
Electronic Journal of Mathematical Analysis and Applications

Vol. 5(2) July 2017, pp. 250-259.

ISSN: 2090-729X(online)

http://fcag-egypt.com/Journals/EJMAA/

————————————————————————————————

ON h-TRANSFORMATION OF SOME SPECIAL FINSLER SPACE

MANOJ KUMAR SINGH AND SAMIDHA YADAV

Abstract. The purpose of the present paper is to find the relation between
the v-curvature tensor with respect to Cartan’s connection of Finsler space
Fn = (Mn, L) and Fn = (Mn, L̄) where L̄(x, y) is obtained from L(x, y) by

the transformation L̄(x, y) = eσL(x, y) + bi(x, y)y
i and bi(x, y) is an h- vector

in (Mn, L) . we shall also study the properties of Finsler space F̄n under the
condition that Fn is some special Finsler space . In particular of eσL(x, y) is
conformal change then (v)h and (v)hv torsion tensors of (Mn, L̄) have been

obtained .

1. Introduction

Let Fn = (Mn, L) be an n-dimensional Finsler space , where Mn is an n-
dimensional differentiable manifold and L(x, y) is the Finsler fundamental, function.
Matsumoto [1] introduced transformation of Finsler metric

L̄ = eσL+ bi(x)y
i (1.1)

and obtained the relation between the Cartan’s connection coefficients of Fn and
F̄n =(Mn, L̄). It has been assumed that the function bi in (1.1) are functions of
co- ordinates xi only. If in (1.1) σ(x) vanishes and L(x, y) is a metric function of
Riemannian space then L̄(x, y) reduces to the Randers Space which is introduced
by G. Randers [3]. If L(x, y) is a metric function of Riemannian space then L̄(x, y)
reduces to the β-conformal change. H. Izumi [2] introduced the h-vector bi(x, y)
in the conformal transformation of Finsler space, which is v-covariantly constant
with respect to Cartan’s connection CΓ and satisfies LCh

ijbn =ρhij where Ch
ij is

Cartan’s C-tensor, hij is the angular metric tensor, ρ a function which depends
only on co-ordinates and is given by, ρ = 1

(n−1) L Ci bi and Ci = Ci
jk gjk is the

torsion vector. Thus the h-vector bi is not only a function of co-ordinates but it
is a function of directional arguement satisfying L ∂bi

∂yi = ρ hij . Many authors

A.Taleshian et.al.[10] and S.H. Abed [11] studied the properties of such Finsler
Spaces obtained by this metric. In this paper we consider the metric function given
by equation L̄ = eσL(x, y) + bi(x, y)y

i, which generalizes many Changes in Finsler
geometry, called h- conformal transfofmation of Finsler metric. The section second
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of this paper gives the relation between Cartan connection CΓ of Fn=(Mn, L) and
F̄n = (Mn, L̄). The third section is devoted to find the torsion tensors R̄ijk of F̄n

and we consider the case that this space is of scalar curvature. The fourth section
is devoted to find the torsion tensor P̄hjk and to consider the case that this space
becomes a Landsberg space.

For an h-vector bi , we have the following[2].
Lemma 1.1 If bi is an h-vector then the function ρ and li = bi - ρeσli are inde-
pendent of yi.
Lemma 1.2 The magnitude b of an h-vector bi is independent of y

i.

2. Cartan’s connection of the space F̄n

Let bi be a vector field in the Finsler space (Mn, L) , if bi satisfies the conditions

(1)bi|j = 0 (2)LCh
ijbh = ρhij (2.1)

then the vector field bi is called an h−vector[2]. Here i|j denote the v-covariant
derivative with respect to Cartan’s connection CΓ. Ch

ij is the Cartan’s C tensor,
hij is the angular metric tensor and ρ be a function given by

ρ = (n− 1)−1LCibi (2.2)

where Ci is the torsion vector Ci
jkg

jk . from (2.1) we get

ρ·jbi = L−1ρhij (2.3)

