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NEW EXACT SOLUTIONS FOR A SEMICONDUCTOR

NONLINEAR REACTION-DIFFUSION EQUATION:THE

COMBINATION OF THE FACTORIZATION METHOD TO THE

PROJECTIVE RICCATI EQUATION METHOD

MIBAILE JUSTIN, GASISSOU MARCEL, GAMBO BETCHEWE, SERGE Y. DOKA AND
KOFANE TIMOLEON CREPIN

Abstract. The projective Riccati equation method is applied to the first
equation of the semiconductor one level impact ionization nonlinear reaction-
diffusion equation. The obtained solutions, combined to the factorization
method leads to the solutions of the second one equation. Such a use of
the combination of these two methods yields new solutions which are classi-
fied as, periodic, and soliton. As a result, some of that obtained solutions
behave like: two different fasten anti-kink soliton, and peakon soliton. The
obtained solutions are found to be very interesting since they could be helpful
in semiconductor electronics device engineering and many other domains.

1. Introduction

Nowadays, many nonlinear evolution equations are involved in various domains
such as in economics, in astronomy, in physics, in mechanics, in chemistry, in bi-
ology, in engineering, and in mathematics. Among all these evolution equations,
partial differential equations are very used to model nonlinear wave phenomena;
which are observed in fluid dynamics, plasma, semiconductors, optical fibers, and
so on [1].
Moreover, exact solutions of nonlinear evolution equations could be an important
tool for the understanding of the phenomena that they describe. By means of these
equations scientists and engineers could have an idea of the physical behavior of the
above phenomena. Specially, a deep insight on their stability could be obtained.
Therefore, it is very important to investigate explicit solutions of nonlinear evolu-
tion equations.
Then, researchers have established many powerful methods for such purpose. Among
all the existing methods, we can list: the sub- ODE. method [2], the ansatz method
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[3, 4], the Hirota bilinear method [5], various tanh methods [6]-[9], the homoge-
neous balance method [10], the projective Riccati equation method [11], the Weier-

strass elliptic function method [12], the Sine- Cosine method [13],[14], the (G
′
/G)

-expansion method [15],[16], the factorization method[17], just to name a few.
Among all the solutions obtained by the above methods, the solitary and the pe-
riodic are the most famous since they are the most sought through literature, and
they are those who have many applications. Moreover, such solutions could help
engineers to introduce new devices; for example new classes of solitary and peri-
odic current filaments formation in semiconductor could be helpful for introducing
new electronic devices. In addition, wave form of the electric field generated by a
semiconductor could also give birth to new kind of wireless communication.
In the framework of this work, a particular type of nonlinear evolution equations
concerns us: the nonlinear reaction diffusion equation (NRDE). This type of equa-
tions are generally used to describe the evolution of concentrations of one or many
spatially distributed substances, which are submitted to two processes: a local
chemical reaction where substances are transformed and the diffusion process which
spreads spatial the substances. Such a description let us think that NRDEs are only
involve in chemistry. Whoever, NRDEs are widely used to model other dynamic
phenomena in nature.
Then, in this paper, we focus on the following semiconductor NRDE,

∂n

∂t
= fgr +Dn

∂2n
∂x2 , (1a)

∂E

∂t
= fE +DE

∂2E
∂x2 , (1b)

where

fgr = n(ND −NA − n)AI + (ND −NA − n)AT − n(n+NA)BT , (2a)

fE = −γ(E − E0 + enCEµr). (2b)

These equations model the one level impact ionization phenomenon [18],[19]; which
is the nonequilibrium phase transitions phenomena stemming from the self-organization
processes of generation and recombination. The function fgr describes the gener-
ation recombination processes. The parameters n, E, E0 and C are, the electron
density, the electric field, the external applied electric field, the slope of load line,
respectively. In the same way, the quantities Dn, DE and µr are, the electron
diffusion constant, the diffusion constant which is related to the electric field and
the electron mobility, respectively. The parameter γ is a constant. The constants
ND and NA stand for the concentration of donors and acceptors; moreover, AI , AT
and BT are the impact ionization rate, the thermal ionization rate and the thermal
recombination rate, respectively.
A study on this equation have recently be done [19] and as solutions according to
the electrons density only tanh and coth have been found as solutions; and the
electric field has been expressed as series expansion function. Periodic and com-
bination of other hyperbolic solutions of this equation has not be found yet. This
constitute the scope of this work. Our aim is to solve the Eq(1a) by means of the
projective Riccati equation method, and then, use its obtained solutions combined
to the factorization method to solve the Eq(1b). In other to fulfill such propose, we
outline our paper as follows: in section 2 we present briefly the projective Riccati
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equation method and the factorization method, the section 3 is devoted to their
discussion to the Eq(1), and then, the section 4 is allowed to concluding remarks.

2. Description of the methods

2.1. The the projective Riccati equation method. This method is well de-
scribed in [20]. Consider the following partial differential equation:

P (u, ux, ut, uxx, uxt, utt, ...) = 0. (3)

By setting ξ = wx − ct where c is the propagation speed, and w a constant, we
obtain,

Q(u, uz, uz, uzz, ...) = 0, (4)

which is an ordinary differential equation.
We consider that the solution of Eq (4) is as follows

u(ξ) =

N
∑

i=1

(σ(ξ))i−1 [Aiσ(ξ) +Biτ(ξ)] +A0, (5)

Where σ and τ satisfy,

σ
′

(ξ) = eσ(ξ)τ(ξ), τ
′

(ξ) = eτ(ξ)2 − µσ(ξ) + r. (6)

The parameters r 6= 0, µ, Ai, Bi, e = ±1 and N are constants to be determined.
The determination of N for example is achieved by balancing the highest order
derivatives and nonlinear terms appearing in Eq (4). Also, it is easy to realize that
Eq (6) possesses a first integral of the following form

τ2(ξ) = e[r +
µ2 − 1

r
σ2(ξ)− 2µσ(ξ)]. (7)

Solutions of Eq (6) are generally given as [20]:
Case 1 when e = −1 and r 6= 0 solutions are

σ1(ξ) =

√
rsech(

√
rξ)

µsech(
√
rξ) + 1

, τ1(ξ) =

√
r tanh(

√
rξ)

µ tanh(
√
rξ) + 1

, (8a)

σ2(ξ) =

√
rcsch(

√
rξ)

µcsch(
√
rξ) + 1

, τ2(ξ) =

√
r coth(

√
rξ)

µ coth(
√
rξ) + 1

. (8b)

Case 2 when e = 1 and r 6= 0 solutions are

σ3(ξ) =

√
r sec(

√
rξ)

µ sec(
√
rξ) + 1

, τ3(ξ) =

√
r tan(

√
rξ)

