Electronic Journal of Mathematical Analysis and Applications,
Vol. 5(2) July 2017, pp. 221-228.

ISSN: 2090-729X (online)
http://fcag-egypt.com/Journals/EJMAA /

APPROXIMATE CONTROLLABILITY OF DAMPED SECOND-ORDER
IMPULSIVE NEUTRAL STOCHASTIC INTEGRO-DIFFERENTIAL SYSTEM
WITH STATE-DEPENDENT DELAY

DIEM DANG HUAN

ABSTRACT. The objective of this paper is to study the approximate controllability for a class
of damped second-order impulsive neutral stochastic integro-differential system with state-
dependent delay in Hilbert spaces under the assumptions that the corresponding linear system
is approximately controllable. By employing a fixed point theorem for condensing maps com-
bined with theories of a strongly continuous cosine families of bounded linear operators, a set of
sufficient conditions are derived for achieving the required result. As an application, an example

is provided to illustrate our results.

1. INTRODUCTION

In this paper, we shall consider the approximate controllability for a class of damped second-
order impulsive neutral stochastic integro-differential system with state-dependent delay of the
form:

d[a'(t) — G(t, z, fot g(t,s,x5)ds)| = [Ax(t) + Da’'(t) + Bu(t)|dt + F(t, pt,0,)) dw(t),
t£ty, k={l,---,m}:=1m, teJ:=[0,T],

Ax(ty) = It (zy,), Ax'(ty) = IF(ze,), k=T1,m,

ro=peB, 2'(0)=x €H,

(1.1)
where z(+) is a stochastic process taking values in a real separable Hilbert space H; A : D(A) C
H — H is the infinitesimal generator of a strongly continuous cosine family on H. The function
control u(-) € L (J,U) of admissible control functions for a separable Hilbert space U, B : U — H
is a bounded linear operator, and D is a bounded linear operator on a Hilbert space H with
D(D) c D(A). The history z; : (—o00,0] — H, x¢(0) = z(t + 0) for t > 0, belong to the phase
space B, which will be described in Section 2. Assume that the mappings G : J x B x H — H,
F:JxB—=L,g:JxJxB—H [},I? :B—-H k=1m,p:JxB — (—o00,T] are
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appropriate functions to be specified later. Furthermore, let 0 =y <t; < -+ <ty < tppy1 =T
be prefixed points, and Ax(t;) = sc(t,f) — x(t;, ), represents the jump of the function z at time
tx with Ij, determining the size of the jump, where z(¢;) and z(t; ) represent the right and left
limits of z(t) at t = t, respectively. Similarly z'(¢}) and 2’(t; ) denote, respectively, the right
and left limits of 2/(¢) at tx. Let ¢(t) € L2(Q, B) and z1(¢) be H-valued F;-measurable random
variables independent of the Wiener process {w(t)} with a finite second moment.

Approximate controllability is one of the fundamental concept in mathematical control theory
and plays an important role in both deterministic and stochastic control systems. It is well
known that controllability of deterministic systems are widely used in many fields of science and
technology (for instance, see [5, 49]). Stochastic control theory is stochastic generalization of classic
control theory. The theory of controllability of differential equations in infinite dimensional spaces
has been extensively studied in the literature, and the details can be found in various papers and
monographs [4, 7, 25, 50] and the references therein. Besides white noise or stochastic perturbation,
many systems like predator-prey systems arising from realistic models depend heavily on the
histories or impulsive effect [19, 26]. Therefore, there is a real need to discuss stochastic impulsive
functional differential systems with infinite delay. On the existence and the controllability for
these equations we refer the reader to (for example, see [9, 11, 20, 22, 21, 24, 25, 34, 47, 48] and
the references therein).

On the other hand, in recent years, second-order differential equations have been gained much
attentions since it not only exists widely but also can be used to study many phenomena in
the real lives. In many cases it is advantageous to treat the second-order abstract differential
equations directly than to convert them to first-order systems (for instance, see [14]). Second-
order equations have been examined in [44]. The deterministic version for the existence and
the controllability of second-order differential equations have been thoroughly studied by several
authors (see [1, 2, 3, 6, 10, 13, 16, 42, 43, 44] and the references therein) while the controllability
for stochastic version are not yet sufficiently investigated, and there are only few works on it
[8, 23, 30, 31, 32, 33, 36, 35, 38].

