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GLOBAL NONEXISTENCE OF SOLUTION OF A SYSTEM
WAVE EQUATIONS WITH NONLINEAR DAMPING AND
SOURCE TERMS

ABDELAZIZ RAHMOUNE, DJAMEL OUCHENANE

ABSTRACT. In this work, we consider the following system of nonlinear wave
equations with nonlinear damping and source terms acting in both equations:

wurt — Aug — div (\Vu|o‘72 Vu) — div <\Vut|5172 Vut) + a1 |Ut|m72 ur = f1 (u,v),

vt — Avg — div (|Vv\a72 Vv) — div (|Vvt\ﬁ272 Vvt) + as \vt\rf2 Ve = fa (u,v).
Under an appropriate assumptions on the initial data and under some restric-
tions on the parameter «, 81, B2, m,r and on the nonlinear functions f; and
f2, we prove a global nonexistence result. Our method relies on the paper [20]
where a different system of wave equations has been discussed.

1. INTRODUCTION

The study of the interaction between the source term and the damping term in
the wave equation

we — Au A+ alug|™ ?ug = bluf’ " 2u, in Qx(0,T), (1)

where  is a bounded domain of RN, N > 1 with a smooth boundary 9, has an
exciting history.

It has been shown that the existence and the asymptotic behavior of solutions
depend on a crucial way on the parameters m, p and on the nature of the initial
data. More precisely, it is well known that in the absence of the source term |u|” 2y
then a uniform estimate of the form

lue Dl + [[Vu @), < C, (2)

holds for any initial data (ug,u;) = (u(0),u(0)) in the energy space H} () x
L?(9), where C is a positive constant independent of t. The estimate (2) shows
that any local solution u of problem (1) can be continued in time as long as (2) is
verified. This result has been proved by several authors. See for example [5, 8]. On
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the other hand in the absence of the damping term |u|”™ > uy, the solution of (1)
ceases to exist and there exists a finite value T™* such that

i [l (1)), = +oc, (3)

the reader is refereed to Ball [2] and Kalantarov & Ladyzhenskaya [7] for more
details.

When both terms are present in equation (1), the situation is more delicate.
This case has been considered by Levine in [11, 12], where he investigated problem
(1) in the linear damping case (m = 2) and showed that any local solution u of
(1) cannot be continued in (0,00) x € whenever the initial data are large enough
(negative initial energy). The main tool used in [11] and [12] is the ”concavity
method”. This method has been a widely applicable tool to prove the blow up of
solutions in finite time of some evolution equations. The basic idea of this method
is to construct a positive functional 6 (¢) depending on certain norms of the solution
and show that for some v > 0, the function 67 (¢) is a positive concave function of
t. Thus there exists T such that tl_igﬂlﬁ_'y (t) = 0. Since then, the concavity method

became a powerful and simple tool to prove blow up in finite time for other related
problems. Unfortunately, this method is limited to the case of a linear damping.
Georgiev and Todorova [4] extended Levine’s result to the nonlinear damping case
(m > 2). In their work, the authors considered the problem (1) and introduced a
method different from the one known as the concavity method. They showed that
solutions with negative energy continue to exist globally ’in time’ if the damping
term dominates the source term (i.e.m > p) and blow up in finite time in the other
case (i.e.p > m) if the initial energy is sufficiently negative. Their method is based
on the construction of an auxiliary function L which is a perturbation of the total
energy of the system and satisfies the differential inequality

dL (t)
dt

In [0,00), where v > 0. Inequality (4) leads to a blow up of the solutions in finite
tim ¢t > L(0)"" ¢ 1v71, provided that L (0) > 0. However the blow up result in
[4] was not optimal in terms of the initial data causing the finite time blow up of
solutions. Thus several improvement have been made to the result in [4] (see for
example [9, 10, 15, 22]. In particular, Vitillaro in [22] combined the arguments in
[4] and [10] to extend the result in [4] to situations where the damping is nonlinear
and the solution has positive initial energy.