µ tan(
√
rξ) + 1

, (9a)

σ4(ξ) =

√
r csc(

√
rξ)

µ csc(
√
rξ) + 1

, τ4(ξ) =

√
r cot(

√
rξ)

µ cot(
√
rξ) + 1

. (9b)

Case 3 when r = µ = 0 solutions are

σ5(ξ) = λξ, τ5(ξ) =
1

e(ξ)
. (10)
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2.2. The factorization method. This method is based on the factorization tech-
nics of differential equations [17]. Let us consider the following equation,

u
′′

+ g(u)u
′

+ f(u) = 0. (11)

The symbol
′
represents D = ∂

∂z , g(u), f(u), are polynomial in u. We can write the
Eq (11) as follows:

(D2 + g(u)D +
f(u)

u
)u = 0. (12)

For f(u) = uh(u), equation (11) can be factorized as follows

(D − ψ2(u))(D − ψ1(u))u = 0. (13)

The expansion of equation (13) leads to

u
′′ − (ψ2 + ψ1 +

∂ψ1

∂u
u)u

′

+ uψ1ψ2 = 0. (14)

Identifying each member of equation (11) to those of (14) yields:

g(u) = −(ψ2 + ψ1 +
∂ψ1

∂u u), (15a)

f(u) = uψ2ψ1. (15b)

The function g is supposed to have the same order with ψ2 and ψ1 for f polyno-
mial. The relation (15) will be used for finding constant parameters. The equation
(13) can be converted to two systems of first order differential equations,

u
′ − ψ1(u)u = 0, (16a)

u
′ − ψ2(u)u = 0. (16b)

Then, by choosing an appropriate ψi a particular solution of Eq.11 can be found.

3. Discussion of the methods to a Semiconductor nonlinear

reaction-diffusion Equation

3.1. Discussion of the projective Riccati equation method to Eq(1a). By
setting ξ = wx − ct, we write Eq(1a) as follows:

w2Dnn
′′

+ cn
′

+ fgr = 0. (17)

Balancing the order of n
′′
to n2 leads to N = 2; then we express n as:

n = A1σ +B1τ +A0 + A2σ
2 +B2σ τ, (18)

Substituting Eq(18) into Eq(17), using Eq (6) along with Eq(7) and collecting all
the terms with the same power of σiτ j , (i = 0, 1, 2, 3, 4 and j = 0, 1) together,
equating each term to zero, leads to the following set of algebraic equations:

−6 DnB2e
3µ2

r − 2AIA2B2 + 6 DnB2e
3

r − 2BTA2B2 = 0,

−BTA2
2+AIB2

2eµ2

r +BTB2
2eµ2

r −AIB2
2e

r −6 DnA2e
3µ2

r −AIA2
2−BTB2

2e
r +6 DnA2e

3

r =
0,
AIB1ND − 2AIB1A0 − 2BTB1A0 − 2DnB1e

3r+2DnB1er−BTB1NA−ATB1 −
AIB1NA = 0,

12DnB2e
3µ−2BTB1A2−2 D1B1e

3µ2

r +2 DnB1e
3

r −2AIB1A2−2AIA1B2−6DnB2eµ−
2BTA1B2 + 2 cA2e = 0,
AIB1

2er − cB1e
2r + cB1r −AIA0

2 −BTA0NA −ATNA +AIA0ND −AIA0NA +
ATND −ATA0 +BTB1

2er −BTA0
2 = 0,

−6DnB2e
3r−AIB2NA+cA1e−2BTA1B1+4DnB1e

3µ−2BTA0B2−3DnB1µ e−
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2AIA0B2 − ATB2 − 2AiA1B1 −BTB2NA +AIB2ND + 5DnB2er = 0,

−2AIB2
2eµ−2BTA1A2−2 cB2e

2µ2

r −2 AIB1eB2

r −2D1A2eµ+2 DnA1e
3

r −2BTB2
2eµ−

2AIA1A2 + 2 BTB1eB2µ
2

r + 12DnA2e
3µ − 2 BTB1eB2

r + 2 cB2e
2

r + 2 AIB1eB2µ
2

r −
2 DnA1e

3µ2

r = 0,

−AIA1NA + 2AIB1eB2r − 2DnA1e
3r + 2BTB1eB2r + AIA1ND − 2BTB1

2eµ+
2 cB1e

2µ−2BTA1A0+DnA1er−BTA1NA−2AIA1A0−cB1µ+cB2r−2 cB2e
2r−

ATA1 − 2AIB1
2eµ = 0,

− cB1e
2µ2

r +AIA2ND+ AiB1
2eµ2

r + BTB1
2eµ2

r −2BTA0A2−4AIB1eB2µ+AIB2
2er−

4BTB1eB2µ + 4DnA1e
3µ − AIA1

2 − AIA2NA − ATA2 − BTA1
2 − DnA1eµ −

BTA2NA+BTB2
2er−cB2µ+2DnA2er−BTB1

2e
r −6DnA2e

3r−AIB1
2e

r −2AiA0A2+
cB1e

2

r + 4 cB2e
2µ = 0.

The resolution of this set of equations by means of Maple leads to two kinds of
solutions viz the solitary and the periodic ones:

3.1.1. Periodic solutions. They all correspond to the solutions of the above equa-
tion for the case e = 1
Case 1

e = 1,

µ =

√
α+β+24AI

2BT
2A1

2NA
2+8AIBTA1

2AT
2+16AIBT

3A1
2NA

2+c4

c2

α = −24AI
3BTA1

2NDNA−24AI
2BT

2A1
2NAND+32Ai

2BTA1
2ATND+40AIBT

2A1
2ATND−

8AIBT
3A1

2NAND − 24AIBT
2A1

2ATNA,
β = 4BT

2A1
2AT

2+4BT
4A1

2NA
2+4AI

4A1
2NA

2+4AI
4A1

2ND
2+4AI

2A1
2AT

2−
8BT

3A1
2ATNA+16BT

3A1
2ATND−24AI

2BTA1
2ATNA−8Ai

4A1
2NDNA+16AI

3BTA1
2NA

2−
8AI

3A1
2ATNA + 8Ai

3A1
2ATND + 8AI

3BTA1
2ND

2 + 4AI
2BT

2A1
2ND

2,

r = − θ−2BTNAAIND+2BTNA
2AI+AI

2ND
2
−2AI

2NDNA+AI
2NA

2+4ATNDBT

c2 ,

θ = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA + BT

2NA
2,

A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
,

A1 = A1, A2 = 0, B1 = 1/2 (BT +AI)
−1
, B2 = 0, w = 0.