Furthermore, functional differential equations with state-dependence is a special type of func-
tional differential equations and it have become more important in various mathematical models
in the study of population dynamics, biology, ecology and epidemic, etc. For this reason, in re-
cent years, control problem for differential equations with state-dependence has attracted much
attention of researchers. To be more precise, in [1], Arthi and Balachandran discussed the control-
lability of second-order impulsive functional differential equations with state-dependent delay by
means of the Sadovskii fixed point theorem. By using Schauder’s fixed point theorem, Sakthivel
and Anandhi [39] investigated the approximate controllability of impulsive differential equations
with state-dependent delay. Yan [46] proved sufficient conditions for the approximate controlla-
bility of partial neutral functional differential systems of fractional order with state-dependent
delay by using the Krasnoselskii-Schaefer type fixed point theorem with the fractional power of
operators. More recently, also by using Schauder’s fixed point theorem, Sakthivel and Ren [40] es-
tablished the approximate controllability of fractional differential equations with state-dependent
delay. Besides, in dynamical systems damping is another important issue, it may be mathemat-
ically modelled as a force synchronous with the velocity of the object but opposite in direction
to it. Hence, in this manuscript, we will also study damped second-order stochastic differential
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equations. On the damped second-order differential equations, we refer the reader to (for example,
see [2, 3, 18, 27, 45] and the references therein). However, to the best of our knowledge, it seems
that little is known about approximate controllability for a class of damped second-order impulsive
neutral stochastic integro-differential system with state-dependent delay and the aim of this paper
is to fill this gap. The results presented in the current manuscript constitute a continuation and
generalization of the controllability results from [1, 2, 3, 6, 8, 24, 31, 32, 38, 39, 46] to the damped
second-order impulsive neutral stochastic integro-differential system with state-dependent delay
in Hilbert spaces settings.

The main techniques used in this paper include the Sadovskii fixed point theorem combined
with theories of a strongly continuous cosine families of bounded linear operators.

The structure of this paper is as follows: In Section 2, we briefly present some basic notations,
preliminaries and assumptions. The main results in Section 3 are devoted to study the approximate
controllability for the system (1.1) with their proofs. At last, an example is presented to illustrate
the main results.

2. PRELIMINARIES

In what follows we recall some basic definitions, notations, lemmas and results for stochastic
equations in infinite dimensions and cosine families of operators. For more details on this section,
we refer the reader to [12, 13, 43].

Let (H, | - |lm, {-,-)) and (K, - ||k, (-,-)) denote two real separable Hilbert spaces, with their
vectors norms and their inner products, respectively. We denote by L(K;H) be the set of all
linear bounded operators from K into H, which is equipped with the usual operator norm || - ||.
In this paper, we use the symbol || - || to denote norms of operators regardless of the spaces
potentially involved when no confusion possibly arises. Let (92, F,{F;}+>0,P) be a complete
filtered probability space satisfying the usual condition (i.e., it is right continuous and Fy contains
all P-null sets). Let w = (w(t))>0 be a @Q-Wiener process defined on the probability space
(Q, F,{Ft}t>0, P) with the covariance operator @ such that Tr(Q) < co. We assume that F; =
o({w(s) : 0 < s < t}) is the o-algebra generated by w and Fr = F. We also assume that
there exists a complete orthonormal system {ex }r>1 in K, a bounded sequence of nonnegative real
numbers A\, such that Qer = Ager, k = 1,2, ..., and a sequence of independent Brownian motions
{ﬁk}kzl such that

(w(t), e)x = Z V(e €)xBr(t), ecK,t>0.
k=1

Let £ = £5(Q2K;H) be the space of all Hilbert-Schmidt operators from Q2K into H with the
inner product (¥, ¢) o = Tr[VQ¢"], where ¢* is the adjoint of the operator ¢.

Next, to be able to access approximate controllability for the system (1.1), we need to introduce
theory of cosine functions of operators and the second order abstract Cauchy problem.

Definition 2.1. [(1)]
(1) The one-parameter family {C(t)}ier C L(H) is said to be a strongly continuous cosine
family if the following hold:
[(1)]C(0) = I, I is the identity operators in H; C(t)x is continuous in t on R for any
xeH; C(t+s)+C(t—s) =2C(t)C(s) for all t,s € R.
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(B) The corresponding strongly continuous sine family {S(t)}ter C L(H), associated to the
given strongly continuous cosine family {C(t)}}er C L(H) is defined by

t
S(t)r = / C(s)zds, teR,zeH.
0

(3) The infinitesimal generator A : H — H of {C(t)}+er C L(H) is given by
d2

= @C(t)x t:()’

for allz € D(A) ={zx e H: C(-) € C}(R,H)}.

Az

It is well known that the infinitesimal generator A is a closed, densely defined operator on H,
and the following properties hold, see Travis and Webb [43].

Proposition 2.1. Suppose that A is the infinitesimal generator of a cosine family of operators
{C(t)}+ter- Then, the following hold:
[(i)] There exist a pair of constants M4 > 1 and a > 0 such that ||C(t)|| < M el
and hence, ||S(t)|| < Mae®™; A [T S(u)zdu = [C(r) — C(s)]z, for all 0 < s < r < oo;
There exist N > 1 such that ||S(s) — S(r)|| < N| [} ea‘5|ds|, 0<s<r<oo.

Thanks to the Proposition 2.1 and the uniform boundedness principle, as a direct consequence
we see that both {C(t)}tes and {S(t)}ses are uniformly bounded by M = M 4e®IT!.
The existence of solutions for the second order linear abstract Cauchy problem

{w”(t) = Az(t) + h(t)
)

, ted,
z(0) =2z, 2/(0)=uw,

(2.1)

where h : J — H is an integrable function has been discussed in [41]. Similarly, the existence of
solutions of the semilinear second order abstract Cauchy problem it has been treated in [43].