Throughout the paper we shall use the notation
Li = ∂̇iL , Lij = ∂̇i∂̇jL ... .
The quantities and operations refereing to F̄n are indicated by putting bar, thus

from (1.1) we get

(a)L̄i = eσLi + bi

(b)L̄ij = (eσ + ρ)Lij

(c)L̄ijk = (eσ + ρ)Lijk

(d)L̄ijkh = (eσ + ρ)Lijkh (2.4)

and so on . If li, hij , gij and Cijk denote the normalized element of support, the
angular metric tensor, the fundamental metric tensor and Cartan’s C-tensor of Fn

respectively, then these quantities in F̄n are obtained by (2.4) as [9]

li = eσli + bi (2.5)

h̄ij = τ(eσ + ρ)hij (2.6)

ḡij = τ(eσ + ρ)gij + [e2σ − τ(eσ + ρ)]lilj + eσbilj + eσlibj + bibj (2.7)

Cijk = τ(eσ + ρ)Cijk + (2L)−1(eσ + ρ)Vijk(hijmk) (2.8)

where τ = L̄
L , mi = bi - βL

−1li and Vijk {} denotes the cyclic interchange of indices
i, j, k and summation . From (2.6) and (2.8) we get the following,
Lemma 2.1 If Fn is C-reducible Finsler space then F̄n is also a C-reducible Finsler
space. From (2.7), the relation between contravariant components of the fundamen-
tal tensor is given by

ḡij = (τ(eσ + ρ)−1gij − τ−3(eσ + e)−1(e2σ(1− b2)

− τ(eσ + e))lilj − τ−2(eσ + ρ)−1(libj + ljbi) (2.9)
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where b is the magnitude of the vector bi = gijbj . From (2.8) and (2.9), we get

C̄h
ij = Ch

ij + (2L̄)−1(hijm
h + hh

jmi + hh
i mj)

− L̄−1[ρ+ L(2L̄)−1(b2 − β2L−2))hij + LL
−1

mimj ]l
n (2.10)

Now we shall be concerned with Cartan’s connection of Fn and F̄n, this con-
nection is denoted by CΓ= (F i

jk, N
i
k, C

i
jk). Here N i

k=F i
0k (= Y jF i

jk) and Ch
ij =

ghkCijk. Since for a Cartan’s connection Lij |r = 0, we obtain

∂kLij = LijrN
r
k + LrjF

r
ik + LirF

r
jk. (2.11)

Differentiation of equation (2.4b) leads to

∂kLij = (eσ + ρ)∂kLij + ρkLij (2.12)

where we put ρk = ∂kρ = ρ|k. If we put

Di
jk = F

i

jk − F i
jk (2.13)

then the difference Di
jk is obviously a tensor of (1.2) type. In virtue of (2.11)

equation (2.12) is written in the tensorial form as,

(eσ + ρ)(LijrD
r
0k + LrjD

r
ik + LirD

r
jk = ρkLij (2.14)

In order to find the difference tensor Di
jk, we construct supplementary equation

to (2.14) from (2.4a) we obtain

ρjL̄i = eσ∂jLi + ∂jbi (2.15)

From Li|j = 0 equation (2.15) is written in the form

L̄irN̄
r
j + L̄rF̄

r
ij = (eσ + ρ)LirN

r
j + (Lr + br)F

r
ij + bi|j

By means of (2.4) and (2.13) this equation may be written in the tensorial form
as,

(eσ + ρ)LirD
r
0j + (lr + br)D

r
ij = bi|j (2.16)

To find the difference tensor Di
jk we have the following[4],

Lemma 2.2The system of algebraic equation

(1)LirA
r = Bi (2)(lr + br)A

r = B

has a unique solution Ar for given B and Bi such that Bil
i = 0, The solution is

given by
Ai = LBi + τ−1(B − LBβ)l

i

.
where subscript β denote the contraction by bi

Now we give the following result.
Theorem 2.1The Cartan’s connection of F̄n is completely determined by equation
(2.14) and (2.16) in terms of Fn. It is obvious that (2.16) is equivalent to the two
equations ,

(eσ + ρ)(LirD
r
0j + LjrD

r
0i) + 2(lr + br)D

r
ij = 2Eij (2.17)

(eσ + ρ)(LirD
r
0j − LjrD

r
0i) = 2Fij (2.18)