This leads to the following solutions:

n1 =
A1

√
r sec (

√
rξ)

µ sec (
√
rξ) + 1

+
B1

√
r tan (

√
rξ)

µ tan (
√
rξ) + 1

+A0, (19a)

n2 =
A1

√
r csc (

√
rξ)

µ csc (
√
rξ) + 1

+
B1

√
r cot (

√
rξ)

µ cot (
√
rξ) + 1

+A0. (19b)

Case 2

e = 1, µ = 1,

r = − δ+2BTNA
2AI+AI

2ND
2
−2AI

2NDNA+AI
2NA

2+4ATNDBT

c2

δ = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA +BT

2NA
2 − 2BTNAAIND,

A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
, A1 = 0, A2 = 0, B1 = 1/2 c

BT+AI
, B2 = 0, w =

0
This also leads to the following solutions:

n3 =
B1

√
r tan (

√
rξ)

tan (
√
rξ) + 1

+A0, (20a)

n4 =
B1

√
r cot (

√
rξ)

cot (
√
rξ) + 1

+A0 (20b)
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Case 3

e = 1, µ = −1, r = − ǫ+2BTNA
2AI+AI

2ND
2
−2AI

2NDNA+AI
2NA

2+4ATNDBT

c2 ,

ǫ = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA +BT

2NA
2 − 2BTNAAIND,

A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
, A1 = 0, A2 = 0,

B1 = 1/2 c
BT+AI

, B2 = 0, w = 0
Then, the associated solutions are:

n5 =
B1

√
r tan (

√
rξ)

− tan (
√
rξ) + 1

+A0, (21a)

n6 =
B1

√
r cot (

√
rξ)

− cot (
√
rξ) + 1

+A0. (21b)

Case 4

e = 1, µ = 1, A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
,

A1 =
Dn18

√
(η−1250Dn

2AI
2NDNA−1250Dn

2ATBTNA−1250Dn
2BTNAAIND+1250Dn

2BTNA
2AI)

−1c2

BT+Ai
,

η = −1250Dn
2ATAINA + 625Dn

2BT
2NA

2 + 625Dn
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT+625Dn

2AI
2ND

2+625Dn
2AI

2NA
2, A2 = 0, B1 = 3/5 c

BT+AI
, B2 =

0, r = − 25
36

ζ+2BTNA
2AI+AI

2ND
2
−2AI

2NDNA+AI
2NA

2+4ATNDBT

c2 , ζ = AT
2−2ATBTNA+

2ATAIND − 2ATAINA +BT
2NA

2 − 2BTNAAIND,

w = 4
√
36

4

√

(

ϑ− 1250Dn
2ATBTNA − 1250Dn

2BTNAAIND + 1250Dn
2BTNA

2AI
)−1

c

ϑ = −1250Dn
2ATAINA + 625Dn

2BT
2NA

2 + 625Dn
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2AI

2NA
2 − 1250Dn

2Ai
2NDNA.

The corresponding solutions are the following:

n7 =
A1

√
r sec (

√
rξ)

sec (
√
rξ) + 1

+
B1

√
r tan (

√
rξ)

tan (
√
rξ) + 1

+A0, (22a)

n8 =
A1

√
r csc (

√
rξ)

csc (
√
rξ) + 1

+
B1

√
r cot (

√
rξ)

cot (
√
rξ) + 1

+A0. (22b)

Case 5

e = 1, µ = −1, r = − 25
36

̟−2AI
2NDNA+AI

2NA
2+4ATNDBT

c2 ,

̟ = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA + BT

2NA
2 − 2BTNAAIND +

2BTNA
2AI +AI

2ND
2, A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
,

A1 = −18
Dn

2
√

(ψ−1250Dn
2AI

2NDNA−1250Dn
2ATBTNA−1250Dn

2BTNAAIND+1250Dn
2BTNA

2AI)
−1c2

BT+AI
,

ψ = −1250D1
2ATAINA + 625Dn

2BT
2NA

2 + 625Dn
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT + 625Dn

2Ai
2ND

2 + 625Dn
2AI

2NA
2,

A2 = 0, B1 = 3/5 c
BT +AI

, B2 = 0,

w = 4
√
36

4

√

(

̺− 1250Dn
2ATBTNA − 1250Dn

2BTNAAIND + 1250Dn
2BTNA

2AI
)−1

c,

̺ = −1250Dn
2ATAINA + 625Dn

2BT
2NA

2 + 625Dn
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2AI

2NA
2 − 1250Dn

2Ai
2NDNA,

Then, the obtained solutions are:

n9 =
A1

√
r sec (

√
rξ)

− sec (
√
rξ) + 1

+
B1

√
r tan (

√
rξ)

− tan (
√
rξ) + 1

+A0, (23a)

n10 =
A1

√
r csc (

√
rξ)

− csc (
√
rξ) + 1

+
B1

√
r cot (

√
rξ)

− cot (
√
rξ) + 1

+A0. (23b)
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Case 6

e = 1, µ = µ, r = − 25
36

χ+2BTNA
2AI+AI

2ND
2
−2AI

2NDNA+AI
2NA

2+4ATNDBT

c2 ,

χ = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA +BT

2NA
2 − 2BTNAAIND,

A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
,

A1 = 3

√

36
√

(ρ−1250Dn
2BTNAAIND+1250Dn

2BTNA
2AI)

−1Dn

(

µ2+
√
µ2

−1µ−1
)

c2√
µ2

−1(BT+AI)
,

ρ = −1250Dn
2ATAINA + 625Dn

2BT
2NA

2 + 625D1
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2AI

2NA
2 − 1250Dn

2AI
2NDNA −

1250Dn
2ATBTNA,

A2 = 108
25

√

36
√

Ψc4D1(µ2
−1)

Υ(BT+AI)
,

Ψ = (−1250D1
2ATAINA+625Dn

2BT
2NA

2 +625Dn
2AT

2+1250Dn
2ATAiND +

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2AI

2NA
2 − 1250Dn

2AI
2NDNA −

1250Dn
2ATBTNA − 1250Dn

2BTNAAIND + 1250Dn
2BTNA

2AI)
−1,

Υ = (AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA + BT

2NA
2 − 2BTNAAIND +

2BTNA
2AI +AI

2ND
2 − 2AI

2NDNA +AI
2NA

2 + 4ATNDBT ),

B1 = 3/5 (BT +AI)
−1 , B2 = 108

125

√
µ2

−1c3

Ω(BT+AI)
,Ω = (AT

2−2ATBTNA+2ATAIND−
2ATAINA +BT

2NA
2 − 2BTNAAIND + 2BTNA

2AI + AI
2ND

2 − 2AI
2NDNA +

AI
2NA

2 + 4ATNDBT ),

w = 4
√
36

4
√
Γ−1c,

Γ = −1250Dn
2ATAINA + 625Dn

2BT
2NA

2 + 625Dn
2AT

2 + 1250Dn
2ATAIND +

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2AI

2NA
2 − 1250Dn

2Ai
2NDNA −

1250Dn
2ATBTNA − 1250Dn

2BTNAAIND + 1250Dn
2BTNA

2AI .
The associated solutions are

n11 =
A1

√
r sec (

√
rξ)