Definition 2.2. The function z(-) given by
z(t) =Ct)z+ S{t)w + /Ot S(t—s)h(s)ds, teJ,
is called a mild solution of (2.1), and that when z € H, x(-) is continuously differentiable and
2(t) = AS(t)z + C(t)w + /Ot C(t —s)h(s)ds, te.J.
For additional details about cosine function theory, we refer to the reader to [41, 43].

Definition 2.3. Denote the space M2,ﬂ2—formed by all F;-adapted measurable, H-valued
stochastic process x = x(t),t € J such that
[()]M? := M?(J, H)
={z:J = H, 2|11 € C(tr, trg1), H) and z(t) there exists, Vk = 1,m}. M=
M (J,H)

= {z e M?, 2] 1 € CH((tr, tog1), H) and 2'(t]) there exists, Vk = 1,m}. For all

trotkt1
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r e M, M,
1
2
I#lae = (Bswp le@)?), Nl = lollae + 2Lace

Then, it is obvious that M?2, MQ with the above norms are Banach spaces.

The collection of all strongly-measurable, square-integrable H-valued random variables, denoted
by Lo(Q, F,P;H) := Ly(Q, H), is a Banach space equipped with norm ||z||z, = (E||:£||2)% Let
C(J, L2(2,H)) be the Banach space of all continuous map from J to L2(€,H) satisfying the
condition Esup,¢; [|z(t)]|* < co. An important subspace is given by LY(2,H) = {f € Lo(Q,H) :
f is Fo-measurable}.

To simplify the notations, we put tg = 0, t,,41 = T and for v € M? we denote by 7 €
C([tk, tk+1], L2(Q,H)), k =0,1,--- ,m, the function given by

~ U(t)7 .fOT te (tkatk+1]7
uR(t) =9
v(ty), for t=ty.

Moreover, for B C M? we denote by Ek ={v,:ve B}, k=0,1,---,m.
To prove our results, we need the following lemma introduced in Yan and Zhang [48].

Lemma 2.1. ([48], Lemma 2.7) A set B C M? is relatively compact in M?, if and only if, the
set By, is relatively compact in C([tx, tk+1], L2(Q2,H)), for every k =0,1,--- ,m.

In the whole of this work, we suppose that the phase space B is axiomatically defined, we use
the approach proposed in [15]. More precisely, we have the following definition.

Definition 2.4. The phase space B((—o0,0],H) (denoted by B for brevity) is the space of
Fo-measurable functions from (—oo, 0] to H endowed with a seminorm || - ||z, which satisfies the
following axioms:
(A1) If x : (—00,T] — H, T > 0, is such that xg € B, then for every t € [0,T], the following
properties hold:

[D)]zy € B;  ||lx(t)|lm < L||xt||s, which is equivalent to ||o(0)|lm < Ll||¢|ls for every

p B llls < M(t) supg<s< [l2(s)llm + N(8)[[zolls,

where L > 0 is a constant; M, N : [0,4+00) — [1,+00), M (-) is continuous, N(-) is locally bounded,
and M, N are independent of z(-).
(Az) The space B is complete.

Remark 2.1. In retarded functional differential equations without impulses, the axioms of the
phase space B include the continuity of the function t — w, see [19] for details. Due to the
impulses, this property is not satisfied in (1.1) and, for this reason, has been unconsidered in our
description of B.

Next, we give an example to illustrate the above definition.
Example 2.1. Let o < 0, define the phase space

B:= {qﬁ € C((—o0,0]; L*([0, 7)) : Olim e?“¢P(0) exists in LQ([O,W])}

——00
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and let |¢]lp = sup,¢(— °¢(a)|lL2(jo,x)). Then, (B,| - |5) is a Banach space and satisfies
the axioms (A1) and (Ag) W1th L=1, M(t) = max{l,e”*} N(t) = e~ .

Remark 2.2. As a consequence of the phase space axioms, for convenience, the property (iii) in
Definition 2.4 can be replaced by the following condition:

lzells < Mr sup Bllz(s)llu + MrE|¢lls,
se

where My := sup,cy M(s), Mr :=sup,c; N(s), (see [48], Lemma 2.8).

We will take the help of fixed point theorem due to Sadovskii, which is an extension of Schauder’s
principle and the contraction principle.

Lemma 2.2. ([37]) Let © be a condensing operator on a Banach space H, that is, © is continuous
and takes bounded sets into bounded sets, and u(0©(A)) < u(A) for every bounded set A of H
with u(A) > 0. If ©(B) C B for a convex, close and bounded set B of H, then © has a fixed point
in H (where pu(-) denotes Kuratowski’s measure of noncompactness).

Now, motivated by Definition 2.2, we give the following definition of mild solution for (1.1).