Where we put,
2Eij = bi|j + bj|i, 2Fij = bi|j − bj|i (2.19)

on the other hand (2.14) is equivalent to

2(eσ + ρ)LjrD
r
ik + (eσ + ρ)(LijrD

r
0k + LjkrD

r
0i
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− LkirD
r
oj) = ρkLij + ρiLjk − ρjLki (2.20)

contracting (2.17) with yj , we get

(eσ + ρ)LirD
r
00 + 2(lr + br)D

r
0i = 2Ei0. (2.21)

Similarly from (2.18) and (2.20), we obtain

(eσ + ρ)LirD
r
00 = 2Fi0 (2.22)

(eσ + ρ)(LirD
r
0j + LjrD

r
0i + LijrD

r
00) = ρ0Lij (2.23)

contracting of (2.21) with yi gives

(lr + br)D
r
00 = E00 (2.24)

Now first consider (2.22) and (2.24) and apply lemma (2.1) to obtain,

Di
00 = (eσ + ρ)−12LF i

0 + τ−1(E00 − 2L(eσ + ρ)−1Fβ0)l
i (2.25)

where we put F i
0 = gijFj0

Secondly we add (2.18) and (2.23) to obtain

LirD
r
0j = Gij (2.26)

where we put

Gij = (2(eσ + ρ))−1(2Fij + ρ0Lij − (eσ + ρ)LijrD
r
00). (2.27)

The equation (2.21) is written in the form

(lr + br)D
r
0j = GJ (2.28)

where we put

Gj = Ej0 − 2−1(eσ + ρ)LjrD
r
00. (2.29)

Substituting from (2.25) in (2.27), we obtain

Gij = (eσ + ρ)−1[Fij − LLijrF
r
0 + Lij((e

σ + ρ)E00 − 2LFβ0 + Lρ0)(2L)
−1] (2.30)

By virtue of (2.22),Gj are written as

Gj = Ej0 − Fj0 (2.31)

Thus we have obtained the system of equation’s (2.26) and (2.28),and applying
lemma (2.2) to these equation’s we obtain

Di
0j = LGi

j + τ−1(Gj − LGβj)l
i (2.32)

where we put Gi
j = gir Grj

Finally from (2.20) and (2.17), we get

LirD
r
jk = Hijk (lr + br)D

r
jk = Hjk (2.33)

where we put

Hjk = Ejk − (eσ + ρ)

2
(LjrD

r
0k + LkrD

r
0j)

Hijk = (2(eσ + ρ))−1(ρkLij + ejLik − ρiLkj)−
1

2
(LijrD

r
0k + LikrD

r
0j − LkjrD

r
0i)

Now applying lemma (2.1) to equation (2.33), we get

Di
jk = LHi

jk + τ−1(Hjk − LHβjk)l
i (2.34)
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where we put Hi
jk = ghi Hhjk . By virtue of (2.32) Hijk and Hjk are written in

terms of known quantites,

Hijk =
1

2
L(LkjrG

r
i − LijrG

r
k − LikrG

r
j) + LijAk + LikAj − LjkAi (2.35)

Hjk = Ejk − (eσ + ρ)
L

2
(LjrG

r
k + LkrG

r
j) (2.36)

where
Ai = (2(eσ + ρ))−1ρi + (2τ)−1(Gi − LGβi)

3. The h-torsion tensor R̄hjk of F̄n

Let Fn be a locally Minkowski space whose fundamental function L is expressed
by L(y) = (gijy

iyj)
1
2 (yi = dxi) in terms of an adoptable co-ordinate system xi .

