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LINEARIZED OSCILLATION THEORY OF SECOND ORDER
NEUTRAL IMPULSIVE DIFFERENCE EQUATIONS

G. N. CHHATRIA! AND A. K. TRIPATHY*

ABSTRACT. This article studies the oscillation of solutions of a class of second
order nonlinear neutral impulsive difference equations of the form:
A?[u(n) = p(n) f(u(n — a))] + g(n)h(u(n — B)) = 0, n # m;
AlA(u(m; — 1) = p(m; — 1) f(u(m; — a = 1)))]
+r(m; — Dh(u(m; —8-1)) =0,j €N
for the various ranges of the neutral coefficient. The technique employed here is
due to the linearization method by using the Banach contraction principle and

Knaster-Tarski fixed point theorem. In addition, some illustrative examples
are given to verify our main results.

1. INTRODUCTION

In this work, we consider a second order nonlinear neutral impulsive difference
equations of the form:

A?[u(n) = p(n) f(u(n — a))] + g(n)h(u(n — B)) = 0, n # m; (1)
(E)§ AlA(u(m; — 1) = p(m; = 1) f(u(m; —a = 1)))]
+r(m; — Dh(u(m; —5—-1)) =0, j €N, (2)

where «, ( are positive integers, p € R — {0}, ¢, € R4, f,h € C(R,R) and m;,
j € N are the discrete moments of impulsive effect such that m; <mg <--- < m;
with the properties lim;_,o, m; = 0o and p = max{e, 8} < max{m; —m,_1} < cc.
Here, A is the forward difference operator defined by Au(n) = u(n+1) —u(n) and
A is the difference operator defined by Au(m; — 1) = u(m;) — u(m; — 1).

By a solution of (F) we mean a real valued function u(n) defined on N(ng—p) =
{no — p,, ...n0,no + 1,...} which satisfy (E) for n > ngy with the initial conditions
u(i) = ¢(i), i =ng—p,- - ,no, where ¢(i), i = ng—p,- -+ ,ng are given. A nontrivial
solution u(n) of (F) is said to be nonoscillatory, if it is either eventually positive or
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eventually negative. Otherwise, the solution is said to be oscillatory. (E) is said to
be oscillatory if all its solutions are oscillatory.

The objective of this work is to establish linearized oscillation theory for highly
nonlinear neutral impulsive difference equations (E) by using Banach contraction
principle and Knaster-Tarski fixed point theorem in the ranges —oo < p(n) <
-1, -1 < p(n) < 0 and 0 < p(n) < 1. To understand the theory, we refer the
monographs [8] and [9], and about the development of impulsive equations we refer
[10], [15] and [16].

Indeed, is called as the nonimpulsive difference equation which is so called as
difference equation and to its solution u(n) when we apply impulse m;,j € N, we
find an impulsive solution u(m;) satisfying and together we have our impulsive
difference equation (F). It is a challenge to study (1)/(E) with and without fixed
point theory via the Qualitative Behaviour of Solutions method.

Let the linear impulsive system associated with the nonlinear impulsive system
(E) be

AlA(y(m; — 1) —py(m; —a—1))] +ry(m; —B8-1) =0, j €N

and in [20], the authors have predicted the possible solution of (E;) as
y(n) = \PAN0M) g > p = max{a, 81, (3)

where i(ng,n) = j = number of impulsive points m;,j € N between ng to n and
A # 0 is a real number which is called as the pulsatile constant. But, it is not
that much simple to predict the solution of (E) when nothing is known about (E).
In this work, we establish the linearized oscillation results (E) through its limiting
equation of type . Of course, some results of [20] are our state of art along
with fixed point theory. As long as is concerned, the study of is a special
case study of (F) and the approach of neutral equation is a general discussion
comparing to the study of nonneutral equations (see for e.g.[2, B} [13], [23]-]26]). We
study (F) with a general set up, and in this direction we refer some of the works
[T, 4, [ [6, [7, M2, [14], [T7-[21] and [22] and the references cited there in.