Definition 2.5. An F;-adapted stochastic process x : Jy — H is called a mild solution of (1.1)
on Jr = (—00,T] if zg = ¢ € B and 2/(0) = x1 € H satisfying zo, 1 € LY(Q,H) such that the
following conditions hold:
[(i){zy : t € J} is a B-valued stochastic process;  z|; € M? and x(t) satisfies the
following integral equation:

0 :C’(t)xo + S(1)[a1 — G(0, 0, 0)]

+Z (t = trs1)Da(ty ) — S(t — te)Da(t])] — S(t — t;)Da(t])

+ /0 C(t — s)Dx(s)ds + /0 S(t — s)Bu(s)ds
Jr/o C(t — s)G(s, xs, /OS g(s, 7,2 )dr)ds + Z C(t — tp) It (2s,)

0<trp<t

/ S(t—8)F(8,%p(s,2,))dw(s) Z S(t —tp) 17 (24,), Yt € [tj, tj41],5 = 0,m,

0<tp<t

(2.2)

Ax(ty) = Iy(ze,), Ax'(ty) = IF (), k= T,m.
Remark 2.3. The equation (2.2) can also be written as
x(t) =C(t)xo + S(t)[z1 — G(0, z0,0)]

+ /0 S(t — s)Da’(s)ds + /0 S(t — s)Bu(s)ds
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+/0 C(t—s)G(s,xS,/O g(s,ma)dr)ds + S Ot — b1 (w,)

0<trp<t

+/O S(t— 8)F(8,@p(s,2.))dw(s) + Z S(t —ty)IE(xy,), te€J

O<trp<t

It is convenient to introduce the relevant operators and the basic controllability condition.

(@) The operator LE € L£(Lf (J,H), L2(Q, Fr,H)) is defined by
T
Liu= / S(T — s)Bu(s)ds,
0

where L7 (J,H) is the space of all F;-adapted, H-valued measurable square integrable
processes on J x (2. Clearly the adjoint (L3)* : La(Q, Fr,H) — L (J,H) is defined by
[(LG)™2)(t) = B*S*(T — )E{z | F}.

(ii) The controllability operator III" associated with the linear stochastic system of (1.1) is
defined by

T
U5 {} =Ly (L) {1} = /O S(T — t)BB*S*(T — t)E{- | F;}dt.
which belongs to L£(L2(Q, Fr,H), Ly(2, Fr,H)) and the controllability operator I'7' €
L(H,H) is
T
r’ = / S(T —t)BB*S*(T —t)dt, 0<s<t.

Let x(t;u) denotes state value of the system (1.1) at time ¢ corresponding to the control u €
LI (J,U). In particular, the state of system (1.1) at t = T, x(T;u) is called the terminal state
with control u. Ry = R(T;u) = {x(T;u) : u(-) € L (J,U)} is called the reachable set of the
system (1.1).

Definition 2.6. The stochastic system (1.1) is said to be approximately controllable on the
interval J if for every xq,z1 € L(Q, H), there is some control u(-) € L3 (J,U),

ﬁT - L2(Q7-/T:Ta H)7
where R is the closure of the reachable set.

Lemma 2.3. ([28]) For any h € Ly(Q, Fr, H), there exists z € Lj (J,LY) such that h =
Eh+ [, z(s)dw(s).

In order to establish the results, we assume the following hypotheses:
[(HO)]The function ¢ — ; is continuous from X(p~) = {p(s,p) < 0,(s,) € J x B}
into B and there exists a continuous and bounded function I¥ : £(p~) — (0, 00) such that
lpells < 12(@)[[olls for each t € X(p™).
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[(H1)]The cosine family of operators {C(t)}+c; on H and the corresponding sine family
{S(t)}tes are compact for t > 0, and there exists positive constants Mg, Mc, Mp, Mg
such that for all t € J

IBI* < Mp, [[COI* < Mc, |DI* <Mp, [ISOH)]* < Ms.

[(H2)]There exists positive constants M, ]\A/fg such that for all t,s € J, z,y € B
t 2
|| [ lotts.) ~ gtt.s.lds| < My o~
0

T t
and M, = sup(, yecr (I fy 9(t.5,0ds]?).

[(H3)]The function G : J x B x H — H is continuous and there exists positive constants

Mg, Mg such that for all t € J, x1,20 € B, y1,y2 € H
EHG(t’xlayl) - G(t’$27y2)”2 < MG(Hxl - x2|l23 + E”yl - y2H2)

and Mg = sup,c s [|G(t,0,0)]2.
[(H4)]The function F : J x B — L9 satisfies the following conditions:[(i)]

(1) (a) The function F(-,z): J — L3 is strongly measurable for each z € B.