The connection parameter CΓ of the certain connection of Fn is given by

F i
jk = 0, N i

j = F i
0j = 0, Ci

jk = girCrjk (3.1)

Thus the h-covariant differentiation Xi|j of a covariant vector field Xi may be
written asXi|j =∂jXi . In view of (2.13), (2.32) and (3.1), the connection parameter

N̄ i
j of F̄n may be written as

N
i

j = LGi
j + τ−1(Gj − LGβj)l

i (3.2)

The value of Gij in (2.30) may be written as

Gij = (eσ + e)−1{Aij + L−1(Fj0(li + Fi0lj) + Lj) +Ghij} (3.3)

where
G = (2LL̄)−1((eσ + ρ)E00 − 2LFβ0 + L̄ρ0) (3.4)

and
Aij = Fij − 2CijrF

r
0 (3.5)

The h-torsion tensor R̄hjk of (Mn, L̄ is defined

R̄hjk = V(j,k){h̄hi(∂kN̄
r
j − N̄r

k ∂̇rN̄
i
j)} (3.6)

The symbol V(j,k) denotes the interchange of (j, k) and substraction. In view of
(2.6), we have

R̄hjk = V(j,k){(eσ + ρ)L̄Lhi(∂kN̄
i
j − N̄r

j ∂̇rN̄
i
j)} (3.7)

By virtue of (3.1) and (2.13) equation (2.26) may be written as LhiN̄
i
j = Ghi, by

which we write Lhi∂hN̄
i
j = Gh|j and V(j,k){LhiN̄

r
k ∂̇rN̄

i
j} = V(j,k)(LG

r
k∂rGhj) Thus

(3.7) may be written as

R̄hjk = (eσ + ρ)V(j,k){L̄(Ghj|k − LGr
k∂rGhj)} (3.8)

By virtue of equation (3.3), we have

Gkj|h = (eσ + ρ)−1[Ahj|k + L−1(lhFj0|k + ljFh0|k) +G|khhj ]

− (eσ + ρ)−2ρk(Ahj + L(lhFj0 + ljFh0) +Ghhj) (3.9)

∂̇rGhj = (eσ + ρ)−1[−2(Fm0∂̇rC
m
hj + Cm

hjFmr) + ∂̇rGhhj + (G

− ρ0(2L)
−1)(2Chjr − L−1(lhhjr + ljhhr)) + L−2(hhr − lhlr)Fj0
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+ (hjr − lj lr)Fh0) + L−1((lhFjr + ljFhr + 2−1(ρjhhr − ρhhjr)). (3.10)

From equation (3.3) and (3.10), we get

(eσ + ρ)2V(j,k){Gr
k∂̇rGhj} = V(j,k){−[Ar

j ∂̇rG+G∂̇jG+ L−1lj(F
r
0 ∂̇rG+G2)

− L−2G(Fj0 − 2−1ρ0lj + 2−1Lρj)]hhk + 2Ar
j(Fs0∂̇rC

s
hk +Cs

hkFsr + (2L)−1ρ0Chkr)

+ 2GFs0(∂̇jC
s
hk + 2Cs

jrC
r
hk)− L−2(AhjFk0 − Fh0Fjk − F r

0Fjrlhlk)− L−1[Ar
jFhrlk

+2F r
0 ((Fs0∂̇rC

s
hj+Cs

hj(Fsr)lk+2F r
0C

s
rjFsklh)]−L−2ρ0ChjrF

r
o lk+2−1L−2ρ0(lhAjk

+ ljAhk + L−1lhljAk0) + 2−1L−1(ρjAhk − ρhAjk) + 2−1L−2ρj(lhAk0 + lhFho)}.
(3.11)

on substituting (3.9) and (3.11) in (3.8) and we get
Theorem 3.1The h-torsion tensor R̄hjk of the Finsler space F̄n is written in the
form

R̄hjk = (eσ + ρ)−1V(j,k){L̄L G′
j hhk +L2Khjk + (lhkjk + ljKkh)− lhljk0k} (3.12)

where

G′
j = Ar

j ∂̇rG+G∂̇jG− L−1(G|j(e
σ + rho)− (F r

r ∂̇rG+G2)lj)

−L−2GFj0 + 2−1L−2G(Lρj − ρ0lj).

Kjk = Kjok − τ(Ai
kFji − 2GCs

jkFs0 + L−1(2Fj0Fk0 + ρ0Ajk

+ρ0CjkrF
r
0 + (2L)−1(ρkFj0 + ρjFk0))

Khjk = τ [L−1(eσ+rho)Ahjk−2Ar
j(Fs0∂̇rC

s
hk+Cs

hkFsr)−2GFs0(∂̇jC
t
hk+2Cs

jrC
r
hk)

+L−2(AhjFk0 − Fh0Fjk) + ρ0L
−1ChjrA

r
h + (2L)−1(ρAhk + ρhAjk)].

