul] < ||ull, v rNO and [|[Tul| > ||ul], v e kNI, or
(@) ||Tull > |lull, v € kN and || Tu|| < ||lul|, u € xN Oy holds.

Then T has a fized point in kN (Q2\Q1).

3. POSITIVE SOLUTIONS IN A CONE

In this section, we establish criteria for the existence of at least one positive
solution of the boundary value problem (1)-(2).
For our construction, let B = {z | z € C[t1,0(t;n)]} with the norm

[z = sup  [|z(t)].
te[tl,a(tm)]T

Then (B, | - ||) is a Banach space, we refer [8, 13]. Define a cone P C B by

p= {x € B | (t) > 0 on [ty 0(ty)lp and 2(t) > k|\x||},

min
te[tmfl,a(tm)]T

where k is given in (7).
Now, we define an integral operator T': P — B, for y; € P, by

o(tm) o(tm)
Ty, (t) :/t G(t,s1)pi(s1)f1 </t G(s1,52)p2(s2) - -

olton) (8)
fnfl </ G(Snfla Sn)pn(sn)fn(yl(sn))A5n> e ASQ) ASL

ty

Notice from (A1), (A2) and Lemma 2 that, for y1 € P, Ty1(t) = 0 on [t1, o (tm)] -
Also, for y; € P, we have from Theorem 3, that

U(tm) U(tm)
Ty (t) < /f G(o(s1),s1)p1(s1)f1 (/t G(s1,52)p2(s2) -

o(tm)
fnfl (/ G(Snfh Sn)pn(sn)fn(yl(sn))Asn> e ASZ) ASI

t1
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so that

t1 ty

o(tm) o(tm)
Ty < / G(o(s1),51)p1(s1) /1 </ G(s1,52)p2(s2) - -
(i) 9)
fn—l </ G(Sn—la Sn)pn(sn)fn(yl(sn))A5n> ce ASQ) Asy.

t1
Next, if y; € P, we have from Lemma 4 and (9) that

min
te[tmth(tm)]T

o(tm) o (tm)
min { / G(t, 51)p1(81)f1 (/ G(Sl, 52)p2(52) R

te[tmfua(tm)]v]r t1

U(tm)
fnfl (/ G(snfla Sn)pn(sn)fn(yl(sn))Asn> T ASZ) ASI}

t1

Tyl (t) =

o (tm) o (tm)
> k‘/ G(U(Sl),sl)Pl(Sl)ﬁ(/ G(s1,52)p2(s2) - -

t1 tl

U(tvrz)
fa-1 (/ G(sn—1, sn)pn(sn)fn(yl(sn))Asn> e A82> Asy

t1

> [Tyl

Hence, Ty; € P and so T : P — P. Further, the operator T is completely
continuous operator by an application of the Ascoli-Arzela Theorem.

Theorem 6. Assume that the conditions (Al)-(A3) are satisfied. If fio = 0 and
fico = 00, for 1 < i < n hold, then the boundary value problem (1)-(2) has at least
one positive solution.

Proof. Let T be the cone preserving, completely continuous operator that was de-
fined in (8). From the definitions of f;p = 0, 1 < i < n, there exist n; > 0 and
Hy > 0 such that, for each 1 <i < n,

filz) <mea, 0 <z < Hyp,

where 7; satisfies

o(tm)
m/ G(o(s), s)pi(s)As < 1. (10)

t1
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Let y; € P with ||y1]| = H1. Then from Theorem 3, for t; < s,—1 < o(tn), we
have

O'(tm)
/ G(SnfhSn)pn(sn)fn(yl(sn))Asn

t1

U(tM)
S / G(U(Sn)7 Sn)pn(sn)fn (yl(sn))Asn

ty

U(tm)
< / G(o(5n); 8n)Pn(Sn)my1(sn)Asy

t1

o (tm)
<m / G((5), 52)Pn(50) 1911 D50

t1
< |ly1ll = H;.