(b) The function F(t,-) : B — L3 is continuous for almost all t € J.
(¢) There exists an integrable function (r : J — [0, 00) and a continuous nondecreasing
function ¥ : [0,00) — (0, 00) such that for every (¢t,z) € J x B

E|F(t,2)ll2g < Cr()Tr([l2])-
[(H5)]There exists positive constants MI;, Mlg such that for all z,y € B
E|li(z) - L»)I° < Mplz -yl ElR(e) - B < Mgz -yl

[(H6)]The functions I},I? : B — H, k = 1,m are completely continuous, and there are
continuous nondecreasing functions Q, O : [0,00) — (0,00), k = 1,m and any = € B
such that

E||;(@)]* < (lllE),  EIR@)? < u(llE), k=Tm.

[(H7)]For 0 < t < T, the operator aR(a,I}) := a(al + TF)™! — 0 as a — 0F in the
strong operator topology.

[(H8)]The function G : J x Bx H — H and F : J x B — L9 are uniformly bounded.

Remark 2.4. In view of [29], the assumption (HT7) is equivalent to the linear system of (1.1) is

approximately controllable.

Lemma 2.4. Let x : (—o00,T] — H such that zg = ¢ and z|; € M?. If (HO) be hold, then

sl < (Mr + )¢l + Mrsup {[2(6)];6 € [0, max{0, s}]},s € £(p™) U J,

where I = sup,exy,-) 19 (t) (see [48], Lemma 3.3).
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3. MAIN RESULTS

In this section sufficient conditions are established for the approximate controllability of the

stochastic control system (1.1) under the assumption that the associated linear system is approx-
imately controllable.

Theorem 3.1. Assume that the assumptions (HO) — (H5) hold. If

10(1 + MBMST2>

((4m + 1)Mg + TMc) Mp + AMcMimy | My + 4AMgMim 'y Mp
= k=1

+ AMeMeT?*M2(1 + M) + 2M2MsTr(Q) lim inf\IjFT(s)/(F(s)ds <1, (3.1)
J

E— OO

then the system (1.1) has at least one mild solution on J.

(1) Proof. For all a > 0, we define the control for the system (1.1) as

ua(t,z) = B*S™(T — t){R(Oé, 1) [Eh — C(T)p(0) = S(T)[z1 — G(0,9,0)]

j—1

=Y [S(T = tyy1)Da(ty ) — S(T — t)Da(t))] + S(T — t;)Da(t])

k=0

0<tr<T 0<tr<T (32)

T T
—/ R(a,HST)C’(T—s)Dx(s)ds—i—/ R(a, I 2(s)dw(s)
0 0

S

T
7/ R(a,HZ)C’(Tfs)G(s,xS,/ g(s, 7, x,)dT)ds
0

0
T
—/0 R(a,Hf)S(T—s)F(s,xp(sny))dw(s)}.

We consider the space T = {z € M?: 2(0) = ¢(0) = 0} endowed with the uniform convergence

topology and define the operator P, : T — T by (Pax)o = 0 and for all ¢ € [t;,t;41], every
j = 07 m?

(Paz)(t) =C(t)p(0) + S(t)[z1 — G(0, ¢,0)]
+ z_: [S(t = thy1)DT(ty, ) — S(t — te)DE(H])] — S(t — t;)DE(t])
k=0

+ /0 C(t — s)DT(s)ds +/0 S(t — s)Buqa(s,T)ds

—I—/O C(t—s)G(s,Es,/o 9(s, 7, T, )dr)ds + Z C(t — tp) I (Tr,)

O<trp<t

+/O S(t*S)F(S,xp(bls))dw(5)+ Z S(t*tk)fg(ftk_%

0<tp<t
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where T : (—o0,T] — H is the extension of x to (—oo,T] such that Zgp = ¢ and T = z|;. From
Remark 2.2 and our assumptions, we infer that Pyaz € M?2.

Let @ : (—oo,T] — H is the extension of ¢ to (—oo,T] such that $(6) = ¢(0) = 0 on J and
I§ = sup;ex(,—) 19(t). For r >0, let

B (0,7):={yeT:[ly|*<r}
then, for each r, B,.(0,Y) is a bounded closed convex set in Y.

Lemma 3.1. Under the assumptions of Theorem 3.1, then there exists r > 0 such that
Pa(B:(0,T)) € B-(0, 7).

Proof. If this property is not true, then for each » > 0 and t" € J there exists a function
2" (t") € B,.(0,7) such that E||(P,z")(t")||?> > r. Then, by Lemma 2.4, assumptions (HO) — (H5),
Holder’s inequality and Burkholder-Davis-Gundy’s inequality, we have

Elua(t",77)|?

10
< (121\4191\43{|13/1|2 + Mc L*E| ¢l + 2Ms(E|z1]* + EI|G(0, ¢,0)[)

m
+ ((4m + 1)Ms + TMc) Mpr +2Mom Y (2Myy [(Mr +1§)? il + M3r] + |1} (0)]2)
k=1

+2Msm Y (2Mpz [(Mr + 162 lellf + Mir] + 1EO)2) + Tr(@Q) /J 12(s)lzgds
k=1 .