µ sec (
√
rξ) + 1

+
B1

√
r tan (

√
rξ)

µ tan (
√
rξ) + 1

+
A2r (sec (

√
rξ))

2

(µ sec (
√
rξ) + 1)

2 + R(ξ), (24a)

R(ξ) =
B2r sec (

√
rξ) tan (

√
rξ)

(µ sec (
√
rξ) + 1) (µ tan (

√
rξ) + 1)

+A0, (24b)

n12 =
A1

√
r csc (

√
rξ)

µ csc (
√
rξ) + 1

+
B1

√
r cot (

√
rξ)

µ cot (
√
rξ) + 1

+
A2r (csc (

√
rξ))

2

(µ csc (
√
rξ) + 1)

2 +Q(ξ), (24c)

Q(ξ) =
B2r csc (

√
rξ) cot (

√
rξ)

(µ csc (
√
rξ) + 1) (µ cot (

√
rξ) + 1)

+A0, (24d)

Case 7 e = 1, µ = 0, r = −1/4 Mc2 ,

M = AT
2 − 2ATBTNA + 2ATAiND − 2ATAINA + BT

2NA
2 − 2BTNAAIND +

2BTNA
2AI +AI

2ND
2 − 2AI

2NDNA +AI
2NA

2 + 4ATNDBT ,
A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
, A1 = 0, A2 = 0, B1 =

c
BT+AI

, B2 = 0, w = 0.
Then, solutions related to these coefficients are,

n13 = B1

√
r tan

(√
rξ
)

+A0, (25a)

n14 = B1

√
r cot

(√
rξ
)

+A0. (25b)

Case 8

e = 1, µ = 0, r = − 25
144

X
c2 ,

X = AT
2 − 2ATBTNA + 2ATAIND − 2ATAINA + BT

2NA
2 − 2BTNAAIND +

2BTNA
2AI +AI

2ND
2 − 2AI

2NDNA +AI
2NA

2 + 4ATNDBT ,

A0 = 1/2 −AT−BTNA+AIND−AINA

BT+AI
, A1 = 0, A2 = − 864

25
c4Dn

√

36
√

P−1

(BT+AI)U
,
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Figure 1. Two different fasten anti-kink: solution for equation
(26a) obtained for sb-doped n-Ge at temperature of T=7.14k,
with parameters values as follows:µr = 1.2 × 106cm/V s,ND =
2.5× 1013, NA = .6× 1012, AI = 5× 10−8, AT = 1.6× 10−2, BT =
8.4 × 10−4; This solitary wave representation of a periodic solu-
tion is obtained because the parameter r is negative for the above
semiconductor parameters.

P = (−1250Dn
2ATAINA+625Dn

2BT
2NA

2+625Dn
2AT

2+1250D1
2ATAIND+

2500Dn
2ATNDBT + 625Dn

2AI
2ND

2 + 625Dn
2Ai

2NA
2 − 1250Dn

2AI
2NDNA −

1250Dn
2ATBTNA − 1250Dn

2BTNAAIND + 1250Dn
2BTNA

2AI),
U = (AT

2 − 2ATBTNA + 2ATAIND − 2ATAINA + BT
2NA

2 − 2BTNAAIND +
2BTNA

2AI +AI
2ND

2 − 2AI
2NDNA +AI

2NA
2 + 4ATNDBT ),

, B1 = 6/5 c
BT+AI

, B2 = 0,

w = 4
√
36

4
√
L−1c, L = (−1250Dn

2ATAINA + 625Dn
2BT

2NA
2 + 625Dn

2AT
2 +

1250Dn
2ATAIND + 2500Dn

2ATNDBT + 625Dn
2AI

2ND
2 + 625Dn

2AI
2NA

2 −
1250Dn

2Ai
2NDNA−1250Dn

2ATBTNA−1250Dn
2BTNAAIND+1250Dn

2BTNA
2AI).

Then, solutions related to these coefficients are,

n15 = B1

√
r tan

(√
rξ
)

+A0 +A2r
(

sec
(√
rξ
))2

, (26a)

n16 = B1

√
r cot

(√
rξ
)

+A0 +A2r
(

csc
(√
rξ
))2

. (26b)

The graphical representation of solution (26a) is given by Fig. 1.

3.1.2. Soliton solutions. These solutions are derived from the resolution of the set
of equations giving by the coefficients for e = −1
Case 1
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e = −1, µ =
√

S
c2 ,

S = 4BT
4A1

2NA
2+4AI

2A1
2AT

2+4AI
4A1

2ND
2+4BT

2A1
2AT

2+4AI
4A1

2NA
2−

24AI
3BTA1

2NDNA−24AI
2BT

2A1
2NDNA−24Ai

2BTA1
2ATNA+32AI

2BTA1
2NDAT−

8AIBT
3A1

2NDNA−24AIBT
2A1

2ATNA+40AIBT
2A1

2NDAT+8AI
3A1

2NDAT+
16BT

3A1
2NDAT−8BT

3A1
2ATNA−8AI

4A1
2NDNA−8AI

3A1
2ATNA+8AI

3BTA1
2ND

2+
16AI

3BTA1
2NA

2 + 24AI
2BT

2A1
2NA

2 + 4AI
2BT

2A1
2ND

2 + 16AIBT
3A1

2NA
2 +

8AIBTA1
2AT

2 + c4,
r = F

c2 , F = AI
2ND

2 − 2AINDBTNA + 2AINDAT − 2AI
2NDNA + BT

2NA
2 −

2BTNAAT + 2BTNA
2AI +AT

2 − 2ATAINA +AI
2NA

2 + 4ATNDBT ,
A0 = 1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = A1, A2 = 0, B1 = −1/2 c

BT+AI
, B2 =

0, w = 0.
solutions are:

n17 =
A1

√
rsech (

√
rξ)

µ sech (
√
rξ) + 1

+
B1

√
r tanh (

√
rξ)

µ tanh (
√
rξ) + 1

+A0, (27a)

n18 =
A1

√
rcsch (

√
rξ)

µ csch (
√
rξ) + 1

+
B1

√
r coth (

√
rξ)

µ coth (
√
rξ) + 1

+A0. (27b)

Case 2

e = −1, µ = 1, r = 1/4 Λ
c2 ,Λ = AI

2ND
2−2AINDBTNA+2AINDAT−2AI

2NDNA+

BT
2NA

2 − 2BTNAAT +2BTNA
2Ai+AT

2 − 2ATAINA+AI
2NA

2 +4ATNDBT ,
A0 = 1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = 0, A2 = 0, B1 = − c

BT+AI
, B2 = 0, w = 0.