If the Finsler space F̄n is of scalar curvature R̄ then we have the equation R̄i0j =

R̄ L̄2 h̄ij [4]. If the scalar R̄ is constant then F̄n is said to be of constant curvature.
From equation (3.12) the contracted h-torsion tensor R̄i0j of F̄n is given by

R̄i0j = (eσ + ρ)−1(L̄LG′
0hij + L2Wij − L(liWj0 + ljWi0) +W00lilj) (3.13)

where we put Wij = Ki0j −Kij0 +Kij and Wij is symmetric in the indices i and
j. Equation R̄i0j = R̄L̄2h̄ij may be written as R̄i0j = τ(eσ + ρ)R̄L̄2hij .Thus from
equation (3.13) we get the following :
Theorem 3.2 Let F̄n be a Finsler space with the metric L̄ = eσL + β where
L = (gij(y)y

iyj)1/2, β = bi(x, y)y
i and bi is an h vector in (Mn, L). If F̄n is of

scalar curvature R̄ then the matrix [λhij − Wij ] is of rank less than three where
λ = τ((eσ + ρ)2τ2R̄−G′

0).
Now we consider the case Fij = 0. In this case Aij = 0,Kijk = 0,Kij = 0 and

hence Wij = 0 holds good. Therefore the tensor R̄i0j of F̄n is reduced to the form
R̄i0j = (eσ + ρ)−1L̄LG′

0hij . Consequently we have the following
Theorem 3.3Let F̄n be an above Finsler space. If the condition Fij = 0 is satisfied,
then F̄n is of scaler curvature R̄ = ((eσ + ρ)τ)−2G′

0. Now we get the following,
Theorem 3.4 In the above theorem if the scalar R̄ is constant, then R̄ = 0 and
the space F̄n is a locally Minkowskian space.
Proof. From equation (2.3) and Fij = 0 we get

2∂̇rFij = L−1(ρjhir − ρihjr) = 0 (3.14)
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which after contraction with yi gives ρ0 = 0. Thus contracting equation (3.14)
withgjr we get ρj = 0.Therefore the scalar R̄ is written in the form

R̄ = ((eσ + ρ)τ)−2(G2b− L−1(eσ + ρ)G|0 (3.15)

From equation (3.15) and G = (eσ + ρ)E00(2LL̄)
−4 it follows that the condition

R̄ = constant is written in the form

[2βE00|0 − 3E2
00 + 4(L4 + 6L2β2 + β4)C]

+ 2L[E00|0 + 8β(L2 + β2)C] = 0 (3.16)

from above equation we see that first bracket is a fourth degree polynomial and
second bracket is third degree polynomial in yi .Therefore we write

2βE00|0 − 3E2
00 + 4(L4 + 6L2β2 + β4)C = 0 (3.17)

E00|0 + 8β(L2 + β2)C = 0 (3.18)

From equation (3.17) and (3.18) we get

3E2
00 = 4C(L2 − β)(L2 + 3β2) (3.19)

If C ̸= 0 then in view of Fij = 0 and b0|0 = 0, the h-covariant derivative of (3.19)
gives

3E00|0 = 8Cβ(L2 − 3β2) (3.20)

Elimination of E00|0 from (3.18) and (3.20) gives L2βC = 0 from which we get

β = 0 as L2C ̸= 0. Since ∂̇jβ = bj , therefore bi = 0 gives Eij = 0. Hence Equation
(3.19) gives C = 0. This contradicts our assumption C ̸= o. Hence the scalar
R̄ = C = 0 and from equation (3.19) we get E00 = 0. Since Fij = 0 gives ρi = 0,
therefore E00 = 0 implies Fij = 0 that is bi|j = ∂jbi = 0. Thus bi does not contain

xi. Hence F̄n is Locally Minkowskian space.