+ Mo McT? [(4(MT 192 ol|3 + AM2r + 21\7(;) + M, (4(MT +19)? | ol|3 + D2y
+2M, )| + MsTr(Q)Wr (2(Mr +1§)? o} + 203r) / gp(s)ds} = A, (3.3)
J

Thanks to (3.3) we get

r < E[|(Paz")(t")]?
<10 EM?M?T2 Eh|?+T 20d
< o2 MpMs |EA[" + Tr(Q) JHZ(S)Hag s

10

+ (1+ S MEMET?) ([McLzEwn% + 2Ms (Ella | + B|IG(0,,0) )]

+2Mom Y (2Myy [(Mr + 1) l3] + 112 (0))2)
k=1

+2Msm Y (202 [(Mr + 82 elIE] + ITRO)]?) + 2Me MaT2[ (2(Mr +1)?
k=1

~ ~ 10
X il + M) + My (2(Mr + 1%l +Mg)}> + (1+ S MEMET?)
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x [(((4m +1)Mg + TMc)Mp + AMcMimy | My +4MgMim 'y My + AMcMcT?
k=1 k=1

X ME(L+ My) )r + MoTr(Q)Wr (2(Mr + 1§)? |% + 20137 ) / Cp(s)ds] } (3.4)
J
Dividing both sides of (3.4) by r and taking the limit as r — oo, we infer that

((4m + 1)Mg + TMg) Mp + 4Me Mzm Z My +4MgMimy " Mp
k=1

10
10(1 + ?M§M§T2>

7

+ AMeMT? M2(1 + Mg) + 2MZMgTr(Q) lim mf / Cr(s)ds

E—0OQ

which is contradictory with our assumption (3.1). Thus, for some r > 0, P, (BT(O, T)) C B,(0,7).
O

To prove that P, is a condensing operator, we decompose P, = PL + P2 where PL, P2 are
defined on B,.(0,Y), respectively, by

(Pax)(t) :C(t) (0) + S(@)[z1 — G(0, ,0)]

+Z (t = tis1) () — S(t — te)DE(t])] — S(t — t;)Dx(t])

/Ct—s)m( )ds+ Y C(t —te) I} (T,)

0<trp<t

-|-/0 C(t—S)G(s,xs,/osg(s,T,zT)dT)ds—|— Z S(t — tp) I (T,

0<tp<t
(P2z) / St — $)F (8, T ps,z.))dw(s) / S(t — s)Buq/(s,T)ds.
Lemma 3.2. Under the assumptions of Theorem 3.1, then P} is a contractive mapping.

Proof. In view of (H1) — (H3), (H5) and note that ||zs — ys||s < Mr sup,e; Bllz(s) — y(s)||, for
any x,y € B,(0,T), we see that

B{(PLe) (1) — (PLo)(®)” < 6[((4m + 1)Ms + TMc)Mp + Mc3Em S" My + MsMzm > M,
k=1 k=1

+ MoMaT M (1 + M,)] sup BF(s) — 7).
s€

Taking the supremum over ¢, we obtain

|(PLlz) — (Ply)||2p < 6 [((4m +1)Mg + TMg)Mp + MoMimy . Mp + MgMimy | Mg
k=1 k=1

+ MoMeTAME (1 + M) llz -yl 3.

By assumption (3.1), we infer that P} is a contractive mapping. O
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Lemma 3.3. Under the assumptions of Theorem 3.1, then P2 is continuous and compact on
B.(0,7).

Proof. The proof divided into the following three steps.

Step 1. We show that P2 is continuous. Let {z"}2%, C B,.(0,Y), with 2™ — x in M?. From
the Axiom (A;), it is easy to see that (z™); — T; as n — oo uniformly for ¢t € (—o0,T]. By
assumptions (HO), (H4), for each t € J, as n — oo, we obtain

F (27 0, @mn) = F (6 Tpuz),

and since
2
E|| (1,37, gm) = F (6 Tp0m0) | < 260002 (),

where 7% := 2(Myp + 1£)2|0||% + 2M2r.
Then by the Lebesgue majorant Theorem, we can conclude that
I(Pea") = (Péa)ll3e == 0.
Therefore, P2 is continuous.
Step 2. The set P2(B,(0,Y)) = {(P2xz)(t) : « € B,(0,Y)} is relatively compact in H, for

every ¢t € J. Subsequently, we show that {(P2z)(t) : z € B,(0,Y)} is uniformly bounded. Indeed,
we have

E|[(P22) ()2 < 2MsTr(Q)¥p (1) /J Cr(3)ds + 272 My MgA < oo,

Thus, the set {(P2z)(t) : € B-(0,Y)} is uniformly bounded.