This leads us to:

n19 = B1

√
r tanh

(√
rξ
)

+A0, (28a)

n20 = B1

√
r coth

(√
rξ
)

+A0. (28b)

Case 3

e = −1, µ = 0, r = G
c2 , G = AI

2ND
2 − 2AINDBTNA+2AINDAT − 2AI

2NDNA+

BT
2NA

2−2BTNAAT+2BTNA
2AI+AT

2−2ATAINA+AI
2NA

2+4ATNDBT , A0 =
1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = 0, A2 = 0, B1 = −1/2 c

BT+AI
, B2 = 0, w = 0.

Correspondingly, solutions are:

n21 =
B1

√
r tanh (

√
rξ)

tanh (
√
rξ) + 1

+A0, (29a)

n22 =
B1

√
r coth (

√
rξ)

coth (
√
rξ) + 1

+A0. (29b)

Case 4

e = −1, µ = −1r = J
c2 , J = AI

2ND
2−2AINDBTNA+2AINDAT −2AI

2NDNA+

BT
2NA

2−2BTNAAT+2BTNA
2AI+AT

2−2ATAINA+AI
2NA

2+4ATNDBT , A0 =
1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = 0, A2 = 0, B1 = −1/2 c

BT+AI
, B2 = 0, w = 0.

n23 =
B1

√
r tanh (

√
rξ)

µ tanh (
√
rξ) + 1

+A0, (30a)

n24 =
B1

√
r coth (

√
rξ)

µ coth (
√
rξ) + 1

+A0. (30b)

Case 5

e = −1, µ = −1, r = 25
144

H
c2 , H = AI

2ND
2−2AINDBTNA+2AINDAT−2AI

2NDNA+

BT
2NA

2 − 2BTNAAT +2BTNA
2AI +AT

2 − 2ATAINA+AI
2NA

2 +4ATNDBT ,
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A0 = 1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = 0,

A2 = − 864
25

c4Dn

√

36
√

Θ−1

(BT+AI)Ξ
,

Θ = (−1250Dn
2BTNAAT+2500Dn

2ATNDBT+625Dn
2AI

2ND
2−1250Dn

2AI
2NDNA+

1250Dn
2AINDAT + 1250Dn

2BTNA
2AI + 625D1

2BT
2NA

2 + 625Dn
2AI

2NA
2 −

1250Dn
2AINDBTNA + 625D1

2AT
2 − 1250Dn

2ATAINA),
Ξ = (AI

2ND
2−2AINDBTNA+2AINDAT−2Ai

2NDNA+BT
2NA

2−2BTNAAT+
2BTNA

2AI +AT
2 − 2ATAINA +AI

2NA
2 + 4ATNDBT ),

B1 = −6/5 c
BT+AI

, B2 = 0,

w = 4
√
36 4

√
̥−1c,̥ = (−1250Dn

2BTNAAT+2500Dn
2ATNDBT+625Dn

2Ai
2ND

2−
1250Dn

2AI
2NDNA+1250Dn

2AINDAT+1250Dn
2BTNA

2AI+625Dn
2BT

2NA
2+

625D1
2AI

2NA
2 − 1250Dn

2AINDBTNA + 625Dn
2AT

2 − 1250Dn
2ATAINA)

solutions are:

n25 = B1

√
r tanh

(√
rξ
)

+A0 +A2r
(

sech
(√
rξ
))2

, (31a)

n26 = B1

√
r coth

(√
rξ
)

+A0 +A2r
(

csch
(√
rξ
))2

. (31b)

Case 6

e = −1, µ = 1, r = 25
36

Y
c2 , Y = AI

2ND
2−2AINDBTNA+2AINDAT−2AI

2NDNA+

BT
2NA

2−2BTNAAT+2BTNA
2AI+AT

2−2ATAINA+AI
2NA

2+4ATNDBT , A0 =
1/2 AIND−BTNA−AT−AINA

BT+AI
,

A1 = −3 Dn

√

36
√

Π−1c2

BT+Ai
,Π = (−1250Dn

2BTNAAT+2500Dn
2ATNDBT+625Dn

2AI
2ND

2−
1250Dn

2AI
2NDNA+1250Dn

2AINDAT+1250D1
2BTNA

2AI+625Dn
2BT

2NA
2+

625Dn
2AI

2NA
2 − 1250Dn

2AINDBTNA + 625Dn
2AT

2 − 1250Dn
2ATAINA),

B1 = −3/5 c
BT+AI

, B2 = 0, A2 = 0,

w = 4
√
36

4
√
m−1c,m = (−1250Dn

2BTNAAT+2500Dn
2ATNDBT+625Dn

2Ai
2ND

2−
1250Dn

2AI
2NDNA+1250Dn

2AINDAT+1250Dn
2BTNA

2AI+625Dn
2BT

2NA
2+

625D1
2AI

2NA
2 − 1250Dn

2AINDBTNA + 625Dn
2AT

2 − 1250Dn
2ATAINA),

Then, we get:

n27 =
A1

√
rsech (

√
rξ)

sech (
√
rξ) + 1

+
B1

√
r tanh (

√
rξ)

tanh (
√
rξ) + 1

+A0, (32a)

n28 =
A1

√
rcsch (

√
rξ)

csch (
√
rξ) + 1

+
B1

√
r coth (

√
rξ)

coth (
√
rξ) + 1

+A0. (32b)

Case 7

e = −1, µ = −1, r = 25
36

Z
c2 , Z = AI

2ND
2−2AINDBTNA+2AINDAT−2AI

2NDNA+

BT
2NA

2−2BTNAAT+2BTNA
2AI+AT

2−2ATAINA+AI
2NA

2+4ATNDBT , A0 =

1/2 AIND−BTNA−AT−AINA

BT+AI
, A1 = 3 Dn

√

36
√

s−1c2

BT+Ai
, s = (−1250Dn

2BTNAAT+2500Dn
2ATNDBT+

625Dn
2AI

2ND
2−1250Dn

2AI
2NDNA+1250Dn

2AINDAT +1250D1
2BTNA

2AI+
625Dn

2BT
2NA

2+625Dn
2AI

2NA
2−1250Dn

2AINDBTNA+625Dn
2AT

2−1250Dn
2ATAINA), A1 =

0, B1 = −3/5 c
BT+AI

, B2 = 0,

w = 4
√
36

4
√
d−1c, d = (−1250Dn

2BTNAAT+2500Dn
2ATNDBT+625Dn

2Ai
2ND

2−
1250Dn

2AI
2NDNA+1250Dn

2AINDAT+1250Dn
2BTNA

2AI+625Dn
2BT

2NA
2+

625D1
2AI

2NA
2 − 1250Dn

2AINDBTNA + 625Dn
2AT

2 − 1250Dn
2ATAINA).