4. The hv-torsion tensor P̄ijk of F̄n

The hv- torsion tensor P̄hjk of F̄n is defined as

P̄hjk = C̄hjk|0 = yr∂rC̄hjk − ∂̇rC̄hjk N̄r
0 − V(hjk){C̄hjr F̄ r

ko} (4.1)

where V(ijk) denotes the cyclic interchange of indices ijk and summation. In view
of (2.8) and Phjk=Chjk|0 =0, we obtain

yr∂rC̄hjk = C̄hjk|0 = 2(L̄G+ Fβ0)Chjk + V(hjk){(2L)−1(ρ0mk

+ (eσ + ρ)(bk|0 − Lτ−1Golk)hhj} (4.2)

∂̇rC̄hjk = τ(eσ + ρ)∂̇rChjk + L−1(eσ + ρ)Chjkmr + V(hjk){(eσ + ρ)L−1Chjrmk

+ (2L2)−1(eσ + ρ)(nkr + (ρ− βL−1)hkr) + 2L2)−1(eσ + ρ)hhrnjk} (4.3)

where we put nij = limj + ljmi, therefore from (3.2), (3.3) and (4.3), we get

∂̇rC̄hjkN̄
r
0 = 2L̄∂̇rChjkF

r
0 − (2L̄G− L̄ρ0 − 2Fβ0)Chjk + V(hjk){2Fr0C

r
hjmk

−L−1Fh0njk − hhj(L
−1Fβ0lk −L−1)(ρ− βL−1)Fk0 + (G− (2L)−1ρ0)mk)} (4.4)

By virtue of equation (3.2), (3.3) and (2.8), we have

V(hjk){C̄hjrF̄
r
k0} = 3L̄GChjk + V(hjk){L̄Cr

hj(Ark + L−1Fr0lk)

− 2Cr
hjFr0mk + L−1Fh0njk +

1

2
hij(Aβk + L−1Fβ0lk + L−2βFk0 + 3Gmk)} (4.5)
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from equation (4.2), (4.4) and (4.5) equation (4.1) gives the following
Theorem 4.1 The hv-torsion tensor P̄hjk of a Finsler space F̄n is written as

P̄hjk = −2τThjkrF
r
0 + (L̄G− τρ0)Chjk + V(hjk){τCr

hj(Fr0lk + LFkr) + hhjPk}

. where

2Pk = −Aβk + L−1[(eσ + ρ)Ek0 + (τ − ρ)Fk0 − (Fβ0 + 2L̄G− τρ0)lkGmk

Thjkr = LChjk|r + ChjrlrV(hjk){Crjklh}
If the condition Fij = 0 is satisfied then the hv-torsion tensor P̄hjk of F̄n is given
by

P̄hjk = (L̄G− τρ0)Chjk + V(hjk){hhjPk} (4.6)

where

G = (2LL̄)−1{(eσ + ρ)E00 + L̄ρ0}

2Pk = L−1[(eσ + ρ)Fk0 − (2L̄G− τρ0)lk]−Gmk.

Now we shall treat a Landsberg space of F̄n. Such a space is by definition, a
Finsler space with vanishing of hv-torsion tensor P̄hjk. On the other hand a Finsler
space F̄n with ¯Chij|k = 0 is called a Berwald space.

Theorem 4.2 Let F̄n(n ≥ 3) be a Finsler space with the metric L̄ = eσL + β
where L = (gij(y)y

iyj)1/2, β = bi(x, y)y
i and bi is an h vector in (Mn, L). In the

case Fij = 0 if F̄n is a Landsberg space then F̄n is a Berwald space.
Proof. The condition (L̄G− τρ0) = 0 implies that E00 = 0 i.e. Eij = 0 and hence
Fij = 0 it follows that bi is independent of x

i. Thus F̄n is locally Minkowskian. In
the case (L̄G− τρ0) ̸= 0,from equation (4.6) it follows that P̄hjk is equivalent to

Chjk = (L̄G− τρ0)
−1V(hjk){hhjPk}

Hence Fn is C-reducible, then F̄n is also C-reducible. Then F̄n is a Berwald space
[5].