It follows in a similar manner from Theorem 3, for t; < s,_2 < o(t,),

U(tM)
/ G(Sn—275n—1)pn—1(8n—1)

ty

U(tm)
fnfl (/ G(Snfla Sn)pn<sn)fn (yl (Sn>)A5n> ASnfl

ty
o(tm)
< / G(o(Sn-1), Sn—1)Pn—1(Sn—1)mH1As,_1 < Hi.
t1

Continuing with this bootstrapping argument, we have, for t; <t < o(t,,),

o (tm) o(tm)
/ G(t,s1)p1(s1)f1 </ G(s1,52)p2(s2) - -

t1

fa(yi(sn))Asy - - - ASz) Asy < Hy,

so that, for t; <t < o(t;m),
Tyl(t) § Hl.
Hence, [|[Ty1|| < Hy = ||y1]- If we set
O ={z e B || < H},

then
ITysll < [lyall, for y1 € PN OQ;. (11)

<
Further, since fijoo = 00, 1 < i < n, there exist 7, > 0 and Hy > 0 such that, for
each 1 <i <mn,

fi(x) > mow, x> Ho,

where 7y satisfies

U(tm)
k2772/ G(o(s), s)pi(s)As > 1. (12)

tm—1

Let

H
H2 = max{?Hl,;}.
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Choose y; € P and ||y1|| = H2. Then,

' t) > klly: || > Ho.
te[tmffﬁtm)]rﬂwyl( ) >kl > Ho

From Lemma 4, for t; < s,-1 < o(t,,), we have

U(tM)
/ G5t 5n)Pn(5m) Fu (1 (50)) A

ty

U(tm)
Z / G(Sn—hSn)pn(Sn)fn(yl(Sn))Asn

tm—1

‘T(tm)
Z k/ G(U(Sn)7 Sn)pn(sn)Wle(Sn)Asn

tm—1

U(tTn)
> Ky / G(0(50), 52)Pn(50) |41 ] A

tm—1

2 |yl = Ha.
It follows in a similar manner from Lemma 4, for ¢; < s,,—o < o(tm),

G'(tnz)
/ G(sn72asn71)pn71(8nfl)

t1

t1

U(tvrz)
fn—l </ G(Sn—hSn)pn(sn)fn(yl(sn))A5n> Asn—l

O'(tm)
Z k/ G<U(Sn71)7Snfl)pnfl(snfl)’r/QHZAsnfl

tm—1

O'(tm)
> ansz/ G(0(Sp—1), Sn—1)Pn—1(8n—1)Asp_1 > Hs.

tm—1

Again, using a bootstrapping argument, we have

o(tm) o(tm)
/ G(t,s1)p1(s1)f1 (/ G(s1,52)p2(s2) - -

t1 t1

fn(y1(sn))Asy, - - - A82> Asy > Hj,

so that
Ty (t) = Hy = [[ya]l-
Hence, [|Ty1|| > lJy1]l- So, if we set
Qg ={z e B||lz| < Hz},
then
1Tyrll = llyall, for y1 € PN OQy. (13)

Applying Theorem 5 to (11) and (13), it follows that T has a fixed point y; €

PN(Q2\Q1). Assuch, setting y,,+1 = y1, we obtain a positive solution (yi, ¥z, -, Yn)
of (1)-(2). O
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Theorem 7. Assume that the conditions (A1)-(A3) are satisfied. If fip = oo and
fico =0, for 1 < i < n hold, then the boundary value problem (1)-(2) has at least
one positive solution.

Proof. Let T be the cone preserving, completely continuous operator that was de-
fined in (8). Since f;0 = oo, 1 < i < n, there exist 3 > 0 and Hz > 0 such that,
for each 1 <i <n,
fi(z) > maz, 0 <z < Hs,
where 13 > 12 and 72 is given in (12).
Let y; € P with ||y1]] = Hs. Then from Lemma 4, for ¢; < s,_1 < o(tm), we
have

U(tm)
/ G(Sn—hsn)pn(sn)fn(yl(sn))As"

t1

”(tm)
> / G(*SnflvSn)pn(sn)fn(yl(sn»Asn

tm—1

O'(tm)
>k [ Glotsa)supalsa (5.5,

tm—1

o(tm)
> Ky / G0 (52), 5 )0n (50) ]| Asin

tm—1

> |lyill = Hs.
It follows in a similar manner from Lemma 4, for ¢; < s,,—o < o(t),