2. PRELIMINARIES
In this section, we present some existing results from [20] for our discussion in
which we have the following notations:
e i(n — (3,n) =l is the number of impulsive points between n — 3 to n,
e i(n —a,n) = ls is the number of impulsive points between n — « to n.

Theorem 2.1. Let o >  and r # ¢ # 0. Then (E;) admits an oscillatory solution
in the impulsive form if and only if the algebraic equation

1 ry rih 1 ry | Tkl
(1=t 7} A—1)2 - )\‘“[7(1—7 7} A—124+gA P =0 (4
R R B e O Y (R R B S Ve ()
hasatleastonerealroot/\with)\<1—%for§>1and>\>1—%forg<1.
Remark 2.2. In Theorem 2.1, we may note that
i(’”‘Oyn_a)_i(nO»n_ﬁ):_i(n_avn_ﬁ):_[i(n_a7n)_i(n_ﬁvn)]211_12
for a > B. If a < 3, then we find

i(ng,n —a) —i(ng,n—0B)=i(n—B,n—a)=iln—G,n) —iln—a,n) =1 — s
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and hence i(ng,n — a) — i(ng,n — B) = I3 — la. Therefore, Theorem 2.1 holds for
any o, S € R
Theorem 2.3. Let the assumptions of Theorem 2.1 hold. Then (E;) admits an
eventually positive solution in the form of if and only if has at least one real
root/\with)\>1—fforf>1and)\<1—fforf<1.
Theorem 2.4. Let ¢,r > 0 such that r > q. Then
(1) for p > 0 and a < 3, (E}) has an oscillation in the form of (3) if and only
if () has no positive real root in [1 — ¢, 00);
(2) for p < 0, (E;) has an oscillation in the form of (B) if and only if () has
no positive real root in [1 — £, 00).

3. LINEARIZED OSCILLATION

This section deals with the linearized oscillation criteria for the system (FE). Of
course, the criteria are obtained by means of its limiting impulsive equation in the
form of (E;) for different ranges of the neutral coefficient p(n).

Theorem 3.1. Let p(n) < —1 be such that lim,_, p(n) = po € (—o0,—1) .
Assume that
(H1) lim,— 00 g(n) = qo € (0,00) and liminf,, . r(n) =19 € (0, 00),

(H2) u ()>0f(u >1f0ru7é0andhmuﬁof(u)—l

(Hs) vh(v) >0 forv# 0,liminf), L |h( )| > vg > 0 and lim,_q hsj”) =1,
(Ha) 32,0 a(s) + 252 r(my — 1) =

and

(H5) Zs n* |:Zt n* q( ) + Zn*gmjflgsfl ’I"(mj - 1) =00, s> n*+1
hold. If the limiting impulsive system of (F)

A?[w(n) — (e — po)w(n — )] + (g0 — e)w(n — B) = 0, n # m;
AlA(w(m; — 1) — (e —po)w(m; —a—1))] +row(m; —f—1) =0, €N

has no positive real root in [1 — g—g,oo) for rg > qo and some € > 0, then every
solution of the system (FE) oscillates.

Proof. Let u(n) be a nonoscillatory solution of (E). Without loss of generality, we
may assume that u(n) > 0, u(n —a) > 0 and u(n — 8) > 0 for n > ny > max{a, 5}

due to (Hz) and (Hs). Setting
z(n) = u(n) —p(n)f(u(n — a)),
z(m; — 1) = u(mj — 1) —p(m; — 1) f(u(m; —a —1))
in (E), we obtain
() [ 52200 = ~ahutn = 5) < 0. %,
A(A2(m; — 1)) = —r(m; — Dh(u(m; — f—1)) <0, j € N.