Step 3. The set {(P2z)(t) : # € B,(0,T)} is an equicontinuous family of functions on J.
The functions {(P2z) : z € B,(0,T)} are equicontinuous at ¢ = 0. For each = € B,(0,Y) and
0 <ty <ty <T, we have

E[(Paz)(t2) — (Paz)(t)|?
< 4{TT(Q)\IJF (r) /0 1 1S(ta — s) — S(t1 — s)||*Cr(s)ds + Tr(Q)Ms ¥ (r*) /t ’ Cr(s)ds

t1
+MBTA/ HS(tQ—S) —S(tl —S)||2dS+MBMs(t2—t1)2A:|. (35)
0

The inequality (3.5) tends to 0 by the continuity of the function ¢ — ||S(¢)|| and when t3 —¢; — 0.
Therefore, the left hand side of the inequality (3.5) tends to 0 as to — ¢t; — 0. This implies that
{(P2z)(t) : € B,(0,T)} is a family of equicontinuous functions on J. Hence, by Arzeld-Ascoli’s
theorem we conclude that P2 is compact. O

Therefore, the Sadovskii fixed point theorem allows us to conclude that system (1.1) has at
least one mild solution on J. This completes the proof of Theorem 3.1. O

The following corollary follows immediately from Theorem 3.1 and provides a generalization
and extension of the main existence result in [47].

Corollary 3.1. Assume that B =0 and D = 0 in the system (1.1). Then, the system (1.1) has
at least one mild solution on .J.
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The next main result in this section concerning the approximate controllability of mild solutions
of (1.1) can now be stated as follows:

Theorem 3.2. Assume that the assumptions of Theorem 3.1 hold and in addition, hypothesis
(H7), (H8) are satisfied. Then, the system (1.1) is approximately controllable on J.

Proof. By Theorem 3.1, P, has a fixed point ¥ in H. By the stochastic Fubini theorem [12], it
is easy to see that

7(T) =h — aR(a, 11} [Eh — C(T)e(0) = S(T)[e1 = G(0,,0)
+ Z — thp1)Da" (t, ) — S(T — te)Da* ()] — S(T — t;)Da*(t])

+ Z C(T — ) I ( ) Z S(T —ty, Ik(xtk)}

0<tr<T O<tr<T

T T

—|—/O ozR(oz,Hz)C(T—s)Dz*(s)ds—/O aR(a, TIT)2(s)dw(s)
T s

—l—/o aR(mHST)C(T—s)G(s,xS,/O g(s, 7, xr)dr)ds

g T
+ /0 aR(a, II;)S(T — s)F(s,xp(S z*))dw(s).

By assumption (H8), there exists a sequence, still denoted by

{G(s,x:,/ g(S,T,l’i)dT),F(S,I:(S7x*))},
0 s

weakly converging to, say, {G(s,w7g(s,7, w)), F(s,w) } in H x £3. On the other hand, by as-
sumption (HT), for all 0 <t < T, aR(a, 111 a0ty strongly and moreover ||aR(a, IT)[| < 1.
Therefore, by the Lebesgue majorant Theorem and the compactness of C(t), S(t), t > 0, it follows

that
E||lz}(T) — h®
gEHaR(a, 1?) [Eh — C(T)p(0) — S(T)[z1 — G(0,0,0)]

1

J

+ Z [S(T — tiy1)Dx*(t1,,) — S(T — tr)Da* ()] — S(T — t;)Da*(t])
k=0

+ Y cr-tiE)+ Y ST Jk(xtk)]
0<tr<T 0<tr<T

T T

—/ aR(a,Hf)C(T—s)Dx*(s)ds—i—/ aR(a, TIT)z(s)dw(s)
0 0
T s

—/ aR(a,HsT)C’(T—S)G(s,x:,/ g(s, 7, xr)dr)ds
0 0

T 2
- / aR(o, IT)S(T — s)F (s, x;(s’x*))dw(s)H az0t g,
o :
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Thus, z} (T') — h holds, which shows that the system (1.1) is approximately controllable. Theorem
3.2 is proved. O

Now, according to Theorem 3.1 and Theorem 3.2, if assumption (H5) replaced by assumption
(H6), then we can also get corresponding results as Theorem 3.1 and Theorem 3.2. Indeed, we
have the following theorem.

Theorem 3.3. Assume that the assumptions (HO) — (H4) and (H6) hold. If

0

1
10(1+ MBMST2)

Q
((4m + 1)Mg + TMc)Mp —|—4MCMTm E lim inf ——= £(6)
P e—00 B

+4MSMTmZ lim inf 2 ( ) + 4MeMeT?*M2(1 + M,)

E— 00

7

+ 2M2MsTr(Q) hm 1nf /C s)ds

then the system (1.1) has at least one mild solution on J.

Proof. We sketch the proof only, as it resembles the arguments of Theorem 3.1. Similarly as
before, we define the operator P, : T — Y as in the Theorem 3.1, then we deduce that
Pa(B,(0,T)) € B,(0,T). Further, note that to prove that P, is a condensing operator, we
introduce the decomposition Py = PL + P2 + P2, where PL, P2, P3 are defined on B,(0,7),
respectively, by

(Pax)(t) =C(t) (0) + S(®)[w1 — G(0,,0)] = S(t — t;)Dx(t])