U(tm)
/ G(Sn—275n—1)pn—1(5n—l)

t1

O'(tm)
fn—l (/ G(Sn—h Sn)pn(sn)fn (yl(sn))A5n> Asn—l

ty

o(tm)
> k/ G(0(Sn—1), Sn—1)Pn—1(8n—1)n3H3A85,_1

tm—1

U(t'm)
> k27}3H3/ G(0(8n-1), Sn—1)Pn—1(8n—1)Asp_1 > Hs.

tm—1

Continuing with this bootstrapping argument, it follows that

o(tm) o (tm)
/ G(t,s1)p1(s1)f1 </ G(s1,52)p2(s2) - -

t1 t1

fn(yl(sn))ASn s ASQ) Asy > Hs,

so that
Tyi(t) > Hz = [ly1-

Hence, [|[Ty1|| > l|y1]l- So, if we set
Q3 = {LC €B | ||(EH < Hg},

then
ITysll = [[yall, for y1 € PN OQ. (14)
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Next, since fioo = 0, 1 < i < n, there exist 4 > 0 and H, > 0 such that, for each
1<i<n,

fi(z) <max, x> Hy,

where 14 < n; and 7, is given in (10).
For each 1 < i < n, set

fi(x) = sup fi(s).

0<s<z
Then, it is straightforward that, for each 1 < ¢ < n, f’ is a nondecreasing real-
valued function, f; < f and
lim fi(z)
T—00 €T

It follows that there exists Hy > max{2H3, H,} such that, for each 1 <i < n,
fi(x) < ff(Hy), 0 <2 < Hy.

=0.

Choose y; € P with |ly1|| = H4. Then, using the usual bootstrapping argument,
we have

o (tm) o(tm)
Ty, (t) = / G(t,s1)p1(s1)fr </ G(s1,52)p2(s2) - - - ASz) Asy

tl tl

o(tm)
< / G(t,sl)pl(Sl)ff<

t1

U(tvn)
/ G(Sl, 52)p2(52) e ASQ) ASl

t1

U(tm)
< / Go(s1), 51)pr(s1) f5 (Ha)Asy

t1

U(tTn)
< / G(o(s1),s1)p1(s1)naHsAsy

t1

< Hy = |-
Hence, ||Ty1|| < |ly1]]- So, if we set
Qu ={z € B||z| < Ha},

then
1Tyl < lly1l], for y1 € PN OQy. (15)

Applying Theorem 5 to (14) and (15), we obtain that T has a fixed point y; €
PN (Q24\Q3), which in turn with y,11 = w1, yields an n-tuple (y1,¥y2, * -, Yn)
satisfying (1)-(2). The proof is completed. O

4. EXAMPLES
Let us consider the examples to illustrate our results.

Example 1. Let T ={(3)? :pe No}U[1,3],n=2,m=3,a=5,5=2,t =,
to = 1 and t3 = 2. Now, consider the iterative systems of nonlinear dynamic
equations on time scales

VA0 () fa(ya(t) =0, e [1@(2)] ,

UED (0) 4 palt) ol (1)) = O, te[l a<2>] ,
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satisfying three-point boundary conditions

n <;) =0, 5y1(c(2)) + 2u1 (0(2)) = ¥ (1), )

e (3) = 0. Sim(o(2) + 230 (2) =)

where py(t) = p2(t) = t, fi(y2) = y3(1 +e72%2) and fo(y1) = yF(1 — 3e™).
Then all the conditions of Theorem 6 are satisfied and hence, the boundary value
problem (16)-(17) has at least one positive solution.

Example 2. Let Let T = {($)? : pe No}U[1,3], n =2, m=3,a=5,8=2,
t1 = %7 to = 1 and t3 = 2. Now, consider the iterative systems of nonlinear dynamic
equations on time scales

W0+ A 0) =0, te |50

(18)
1
B0+ rOh0) =0, te g0
satisfying three-point boundary conditions
1
n (3) =0 (@) + 2R 0@) =10
(19)

e (5) =0 5(o@) + 25 (6() = B0

2 3
where py(t) = p2(t) = 5, fi(y2) = y5 and fa(y1) =y; .

Then all the conditions of Theorem 7 are satisfied and hence, the boundary value
problem (18)-(19) has at least one positive solution.

Acknowledgments: The authors thank the referees for their valuable suggestions
and comments.
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