Hence, we can find an ny > ng+ S+ 1 such that Az(n) is nonincreasing for n > n;.
Let there exists ny > nj such that Az(n) > 0 for n > ny. Summing the impulsive
system (E;) from ng ton —1 (n > ng + 1), we get

Az(n) = Az(ng) = Y AAz(my—1)) ==Y a(s)h(u(n - H)),

ne<m;—1<n—1 s=mna
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that is,
n—1
Z q(s)h(u(n —B)) + Z r(mj — )h(u(m; — B —1)) = —=Az(n) + Az(ng).

Using (Hs), it follows that

n—1
ho Z q(s) + Z r(m; —1)| < —Az(n) + Az(ns)
s=ngy na<m;—1<n—1

< Az(ng)

which is a contradiction to (Hy). Ultimately, Az(n) < 0 for n > ny and hence
z(n) > 0 is nonincreasing for n > ny. Now, summing the impulsive system (FEj)
from ny to n — 1, we get

S ghun— o)+ S r(my — Dh(ulm; — o — 1))
= Ax(ns) — Ax(n) < —Ax(n),
that is,
S aht—o)+ S s — Dhtulmy — o~ 1)| < 2(n2) — =(n)
- < 2(na)
< 00

due to (Hy), (H3) and (Hs) implies that liminf, ,. u(n) = 0. Applying [11]
Lemma 2.1.], it follows that lim,, . 2(n) = 0. Consequently,

0= lim z(n)=limsup z(n)
n— oo

> lim sup(—p(n) f(u(n — 7)))

n— o0
> lim sup(—p(n)u(n — 7)
n—oo
= —po limsup u(n)
n—oo
leads to the fact that lim,_, u(n) = 0. Because m; —1,m; — 7 —1,--- are the

nonimpulsive points, then lim;_,o, u(m; —1) = 0. Since m; —1 < m; < n, then an
application of Sandwich theorem shows that lim;_,o, u(m;) = 0. Denote

Pl = =0 =D ) — g 2=
and R(m; — 1) = r(m; — 1) hﬂ%_;_ll)”.
Indeed,
Jim Q) = lim (o) Jim *E) — g
hu(n - B)

liminf R(n) > liminf r(n) lim

n—s 00 n— 00 n— o0 u(n — ﬁ) =To
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and

limsup P(n) = limsup(—p(n)) lim fluln = a)) = —po

n—o00 n— 00 n—oo U(n - a)
due to (H;), (Hz) and (Hs). Using above substitutions in (E), we obtain
() { Afu(n) + P(n)u(n — a)] + Q(nyu(n — B) = 0, n# my, j € N
A[A(u(mj — 1) + P(m; — Lu(m; —a —1))] + R(m; — L)u(m; — 8 — 1) =0.

Taking sum to (E3) from ng to n — 1, we get

AZ(m)— AZmo) + Y Quls )+ S Rlmy— Dulm; —f—1) =0,

s=n2 na<m;—1<n-—1

where Z(n) = u(n)+ P(n)u(n—a«). Similar to the argument for the case Az(n) < 0,
it is easy to show that AZ(n) < 0 due to (Hs) and (H4). As AZ(n) is nonincreasing,
the above relation reduces to

AZ(n) + i: Qs)u(s—B)+ Y. R(mj—Du(m; —B—1) <0,

s§=ng na<m;—1<n-—1

that is,

-1 —1
Z() - Zm)+ Y {Z Qyut -0+ Y Rimy—Lu(m;— 5~ 1)} <o0.

s=n |t=nsg ne<m;—1<s—1
As a result
o) s—1
OEDS {Z QUWut—A+ S Rlm;—Lulm, -8~ 1)]
s=n |t=ns ne<m;—1<s—1

which is equivalent to

1 o] s—1
un) 2 g [+ 3 [ Q-9

s=n—+a t=ng
+ Z R(m; — Du(m; — 5 — 1)” (5)
na2<m;—1<s—1
Let v > 1 and € € (0,qo) be given such that (1 — v)pg < €. Suppose that there
exists ng > ny + 1 such that