In [23], Young, studied the problem

> ELM (t) (4)

uge — Auy — div (|Vu|0‘_2 Vu) — div (|Vut|ﬁ_2 Vut) + alue| ™% uy = blulP2u,
()
in (0,7) x Q with initial conditions and boundary condition of Dirichlet type.
He showed that solutions blow up in finite time 7 under the condition p >
max {a,m}, a > B, and the initial energy is sufficiently negative (see condition
(#4) in [23][Theorem 2.1]). In fact this condition made it clear that there exists a
certain relation between the blow-up time and |Q|([23][Remark 2]).
Messaoudi and Said-Houari [13] improved the result in [23] and showed that
the blow up of solutions of problem (5) takes place for negative initial data only
regardless of the size of Q.
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To the best of our knowledge, the system of wave equations is not well studied,
and only few results are available in literature. Let us mention some of them. Milla
Miranda and Medeiros [16] considered the following system

uge — Au+u— P u)’ u = fi (z)
v — Av v — [u] T ) v = fy (2),

(6)

in Q x (0,7). By using the method of potential well, the authors determined the
existence of weak solutions of system (6). Some special cases of system (6) arise in
quantum field theory which describe the motion of charged mesons in an electro-
magnetic field. See [21] and [6]. Agre and Rammaha [1] studied the system

{ Uy — Au + |ut|m_1 ur = f1 (u,v),
vy — Av + |’Ut|ri1 v = fo (u,v),

(7)

in Qx (0, T) with initial and boundary conditions of Dirichlet type and the nonlinear
functions fi (u,v) and fo (u,v) satisfying

fi(u,v) = by |u + v]2PHD (u 4 v) + by|ulPulv|(Pt?)

F2(u,v) = bafu+ 0P (u + ) + by |u| P |vPv,

(8)

They proved, under some appropriate conditions on f1(u;v) , f1(u;v) and the initial
data, several results on local and global existence, but no rate of decay has been
discussed. They also showed that any weak solution with negative initial energy
blows up in finite time, using the same techniques as in [4]. Recently, the blow
up result in [1] has been improved by Said-Houari [20] by considering certain class
of initial data with positive initial energy. Subsequently, the paper [20] has been
followed by [19], where the author proved that if the initial data are small enough,
then the solution of (7) is global and decays with an exponential rate if m =r =1
and with a polynomial rate like ¢=2/(max(m.1)=1) if max (m,r) > 1. Several authors
and many results appeared in the literature see for example [[3],[18] and [17]]
In this paper, we consider the following system of wave equations

U — Auy — div (|Vu|0‘_2 Vu) — div (|Vu,g|61_2 Vut) +aq |Ut|m_2 uy = f1(u,

vy — Avg — div (\Vv|a72 Vv) — div (|Vvt|5272 Vvt) + ag |vt|rf2 vy = f (u,

(9)

where the functions f; (u,v) and fs (u,v) satisfying (8). In (9), v = u(t,x), v =

v(t,z), x € Q, a bounded domain of RY (N > 1) with a smooth boundary 952,

t > 0and ay, as, by, by > 0and By, B2, m, r > 2, a > 2. System (9) is supplemented
by the following initial and boundary conditions

u(0),v(0)) = (ug,vg), (u(0),v4(0)) = (u1,v1), x € Q
{i(;))zg()x)):(oo 0); (ue(0),v¢(0)) = (u1,v1) EacE@Q, (10)

Our main interest in this work is to prove a global nonexistence result of solutions
of system (9) - (10) for large initial data. We use the method in [20] with the
necessary modification imposed by the nature of our problem. The core of this
method relies on the use of an auxiliary function L in order to obtain a differential
inequality of the form (4) which leads to the desired result.
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The plan of the paper is as follows. In section 2, we present some material that
we need in the proof of our result. While in section 3, we sate and prove our main
result.

2. PRELIMINARIES

In this section, we introduce some notations and some technical lemmas to be
used throughout this paper. By ||.||4, we denote the usual L7(2)-norm. The con-
stants C,c,c1,co,..., used throughout this paper are positive generic constants,
which may be different in various occurrences. We define

F (u,v) = [bl |u 4+ v|2(p+2) + 2by \uv\pw} .

1
2(p+2)

Then , it is clear that, from (8),we have

ufi (u,v) +vfy (u,v) =2(p+2) F (u,v). (11)
The following lemma was introduced and proved in [14]
lemma 1 There exist two positive constants ¢y and ¢; such that

__ % (|u|2(p+2) i |U|2(p+2)> < F(u,v) < a <|u‘2(p+2) . |U|2(p+2)).

2(p+2) 2(p+2)
(12)
And the energy functional
1 1 o o
E () = 5 (lullz + llo:l13) + = (IVulg + [Voll3) - /QF(u,v) dx. (13)

Let us know define a constant r, as follows :