5. Some curvature Properties of Finsler space F̄n

The v-curvature tensor Sijkl of Fn with respect to Cartan connection CΓ is
written in the form

Sijkl = CilmCm
jk − CikmCm

jl (5.1)

A Finsler space Fn (n ≥ 4) is called S3 -like[6] if the v-curvature tensor Sijkl is of
the form

Sijkl =
S

(n− 1)(n− 2)
(hikhjl − hilhjk) (5.2)

where the scalar S is function of co-ordinates only.
A non-Riemannian Finsler space Fn (n ≥ 5) is called S4-like [7] if Sijkl iis of the

form of

L2Sijkl = hikMjl + hjlMik − hilMjk − hjkMil (5.3)

whereMij is symmetric and indicatory tensor.
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A non-Riemannian Finsler space Fn of dimension n ≥ 3 is called C-reducible [5]
if the (h)hv-torsion tensorCijk is written in the form of

Cijk =
1

n+ 1
(Cihjk + Cjhki + Ckhij) (5.4)

where Ci = Cj
ij

A Finsler space Fn(n ≥ 2) with C2 = gijCiCj ̸= 0 is called C2-like[8], if (h)hv-
torsion tensor Cijk is written in the form of

Cijk =
1

C2
CiCjCk (5.5)

A Finsler space Fn(n ≥ 3) with C2 ̸= 0 0 is called semi C-reducible[7], if the
(h)hv-torsion tensor Cijk is of the form of

Cijk =
P

(n+ 1)
(hijCk + hjkCi + hkiCj) +

q

C2
CiCjCk (5.6)

where p and q = (1− p) does not vanish p is called the characteristic scalar of the
Fn .

From equation (5.1) and (2.8) and (2.10), the v-curvature tensor of F̄n is given
by

S̄ijkl = τ(eσ + ρ)Sijkl + hjkdil + hildjk − hjldik − hikdjl (5.7)

where dil = (eσ + ρ){ m2

8LL̄
hil +

ρ
2L2hil +

1
4L̄L

miml} and m2 = mim
i, mi = gijmj

Let us suppose that Fn be an S3-like Finsler space, then from equation (5.2),
(2.6) and (5.7), we have

S̄ijkl = h̄ilPjk + h̄jkPil − h̄jlPik − h̄ikPjl

where

Pij = {τ(eσ + ρ)}−1 − S

(n− 1)(n− 2)
hij

Which shows that F̄n is an S4 - like Finsler space .
Let us suppose that Fn is an S4-like Finsler space then from the equation (5.3),

(2.6) and (5.7), we obtain

S̄ijkl = h̄jkBil + h̄ilBjk − h̄jlBik − h̄ikBjl

where
Bij = {(τ(eσ + ρ))−1dij − L−2Mij}

Which show that F̄n is an S4 - like Finsler space.
Next let us suppose that Sijkl = 0 then from equation (2.6) and (5.7),we get

S̄ijkl = h̄jkEil + h̄ilEjk − h̄jlEik − h̄ikEjl

Where
Ejk = {τ(eσ + ρ)}−1djk

which shows that F̄n is an S4-like Finsler space Summarizing all these results we
get the following.
Theorem 5.1 If Fn is any one of the following Finsler spaces

(a) S3-like Finsler space
(b) S4-like Finsler space
(c) A Finsler space with vanishing v-curvature tensor,
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then Fn is an S4 - like Finsler space.
The v-curvature tensor Sijkl of a C-redusible Finsler space has been obtained by

Matsumoto[5] is of the following form

Sijkl = (n+ 1)−2(hilCjkCil − hikcjl − hjlCik) (5.8)

where (a) Cij = 2−1C2hij + CiCj Since Cij is a symmetric and indicatory tensor
therefore (5.8) shows that Fn is an S4-like Finsler space.

Thus in view of theorem (5.1) we have the following result.
Theorem 5.2 If Fn is a C-reducible Finsler space, then F̄n is an S4-like Finsler
space.

From equation (5.1) and (5.5) it can be shown that the v-curvature tensor Sijkl

of a C2-like Finsler space vanishes. Therefore in view of theorem (5.1) we have the
following.
Theorem 5.3 If Fn is a C2-like Finsler space, then F̄n is an S4-like Finsler space.
Acknowledgement: The authors are thankful to referee for his/her valuable com-
ments and observations which help in improving the paper.
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