€ —Po

P(n) < 5 , Q(n)>qo—¢e, R(m; —1) >rq.
Then for n > ng, reduces to
v
u(n) > X
() T E€—Dpo
e} s—1
[—umra)+ > [w-2) Y ut-p+r > um-8-1)].
s=n+a« s=ns n3<m;—1<s—1

(6)
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Let X = 172 be the Banach space of all real valued bounded functions y(n) with
sup norm defined by

[yl = sup{ly(n)| : n > n3}.
Consider a closed subset 2 of X such that

Q={yeX:0<yn) <1l,n>ns},
and for y € Q, n > ng define
Ty(nz +p), ng <n <nz+p,
(Ty)(n) = gaﬁmﬂ—um+awm+a%+2imﬂK%—diﬁigﬁ—ﬁw@—m
+7o angmjf1gsf1 u(m; — B —1Ly(m; — B — 1)]}7 n>mns+p.
For y €  and due to (), we have

1 oo s—1
Tﬂmg(&ﬂmmmﬂum+a)ZEQQMmagiu@m

+ 7o Z u(m; —ﬂ—l)ﬂ

nz<m;—1<s—1
1

<- <1,
Y

and Ty(n) > 0 implies that Ty(n) € Q for every n > n3. Now, for y1,y2 €

1
[ Ty1(n) — Tya(n)| < m[— u(n + a)lyi(n + a) — y2(n + a)
+ Z [(q0—¢) Z u(t = Byt — B) — y2(t — B)|
s=n—+ao t=n3

tro Y ulmy =B Dlyi(my—B—1) - yalm; — 8- 1)[]]

nz<m;—1<s—1

implies that

1 00 s—1
Tin() = Tya()| £ s — uln o) + 2 lw-a X wi-p

tro Y ulmy—B-1)]]lsn el

n3<m;—1<s—1
1
< —lly1 — v2lls
Y
that is,
1
Ty — Ty < ;“yl — 2|

Since % < 1, then T is a contraction. By Banach’s fixed point theorem [§], 7' has

a unique fixed point y € € such that Ty = y, that is,
y(n3 +p), n3 <n < nz+p,

y(n) = 4 e |~ un+ @)y(n+ ) + X320 [0 =€) i, ult = By(t - B)
+7r0 anSmrlS#l u(m; — B —1)y(m; — B — 1)]}, n > ng + p.
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Setting w(n) = u(n)y(n) for n > n3 + p, we obtain

1
w(n) = =70
¢S] s—1
[—w(n—&-a)—i— Z [(qo—s)Zw(t—B)+ro Z w(mj—ﬁ—l)]}
s=n+ao t=ng nz<m;—1<s—1

which is a positive solution of the impulsive system
() A?[w(n) — (e — po)w(n — )] + (g0 — e)w(n — B) = 0, n # m;

AlA(w(m; — 1) — (e — po)w(m; —a — 1))+ row(m; —f—1)=0,j €N
whose characteristic equation is given by

1 To To L 2
[X(l - ((JO*E)H— (%*5)} -1

_ofl T T
~(E=po) {X(l - (%35)) * (0 35)

By Theorem 2.3, w(n) is a positive solution of (E3) if and only if

(90 —¢) >1_1D
To To

}117120 —1)?+ (g0 —e)A 7 =0.

A>1-—

for Z—g > 1, a contradiction due to Theorem 2.4. This completes the proof of the

theorem.
Remark 3.2. The prototype of the functions f and h in Theorem 3.1 satisfying
(H2) and (Hs) could be of the form

Gu) =ul+|ul"), ueR, v>0.

Theorem 3.3. Let —1 < p(n) <0 and lim,,_,o p(n) = po € (—1,0]. Assume that
(H1) — (Hs) hold. If the limiting impulsive system

{Aﬂﬁm—ﬁm—ﬂwm—aﬂ+@wfwm—5%=an#mj
A[A(y(my — 1) — (po — e1)y(my — a — 1))] +roy(m; — f—1) =0, j €N

has no positive real roots in [1 — 3—27 o0) for 79 > qo and for some £1,& > 0, then

every solution of the system (F) oscillates.