Hence, solutions related to these coefficients are:
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n29 =
A1

√
rsech (

√
rξ)

−sech (
√
rξ) + 1

+
B1

√
r tanh (

√
rξ)

− tanh (
√
rξ) + 1

+A0, (33a)

n30 =
A1

√
rcsch (

√
rξ)

−csch (
√
rξ) + 1

+
B1

√
r coth (

√
rξ)

− coth (
√
rξ) + 1

+A0. (33b)

3.2. Discussion of the factorization method to Eq(1b). This equation has
been already handled by this method in[19]. We are just going to present the main
results. By setting ξ = wx− ct, and following all the instructions of the paragraph
(2.2), we write Eq(1b) as [19]:

E
′

+ (
−γnCµr

c
)E = 0, (34a)

E
′

− (c/DEW
2Cµr)(

E − E0

En
+ eCµ)E = 0. (34b)

A particular solution of the Eq(1b) can be obtained by solving Eq(34a) ie:

E = K exp(−γeCµr
∫

ndz/c). (35)

This leads to two classes of solutions ie depending on the kind of solutions of Eq(1a).

3.2.1. Solutions deriving from periodic solutions of Eq(1a). Case 1

E1 = K
(

1 + (tan (
√
rξ))

2
)1/2

B1γ eµrC

(1+µ2)c
(µ tan (

√
rξ) + 1)

−
B1γ eµrC

(1+µ2)c eΨ(ξ),(36a)

Ψ(ξ) = γ eµrC(2A1 arctan(
(µ−1) tan(1/2

√

rξ)√
(µ+1)(µ−1)

) 1√
(µ+1)(µ−1)

+Ψ1(ξ))c
−1, (36b)

Ψ1(ξ) =
B1µ arctan(tan(

√

rξ))
1+µ2 +A0ξ, (36c)

E2 = K
(

(cot (
√
rξ))

2
+ 1

)

−1/2
γ eµrCB1
c(1+µ2)

(µ cot (
√
rξ) + 1)

γ eµrCB1

(1+µ2)c eΩ(ξ),(36d)

Ω(ξ) = γ eµrC

(

2A1 arctan

(

1/2
2µ tan(1/2

√

rξ)+2√
−1+µ2

)

1√
−1+µ2

Ω1(ξ)

)

c−1,(36e)

Ω1(ξ) = −1/2 B1µπ
1+µ2 +

B1µ arccot(cot(
√

rξ))
1+µ2 +A0ξ. (36f)

All the coefficients of this equation are the same with those of Eq(19).
Case 2

These solutions derive from Eq(20) hence, they possess the same coefficients

E3 = K (tan (
√
rξ) + 1)

−1/2
γ eµrCB1

c

(

1 + (tan (
√
rξ))

2
)1/4

γ eµrCB1
c

eΘ(ξ),(37a)

Θ(ξ) =
γ eµrC(1/2B1 arctan(tan(

√

rξ))+A0ξ)
c , (37b)

E4 = K (cot (
√
rξ) + 1)

1/2
γ eµrCB1

c

(

1 + (cot (
√
rξ))

2
)

−1/4
γ eµrCB1

c

∆(ξ),(37c)

∆(ξ) = e
γ eµrC(−1/4B1π+1/2B1arccot(cot(

√
rξ))+A0ξ)

c (37d)
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Case 3

E5 = K (tan (
√
rξ)− 1)

−1/2
γ eµrCB1

c

(

1 + (tan (
√
rξ))

2
)1/4

γ eµrCB1
c

eη(ξ),(38a)

η(ξ) =
γ eµrC(−1/2B1 arctan(tan(

√

rξ))+A0ξ)
c , (38b)

E6 = K (cot (
√
rξ)− 1)

1/2
γ eµrCB1

c

(

1 + (cot (
√
rξ))

2
)

−1/4
γ eµrCB1

c

eβ(ξ),(38c)

β(ξ) =
γ µre C(1/4B1π−1/2B1arccot(cot(

√

rξ))+A0ξ)
c . (38d)

(38e)

These solutions possess the same parameters like those of Eq(21)
Case 4

These solutions derived from those of Eq(22), they then share the same coefficients,

E7 = K
(

1 + (tan (
√
rξ))

2
)

−1/4
γ eµrCB1

c

(tan (
√
rξ) + 1)

1/2
γ eµrCB1

c eθ(ξ), (39a)

θ(ξ) =
γ eµrC(A1 tan(1/2

√

rξ)+1/2B1 arctan(tan(
√

rξ))+A0ξ)
c , (39b)

E8 = K (cot (
√
rξ) + 1)

1/2
γ µ r eCB1

c

(

(cot (
√
rξ))

2
+ 1

)

−1/4
γ µ r eCB1

c

eζ(ξ), (39c)

ζ(ξ) = γ µ r eC(−2 A1

tan(1/2
√

rξ)+1
− 1/4B1π + 1/2B1arccot (cot (

√
rξ)) +A0ξ)c

−1,(39d)

Case 5

This equation shares the same parameters with the Eq(23) since it derives from it.

E9 = K
(

1 + (tan (
√
rξ))

2
)

−1/4
γ eµrCB1

c

(tan (
√
rξ)− 1)

1/2
γ eµrCB1

c e̺(ξ), (40a)

̺(ξ) = −γ eµrC
(

A1

tan(1/2
√

rξ)
− 1/2B1 arctan (tan (

√
rξ)) +A0ξ

)

c−1, (40b)

E10 = K
(

(cot (
√
rξ))

2
+ 1

)γ 1/4 e µr B1

(cot (
√
rξ)− 1)

−γ 1/2 e µr B1 eυ(ξ), (40c)

υ(ξ) = −γ e µr
(

2 A1

tan(1/2
√

rξ)−1
+ 1/4B1π − 1/2B1arccot (cot (

√
rξ)) +A0ξ

)

.(40d)

Case 6

The parameters of these solutions are the same with those of Eq(24).