+ Z (t = th1)DT(t) 1) — S(t = tk)Df(tp}

+/ C(t—s)Dx(s)ds+/t C’(t—S)G(s,xs,/Osg(s,T,xT)dT)ds,

(P2z) / S(t—$)F(s,Tps,7,))dw(s) / S(t — s)Buq/(s,T)ds,
(Piz)(t) = > Clt—ti)i(T0)+ Y St—t)I} ().
0<tr <t 0<ty, <t

then, by the same way as in the proof of Theorem 3.1, we can easily shown that the operator P
is a contraction while P2 is compact. On the other hand, from Lemma 2.1, by using the same
arguments as Theorem 3.2 in [17] we can show that P3 is compact. As a consequence of Lemma
2.2, we infer that P, = Pl + P2 + P32 has a fixed point which is the mild solution for the system
(1.1) on J. Thus we have completed the proof of Theorem 3.3. O

Theorem 3.4. Assume that the assumptions of Theorem 3.3 hold and in addition, hypothesis
(H7), (H8) are satisfied. Then, the system (1.1) is approximately controllable on J.

Proof. By the same way as in the proof of Theorem 3.2, we infer that the system (1.1) is approx-
imately controllable on J. We omit it here. 0
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4. APPLICATION

In this section, the established previous results are applied to study the approximate control-
lability of the stochastic nonlinear wave equation with state-dependent delay. Specifically, we
consider the following approximate controllability for a class of damped second-order impulsive
neutral stochastic integro-differential system with state-dependent delay of the form:

d{%y(t,ﬁ) ~ G(ty(t—T7,8), /OS g(t, s, y(s — 775))d3)}

0? 0 T 0
= [@y(a 5) + 7&:‘/(@5) + /0 5(8)&y(t, S)ds + B’U,(t, 6)} dt

+ F[ty(s — pr(Dp2(ly®),©)]dB(s), t#tk, ted, 7>0, &el0,q], (4.1)
Ay(t)(©) = [ m(ts — s)y(s,&)ds, k=Tm, €e[0,7),

Ay (1) (&) = [ pw(ts — s)y(s,€)ds, k=Tm, €e[0,7),

y(t,0) = y(t,7) =0, Zy(0,§) =z1(§), ted, £e€l0],

y(t.&) = p(t,€), te(—00,0], &e0,q],

where §(t) is a standard one-dimensional Wiener process in H defined on a stochastic basis
(QF,P), 0=ty <t < -+ <ty < T are prefixed numbers, v is a prefixed real number,
d € H, p; : [0,00) = [0,00), i = 1,2 are continuous, and ¢ € B, where the phase space B intro-
duced in Example 2.1. We take H = L?([0, ]) with the norm || - ||. Define A : H — H by Az = 2
with domain

D(A) = {z(-) € H: x, 2" are absolutely continuous, z” € H, x(0) = z(r) = 0}.

The spectrum of A consists of the eigenvalues —n? for n € N, with associated eigenvectors e, (§) :=
\/gsin n&, n=1,2,3,.... Furthermore, the set {e, : n € N} is an orthogonal basics in H. Then

Az = Z n*(z,en)en, =€ D(A). (4.2)

n=1

Using (4.2), one can easily verify that the operators C(t) defined by

Ct)x = Z cos(nt)(x,en)e,, tER,

n=1

form a cosine function on H, with associated sine function

Ste =" “”75” ) (s enden, tER.
n=1

It is clear that (see Ref. [41]), for all z € H, ¢ € R, C(-)z and S(-)x are periodic functions with

[CH) <1 and ||S(t)] < 1.
Now, we define the linear continuous mapping B from

o0 o0
U={u= Zunen | lull? = Zui < oo}
n=2 n=2
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to H as follows:

(o)
Bu = 2use; + Z Up € -
n=2
On the other hand, it is easy to see that if z = > (z,e,)e,, then

B*v = (2v1 + v9)es + Z Unén
n=3
and let || B*S*(t)x||* = 0, then we infer that x = 0, which means that deterministic linear system
corresponding to (4.1) is approximately controllable on J.
Obviously, (B, ]| - ||g) is a Banach space. Hence for (¢,¢) € J x B, where ¢¥(0)x = (6, x),

(0,2) € (—00,0] x [0,7]. Let y(t)(§) = y(t,&) and define the operators G : J x B x H — Hj
F:JXB—%Cg,gzJXJXB—)]HLD:H—)]HL,O:JxB—)(—oo,T],I,i,I,%:B—)H,kzl,mby

G(t. [ Gttsias)© = 3(v0.9. [ Fts0)is),
ot 60O = (1,5, 0(0,),
DUE) = w69+ [ 8t

Ft,9)(€) = F(9(6,9),
p(t, ) = pr®)p2([¥(0)]),

IHEe)E) = / (=) b(0)(€)ds, k=T,m

— o0

E

0
() = / pi(—s)0(0)(©)ds, k=T,

—0
Then, the system (4.1) can be written in the abstract form as the system (1.1). Further, we
can impose some suitable conditions on the above defined functions as those in the assumptions
(HO) — (H8). Therefore, by Theorem 3.2 and Theorem 3.4, we can conclude that the system (4.1)
is approximately controllable on J.
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