Proof. Let u(n) be a nonoscillatory solution of (E). Proceeding as in the proof of
Theorem 3.1, we have lim,_,o u(n) = 0 and lim;_,o, u(m; — 1) = 0 and then an
application of Sandwich theorem gives lim;_,o, u(m;) = 0. Denote

flu(n — o h(u(n — B
O e RO e
h(u(m; — 5 —1))
u(m; —f—1)
Due to (H1), (H2) and (Hs), it follows that lim, ., Q(n) = qo, liminf;_, ., R(m; —
1) > rg and limsup,,_, . P(n) = —pg. Therefore, (E) can be written as

Afu(n) + P(n)u(n — a)] + Q(n)u(n — §) = 0, n # m,
(Ea) ¢ A[A(u(m; — 1) + P(m; — Du(m; — a —1))]
+R(m; — u(m; —f—1)=0,j€N.

and R(m; — 1) =r(m; — 1)
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Summing (E,) twice and then using the argument as in Theorem 3.1, we find

u(n) > — P(n)u(n — )

[T emut-n+ Y Rimy—utm,— -1 (1)

Let € € (0,q0) and 1 € (0,14 pp). Suppose that there exists n3 > ngy + 1 such that
Q(n) > qo — ¢, R(m; —1) >y, P(n) <e1 —po
for n > n3. Then for n > ng, reduces to

u(n) Z(po — er)u(n — @)

0o s—1
3 [w-a) Y ut=p+re Y um—s-1]. ®)

Let X = ¢ be the Banach space of all real valued bounded functions y(n) with
sup norm defined by

lyll = sup{ly(n)| : n = ns}.
Set
Q={ye X :yn)=un)forng <n<ng+pand0<y(n) <u(n),n>ns+p}.

For y1,y2 € 2, we define a partial order y; < yo on Q means that y;(n) < y2(n) for
all n > ng. Because lim,,_, u(n) = 0 and by the definition 2, it follows that inf 2
exist in . Let ¢ C Q* C Q be such that

" ={y € X :y1(n) <y(n) < y2(n),0 < yi1(n), y2(n) < u(n),n = n3}.
Since lim sup,,_, ., u(n) = 0, then we can find {n;} C {n} such that supQ* € Q as
long as ya(nk) < u(nyg) holds for ny > n3, k € N. Next, we define
Ty(ns +p), ns <n < ng+p,
o) s—1

(Ty)(n) =< (po—eny(n—a)+ 32, [(q0—&) Y12, y(t — B)

-|—7’0 Zn3§nzj—1§s—1 y(mJ - 6 - 1)]’ n> n3 + p-
Then for y € 2 and using , it follows that

Ty(n) < (- eyln—o) + Y [(@-9) S ut-H+m0 Y ylmy— 1)
s=n t=ns nz<m;—1<s—1
o) s—1
g(po—el)u(n—a)—i-Z[(qo—e) Zu(t—ﬁ)—i—ro Z u(mj — B —1)]

< u(n)
and Ty(n) > 0 for n > ng implies that Ty(n) € Q for every n > ng. For y1,y2 € Q
with y; < ys, it is easy to verify that Ty; < Ty». Being a closed subspace of X,

Q is a partially ordered Banach space. Therefore, by Knaster-Tarski fixed point
theorem [§], T has a unique fixed point y € €2 such that Ty = y, that is,

y(ns + p), ns <n <ns+p,

y(n) =3 (po—e)y(n—a)+ 32, [(q0 — ) Yo, y(t — B)
+70 angmj—1§8—1 y(mj - 08— 1)]7 n > ng+p.
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Therefore, for n > ng + p, we obtain
y(n) =
s—1
(po —e1)y(n — « +Z qo0 —€) Zy(t—5)+T0 Z l/(mj—ﬁ—l)]-
t=ng nggmj—lgs—l
We may note that, y(n) is a positive solution of the impulsive system
(E5) AZ[y(n) - (pO - sl)y(n - Ol)] + (QO - s)y(n - ﬂ) = Oa n 7£ mg
AlA(y(m; — 1) = (po —e)y(m; —a = 1))+ roy(m; — 1) =0, €N.
Indeed, its characteristic equation is given by