E11 = KA(ξ)
γ eµrCB2

√
r

cµ3 B(ξ)
−

γ eµrCB2
√

r

cµ3 (µ cot (
√
rξ) + 1)

γ eµrCB1
c(µ2+1) P (ξ), (41a)

A(ξ) =
(

µ (tan (1/2
√
rξ))

2 − µ− 2 tan (1/2
√
rξ)

)

, (41b)

B(ξ) =
(

µ (tan (1/2
√
rξ))

2
+ µ+ 2 tan (1/2

√
rξ)

)

, (41c)

P (ξ) =
(

(cot (
√
rξ))

2
+ 1

)

−1/2
γ eµrCB1
c(µ2+1) eς(ξ), (41d)

ς(ξ) = γ eµrC (ς(ξ)1 + Γ(ξ) + ν(ξ) + ψ(ξ) + Υ(ξ) + δ(ξ) +A0ξ) c
−1, (41e)

ς1(ξ) = 2A1 arctan

(

1/2
2µ tan(1/2

√

rξ)+2√
µ2

−1

)

1√
µ2

−1
− 1/2 B1µπ

µ2+1 +
B1µ arccot(cot(

√

rξ))
µ2+1 ,(41f)

Γ(ξ) = 2A2
√
r arctan

(

1/2
2µ tan(1/2

√

rξ)+2√
µ2

−1

)

µ−1 1√
µ2

−1
, (41g)
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and

ν(ξ) = 8
A2

√

r tan(1/2
√

rξ)
µ (4µ2

−4)
(

µ (tan(1/2
√

rξ))
2
+µ+2 tan(1/2

√

rξ)
) , (42a)

ψ(ξ) = 8 A2
√

r

(4µ2
−4)

(

µ (tan(1/2
√

rξ))2+µ+2 tan(1/2
√

rξ)
) , (42b)

Υ(ξ) = 8A2
√
r arctan

(

1/2
2µ tan(1/2

√

rξ)+2√
µ2

−1

)

µ−1
(

4µ2 − 4
)

−1 1√
µ2

−1
, (42c)

δ(ξ) = 2B2
√
rarctanh

(

1/2
2µ tan(1/2

√

rξ)−2√
µ2+1

)

µ−3 1√
µ2+1

+ q(ξ), (42d)

q(ξ) = 2B2
√
r
√

µ2 − 1 arctan

(

1/2
2µ tan(1/2

√

rξ)+2√
µ2

−1

)

µ−3, (42e)

E12 = KT (ξ)L(ξ)X(ξ)a(ξ)b(ξ)eH(ξ), (42f)

T (ξ) =
(

1 + (tan (
√
rξ))

2
)

−1/2
γ eµrCB1
c(µ2+1)

, (42g)

L(ξ) = (µ tan (
√
rξ) + 1)

−
γ eµrCB1

µ2+1 , (42h)

X(ξ) =
(

µ (tan (1/2
√
rξ))

2
+ µ− (tan (1/2

√
rξ))

2
+ 1

)

γ eµrC
√

r

µ2(µ−1)
, (42i)

a(ξ) =
(

µ (tan (1/2
√
rξ))

2
+ µ− (tan (1/2

√
rξ))

2
+ 1

)

γ eµrCB2
√

r

cµ3(µ−1)
, (42j)

b(ξ) =
(

−2µ tan (1/2
√
rξ) + (tan (1/2

√
rξ))

2 − 1
)

γ eµrCB2
√

r

cµ3

, (42k)

H(ξ) = −γ eµrC (k(ξ) + z(ξ)− h(ξ)− g(ξ) + u(ξ) + v(ξ) + p(ξ)− λ(ξ)) c−1,(42l)

k(ξ) = 2A1 arctan

(

(µ−1) tan(1/2
√

rξ)√
(µ−1)(µ+1)

)

1√
(µ−1)(µ+1)

, (42m)

z(ξ) =
B1µ arctan(tan(

√

rξ))
µ2+1 + A0ξ, (42n)

h(ξ) = 2
A2

√

r tan(1/2
√

rξ)
(µ−1)(µ+1)

(

µ (tan(1/2
√

rξ))
2
+µ−(tan(1/2

√

rξ))
2
+1

) , (42o)

g(ξ) = 2A2
√
r arctan

(

(µ−1) tan(1/2
√

rξ)√
(µ−1)(µ+1)

)

(µ− 1)
−1

(µ+ 1)
−1 1√

(µ−1)(µ+1)
,(42p)

u(ξ) = 2A2
√
r arctan

(

(µ−1) tan(1/2
√

rξ)√
(µ−1)(µ+1)

)

(µ− 1)
−1 1√

(µ−1)(µ+1)
, (42q)

v(ξ) = 2B2
√
rarctanh

(

1/2
−2µ+2 tan(1/2

√

rξ)√
µ2+1

)

µ−3 1√
µ2+1

, (42r)

p(ξ) = 2B2
√
r arctan

(

(µ−1) tan(1/2
√

rξ)√
(µ−1)(µ+1)

)

µ−1 1√
(µ−1)(µ+1)

, (42s)

λ(ξ) = 2B2
√
r arctan

(

(µ−1) tan(1/2
√

rξ)√
(µ−1)(µ+1)

)

µ−3 1√
(µ−1)(µ+1)

, (42t)
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Figure 2. Peakon soliton associated to equation (44a).The pa-
rameters are those of fig(1)

Case 7

These solutions share their coefficients with those of Eq(25).

E13 = K
(

1 +
(

tan
(√
rξ
))2

)1/2
γ eµrCB1

c

e
γ e1 µe1 CA0ξ

c , (43a)

E14 = K
(

1 +
(

cot
(√
rξ
))2

)1/2
γ eµrCB1

c

e
γ eµrCA0ξ

c (43b)

Case 8

E15 = K
(

1 +
(

tan
(√
rξ
))2

)1/2
γ eµrCB1

c

e
γ eµrC

(

A0ξ+
A2

√
r sin(

√
rξ)

cos(
√

rξ)

)

c−1

, (44a)

E16 = K
(

(

cot
(√
rξ
))2

+ 1
)

−1/2
γ eµrCB1

c

e
γ eµrC

(

A0ξ−
A2

√
r cos(

√
rξ)

sin(
√

rξ)

)

c−1

. (44b)

.
These solutions possess the same parameters with Eq(26). It graphical represen-

tation is given at fig(2)

3.2.2. Solutions deriving from soliton solutions of Eq(1a). .
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Case 1

These solutions have the same coefficients with Eq(27).