[%(1— oy, T )}ZI(A—1)2

(@ —2)" (q0—e¢
_ 1 To To li=ls
—(po—e)A % |=(1— +
(po —e1) [/\( (20 *5)) (90 —¢€)
Due to Theorem 2.3, y(n) is a positive solution of (Ej5) if and only if

(90 —¢) ~1_1D
To To

A=1)%+ (g —e)A?=0.

A>1-—

To

for > 1, a contradiction due to Theorem 2.4. This completes the proof of the
theorem.

Theorem 3.4. Let o < 8. Let 0 < p(n) < 1 be such that lim, ., p(n) = pg €
[0,1). Assume that (Hy), (Hs), (H4), (Hs) and

(Hg) uf(u) >0, % <1 for u## 0and lim,_, % =1

hold. If the limiting impulsive system

A?[w(n) = ~(po — w(n — )] + (g0 — e)w(n — ) =0, n #m;
AlA(w(m; — 1) —y(po — €)w(mj — o — 1))] +yrow(m; ——1) =0, j € N.

has no positive real root in [1 — 7‘{—37 oo) for g > go and for some €,7y,e > 0, then
every solution of (E) oscillates.

Proof. Let u(n) be a nonoscillatory solution of (E). Then proceeding as in the
proof of Theorem 3.1, we have that Az(n) < 0 and z(n) is monotonic for n > n;.
Suppose there exists ng > ny such that z(n) < 0 for n > ny. Since Az(n) is
nonincreasing, then we can find a ng > no + 1 and a constant C > 0 such that
Az(n) < —C for n > ng and hence Az(m; — 1) < —C. Therefore,

z(n) — z(ng) — Z Az(mj —1) < — z_: C

ng<m;—1<n—1 s=ng

implies that

2(n) < z(ng) — [Zc+ > (]

s=ns nz3<m;—1<n-—1
that is, lim,_,o 2(n) = —oco. By Sandwich theorem and due to m; — 1 < m; < n,
we obtain lim;_, z(m;) = —oco. On the other hand, z(n) < 0 for n > n3 implies

that
u(n) < p(n)flun —a)) <uln—a) <uln—2a) <u(n—3a)--- <ulng)
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and analogously,

u(m; —1) <ulmj —a—1) <u(mj; —2a—1) <u(m; —3a—1)--- < u(ng)
due to the nonimpulsive points m; — 1,m; — a — 1,m; — 2a — 1,---. Therefore,
u(n) is bounded for all nonimpulsive points. We assert that u(m;) is bounded. If
not, let it be lim;_, o, u(m;) = +o0. Therefore,

z(m;) = U(m]) + p(my) f (u(m; — a))
u(my) — f(u(m; — a))
2 U(mj) —u(m; —a) > u(m;) — b,
implies that z(m;) > 0 as j — oo, a contradiction, where u(m; — a) < b. So,
our assertation holds. Ultimately, z(n) is bounded for every n, a contradiction.

Thus, z(n) > 0 for n > ng. Proceeding as in the proof of Theorem 2.1, we obtain
liminf,, e w(n) = 0 and lim,_, 2(n) = 0. Clearly,

0= lim z(n)=limsup z(n)

> limsup(u(n) — p(n) f(u(n - a)))
> liﬁsolip u(n) — lzrggf(p(n)u(n —a)
= (1 — pp) limsup u(n)

n—o0

implies that lim sup,,_, .o w(n) = 0 and hence lim,,_, o u(n) = 0. Also, lim;_,o, u(m,;—

1) = 0 for nonimpulsive points m; —1,m; —7 —1,---. Due to Sandwich theorem
and for m; —1 < m; < n, we have lim;_,. u(m;) = 0. Denote
flu(n — a)) h(u(n — B))
P = e —————— — -~ @77
() = D= Q) = ()
h(u(m; — B —1))
and R(m; —1)=r(m; —1 .
(m 1) = r(m; — )T

Then, the system (F) can be written as
A?[u(n) = P(n)u(n — )] + Q(n)u(n — §) = 0, n # m;
(Es) ¢ A[A(u(m;j —1) = P(m; — u(m; —a —1))]
+R(mj — Lu(m; —B—1)=0,j € N.
By (H1), (Hs) and (Hg), it follows that

lim @Q(n) = lim ¢(n) lim

n—o00 n—o00 n—o00 u(n — ﬁ) = do;

lim inf R( —1) > lim infr( —1) lim h(u(mj -p-1)) _

j—o0 J—00 j—o0 u(mj 5 - 1)

and

lim inf P(n) > lim inf p(n) lim L0 =)

n—o0 n—o0 n—o00 U(TL — Oé)

= Po-

Let € € (0,q0), € € (0,1 —pp) and 0 < v < 1. Suppose that there exists n3 > na+1
such that

Q(n) > qo —¢, R(m; —1) > o, P(n) > (po — €).
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Summing (Eg) twice, we get

un) = Pjun—a)+ 3" [ S Qutt—g)+ Y Rlm,— Du(m, - 1)
s=n t=ng nz<m;—1<s—1
oo s—1
z(po—e)u(n—a)—l—Z{(qo—s)Zu(t—ﬁ)—i—ro Z u(mj—ﬁ—l)].

9)

Let X = 17 be the Banach space of all real valued bounded functions y(n) with
the sup norm defined by

lyll = sup{ly(n)] : n = ns}.
Consider a closed subset €2 of X such that
N={yeX:0<yn) <1l,n>nz}.
For y € 2 and n > ng, we define
Ty(ns + p), n3 <n <nz+p,
(Ty)n) = i [0 = uln — a)y(n = a) + 3, [(a0 — &) iy, ult = By(t - B)
+ro angmjflgtfl u(mj — B —1)y(m; — B — 1)H7 n > nz + p.

For y € 2 and using @, we have

Ty(n)

Sﬁ[(l’o—e)u(n—a)+2[(%—e)Zu(t—ﬂ)Jrro 3 u(mj_ﬁ_l)H
s=n t=ns3 nz<m;—1<t—1

<y <1,

and Ty(n) > 0 implies that Ty(n) € Q for n > nz. For y1,y2 € Q, we have

Tin() = Tya()| < (00 = uln = a)lys (2 = @) =yl = )

[eS) s—1
+>" [0 —2) Y uln = B)lst = B) — yalt = )

tro Y ulmy— A= Dlyilmy —B—1) = ya(m; — - 1]

which implies

[T (n) = Tualo)] < (- [ = an =) + Y [ =€) 3 ute = 5)

tro Y ulmy—B=1)]]ln - el

ng<m; —1<t—1
<Ally1 = vall,
that is,
1Ty1 — Tyall < yllyr — w2l
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Since v < 1, then T is a contraction. By Banach’s fixed point theorem [§], T has a
unique fixed point y € 2 such that Ty = y. Thus,

y(ns +p), ng <n <ng+p,
y(n) =< wt [(Po —eu(n—a)yin —a)+> oo [((Jo —¢) Zz;}w u(t — B)y(t — B)
+70 angqugtfl u(mj — = 1)y(m; — 3 — 1)H7 n > nz + p.

If we set w(n) = u(n)y(n) for n > ng + p, then

w(n) =
1[0 = Owtn—a)+ 3 [(@—2) Sut-fire Y wlm- o ol
s=n t=ns nz<m;—1<t—1

which is a positive solution of the impulsive system

(B») A?[w(n) — y(po — )w(n — a)] + v(q0 — e)w(n — B) =0, n #m;
AlA(w(m; — 1) —v(po — w(m; —a —1))] +yrow(m; ——1)=0,j € N.