E17 = KR(ξ) (tanh (
√
rξ)− 1)

−
γ eµrCB1
c(2 µ+2) (tanh (

√
rξ) + 1)

γ eµrC
cB1(2 µ−2) , (45a)

R(ξ) = (µ tanh (
√
rξ) + 1)

−
γ eµrCB1

c(µ+1)(µ−1) e
γ eµrC

(

2A1arctanh

(

(µ−1) tanh(1/2
√

rξ)
√

(µ+1)(µ−1)

)

1
√

(µ+1)(µ−1)
+A0ξ

)

c−1

,(45b)

E18 = ρ(ξ) (coth (
√
rξ) + 1)

γ eµrCB1
c(2µ−2) e

γ eµrC

(

2A1arctanh

(

1/2
2 µ tanh(1/2

√
rξ)−2

√

µ2+1

)

1
√

µ2+1
+A0ξ

)

c−1

,(45c)

ρ(ξ) = K (µ coth (
√
rξ) + 1)

−
γ eµrCB1

c(µ+1)(µ−1) (coth (
√
rξ)− 1)

−
γ eµrCB1
c(2µ+2) , (45d)

Case 2

E19 = K (tanh (
√
rξ)− 1)

−1/2
γ eµrCB1

c (tanh (
√
rξ) + 1)

−1/2
γ eµrCB1

c q(ξ),(46a)

E20 = K (coth (
√
rξ)− 1)

−1/2
γ eµrCB1

c (coth (
√
rξ) + 1)

−1/2
γ eµrCB1

c q(ξ), (46b)

q(ξ) = e
γ eµrCA0ξ

c1 . (46c)

The coefficients of These solutions are those of Eq(28).
Case 3

These solutions use the same coefficients with Eq(29).

E21 = K
(

tanh
(√
rξ
)

+ 1
)1/4

γ eµrCB1
c

(

tanh
(√
rξ
)

− 1
)

−1/4
γ eµrCB1

c ϕ(ξ),(47a)

ϕ(ξ) = e
γ eµrC

(

1/2
B1

tanh(
√

rξ)+1
+A0ξ

)

c−1

, (47b)

E22 = K
(

coth
(√
rξ
)

+ 1
)1/4

γ eµrCB1
c

(

coth
(√
rξ
)

− 1
)

−1/4
γ eµrCB1

c θ(ξ),(47c)

θ(ξ) = e
γ eµrC

(

1/2
B1

coth(
√

rξ)+1
+A0ξ

)

c−1

. (47d)

Case 4

E23 = K
(

tanh
(√
rξ
)

+ 1
)

γ eµrCB1
c(2µ−2)

(

tanh
(√
rξ
)

− 1
)

−
γ eµrCB1
c(2 µ+2) s(ξ), (48a)

s(ξ) =
(

µ tanh
(√
rξ
)

+ 1
)

−
γ eµrCB1(µ−1)

c(µ+1) e
γ eµrCA0ξ

c , (48b)

E24 = K
(

coth
(√
rξ
)

+ 1
)

γ eµ1CB1
c(2µ−2)

(

coth
(√
rξ
)

− 1
)

−
γ eµrCB1
c(2µ+2) ̟(ξ), (48c)

̟(ξ) =
(

µ coth
(√
rξ
)

+ 1
)

−
γ eµrCB1(µ−1)

c(µ+1) e
γ eµrCA0ξ

c , (48d)

These solutions are associated to those of Eq(30), they then possess the same pa-
rameters.
Case 5
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The following solutions derived from Eq(31), then, both share the same parameters,

E25 =
(

tanh
(√
rξ
)

− 1
)

−1/2
γ eµrCB1

c
(

tanh
(√
rξ
)

+ 1
)

−1/2
γ eµrCB1

c η(ξ),(49a)

η(ξ) = Ke
γ eµrC

(

A0ξ+
A2

√
r sinh(

√
rξ)

cosh(
√

rξ)

)

c−1

, (49b)

E26 =
(

coth
(√
rξ
)

− 1
)

−1/2
γ eµrCB1

c
(

coth
(√
rξ
)

+ 1
)

−1/2
γ eµrCB1

c φ(ξ),(49c)

φ(ξ) = Ke
γ eµrC

(

A0ξ−
A2

√
r cosh(

√
rξ)

sinh(
√

rξ)

)

c−1

, (49d)

Case 6

E27 = K
(

tanh
(√
rξ
)

− 1
)

−1/4
γ eµrCB1

c
(

tanh
(√
rξ
)

+ 1
)1/4

γ eµrCB1
c V (ξ),(50a)

V (ξ) = e
γ eµrC

(

A1 tanh(1/2
√

rξ)+1/2
B1

tanh(
√

rξ)+1
+A0ξ

)

c−1

, (50b)

E28 = K
(

coth
(√
rξ
)

− 1
)

−1/4
γ eµrCB1

c
(

coth
(√
rξ
)

+ 1
)1/4

γ eµrCB1
c ψ(ξ),(50c)

ψ(ξ) = e
γ eµrC

(

A1

√

2arctanh(1/4 (2 tanh(1/2
√

rξ)−2)
√

2)+1/2
B1

coth(
√

rξ)+1
+A0ξ

)

c−1

.(50d)

All the constants of this equation are the same with those of Eq(32).
Case 7

E29 = K
(

tanh
(√
rξ
)

+ 1
)

−1/4
γ eµrCB1

c
(

tanh
(√
rξ
)

− 1
)1/4

γ eµrCB1
c Ψ(ξ),(51a)

Ψ(ξ) = e
γ eµrC

(

−
A1

tanh(1/2
√

rξ)
−1/2

B1
tanh(

√
rξ)−1

+A0ξ

)

c−1

, (51b)

E30 = K
(

coth
(√
rξ
)

+ 1
)

−1/4
γ eµrCB1

c
(

coth
(√
rξ
)

− 1
)1/4

γ eµrCB1
c Φ(ξ),(51c)

Φ(ξ) = e
γ eµrC

(

−A1

√

2arctanh(1/4 (2 tanh(1/2
√

rξ)+2)
√

2)−1/2
B1

coth(
√

rξ)−1
+A0ξ

)

c−1

,(51d)

These solutions share their constant parameters with those of Eq(32).

4. Conclusion

This paper focused on the semiconductors one level reaction-diffusion equation
system. This equation has been subject to many investigations such as chaos [18],
current filament [18], Turing bifurcation [21], and solitons [19]. According to our
knowledge a study on which two methods are combined to solve a given system of
equation has not been done yet. Except the Eq(28) all the obtained solutions are
new: there are classified as, periodic and hyperbolic ie according to electron density.
These solutions may find their applications in many domains where semiconductor
devices are used: in nonlinear electronics for the introduction of new switching
devices. Moreover, solitary carriers transport in semiconductors could be used to
reduce losses in solar cells like in [22]. In addition the solitary form of the electric
field (fig(2)) could be helpful for developing lossless wireless data transport devices
needed in telecommunication.
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