Indeed, its characteristic equation is given by
1 ( 0 70 H 2
“(1- )+ -1

{A qo —¢€ qo — € ( )

—a 1 To To H—V 2 -B
- - —(1- ~1 - =0.
¥(Po — €)A L\( - 5) t e 6] (A=1)"+ (g0 — e)A 0

Because of Theorem 2.3, w(n) is a positive solution of (E7) if and only if

7((10*5):17(QO75)>17‘]70

TTo To 7o

A>1-—
for Z—g > 1, a contradiction due to Theorem 2.4. This completes the proof of the
theorem.

Remark 3.5. The prototype of the functions h and f in Theorem 3.4 satisfying
(H2) and (Hg) respectively could be of the form

h(u) =u(l +u|”), ue R, v>0
and

flu) = , u€R, v>0.

(14 [u]7)

4. DISCUSSION AND EXAMPLES

The solutions of nonlinear impulsive equations behave in peculiar ways and these
ways can be developed by means of different techniques incorporated in the method.
Linearized oscillation is one of them in which fixed point theory is a key. An attempt
was made here to establish the sufficient conditions with the fact that the solution
space of nonlinear equation is reducing to the solution space of its limiting equation.
But, we guess that under what condition the converse will be true. May be due to
our method, we could not view this technique for the critical points p(n) = 1, —1.
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We conclude this section with the following examples to illustrate our main results:
Example 4.1. For n > 2, consider

A?[u(n) = p(n) f(u(n — 1)) + q(n)h(u(n — 2)) = 0, n # 3j
(Es) 4 ALA(u(m; — 1) — p(mg — 1) f(ulm; — 2)))]
+r(mj; —1)h(u(m; —3)) =0, j €N,
where p(n) = —2+ e~ g(n) = 0.1 + e~ " +1), r(mj —1) = 6(2+ cos(m; — 1)),
m; =37, 7 €N, f(u) =u(l+ |u|]) and h(u) = u. The limiting equation of (Eg) is
given by

(E ) AQ[y(n) - pOy(n - 1)] + qu('rL - 2) =0, n 7é 3]
AfA(y(m; — 1) = poy(m; — 2))] + roy(m; = 3) = 0, j €N,

where pg = —2, ¢ = 0.1, 7o = 6. Clearly, (Fs) has no positive real roots in
[1—£, 00) = [0.983, 00) and hence by Theorem 3.1, every solution of (Ey) oscillates.

Let Iy = 5 and I3 = 2. We may note that (Es) has an oscillatory solution y(n) =
(0.967213)"(—1)*3™) due to Theorem 2.1.
Example 4.2. For n > 3, consider

A?[u(n) = p(n) f(u(n —1))] + q(n)h(u(n — 3)) = 0, n # 3j
(Ero) 4 AlA(u(m; — 1) = p(m; — 1) f(u(m; — 2)))]
+r(m; — 1)h(u(m; —4)) =0, j €N,

3 2
where p(n) = 1(1+ 1), g(n) = —62(253)(25?:)‘2, r(m;—1)=1(4+ 2"&*2 — 27}% _
ﬁ - m), m; =34, j €N, f(u) = u and h(u) = u(l +u?). The limiting
equation of (Eyg) is given by

A[A(y(m; — 1) — poy(m; — 2))] +roy(m; —4) =0, j €N,

where pg = %, q = %7 ro = 2. Clearly, (E11) has no positive real roots in [1 —
L& 00) = [0.25,00) and hence by Theorem 3.4, every solution of (E1g) oscillates.
In particular, u(n) = (—1)™ is an oscillatory solution of first equation of (E1g). We
may note that the second equation of (Fjg) has a solution 2i(3:1) et I; = 3 and
Iz = 1, then by Theorem 2.4 every solution of (F71) oscillates.
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