Na
- N-ao
The inequality below is a key element in proving the global existence of solution.
A similar version of this lemma was first introduced in [20]
lemma 2 Suppose that o > 2, and 2 < 2(p + 2) < r,. Then there exists n > 0
such that the inequality

To if N>a, ro >aif N=a, andr, =0 if N < a. (14)

2(p+2 2 2(p+2)
-+ wll505) + 2uv]f13 < 0 (IVulls + [Voll2) ™= (15)

holds.
Proof. Tt is clear that by using the Minkowski inequality, we get
lw + 015 12) < 201ull312) + 10ll5012))s
the embedding W, < L2(P+2) (Q), gives
a2 «@ a\ 2
[ull3p12) < ClIVulZ < C(IVull2)® < C([Vullg +1Voll5)=,
and similary , we have
(0% o 2
[l13p12) < ClIVullg + [IVo]|3)=
Thus, we deduce from the above estimates that

[e3 (o3 2
lu+ 342y < CUVully + [V0ll5) (16)
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also, Holder’s and Young’s inequalities give us

a 2
luvllprz) < Mullzor) [0ll2042) < CUVUE 2y HIVOIZp12) < CUVUllE+HIVOIIR) =

(17)
Collecting the estimates (16) and (17), then (15) holds. This completes the proof
of lemma (2) O

lemma 3 Let (u, v) be the solution of system (9) - (10) then the energy functional
is a non-increasing function, that is for all £ > 0
dE (t)
dt

= Vel = 1Voelld = IVuell 3 = IVoell 32 — anlluellm — azllve]118)

Proof. We multiply the first equation in (9) by u; and second equation by v; and
integrate over €2, using integration by parts, we obtain (18) (I

3. Global nonexistence result

In this section, we prove that, under some restrictions on the initial data and
under som restrictions on the parameter «,31,82,m,r then the lifespan of solution
of problem (9)- (10) is finite
theorem 3. Suppose that 5y, B2, m, r > 2, a > 2, p > —1 such that 81, 52 < «,
and max {m, r} < 2(p + 2) < 74, where r, is the Sobolev critical exponent of
Wy ™ (Q) . defined in (14).Assume further that

1
E0) <Ei, ([IVuollg + IVwol[a) > G

Then, any weak solution of (9)-(10) cannot exist for all time .Here the constants
E; and (; are defined in (3).

In ordre to prove our result and for the sake of simplicity , we take by = by =1
and introduce the following :

2 : 2) 2?2(p2J)r2) 1 1
B = P+ s = B P+ _0‘7 E = _— a7 19
n 3 = (5o @ 9
where 7 is the optimal constant in (15).

The following lemma allows us to prove a blow up result for a large class of initial
data. This lemma is similar to the one in [20] and has its origin in [22]

lemma 4 Let (u,v) be a solution of (9)-(10). Assume that o > 2, p > —1.
Assume further that £ (0) < E; and

1
(IVuollg + [Voolla)= > ¢ (20)
Then there exists a constant (s > (7 such that
1
(IVullg + IVol[)= > G, (21)
and
1
2(p+2)

2 +2
st vl3043) + 2luavliff3] 27 = B, ve 0. (22)
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Proof. We first note that, by (13) and the definition of B, we have

1 1 2(p+2) 12
E@®) > —(|Vulg+ vafi{quv P4 2 juwl? }
) = —(Vullg +1Volls) 30 52) | | |uv]
>~ (IVullg + IVol) — 5 (19ul + 90l
= (|IVu v[|¢) — ——— (|| Vu v B
- @ o a 2(P+2) e} «
1 1
> o 2(p+2) 23
> aC 2(p+2)ﬁ ) (23)
where ¢ = [|Vu||2 + HVng]é It is not hard to verify that g is increasing for
0 < ¢ < (3, decreasing for ¢ > (1, g ({) = —o0 as { — 400, and
1 B2+ 510
[yl S — = E
Q(Cl) OéCl 2(p+2) 1 1

where (; is given in (19). Therefore, since F (0) < Ej, there exists (o > (1 such
that g (¢2) = E(0).

If we set ¢ = [||Vu (0) |15 + Vo (0) |2]* , then by (23) we have g (¢o) < E (0) =
g ({2) , which implies that (o > (o.

Now, establish (21), we suppose by contradiction that

(IVul + [ 900]18)* < G2
for some ty > 0; by the continuity of ||[Vu (.) |2 + [|[Vv (.) ||S we can choose ty such
that .
(IVu (o) [la + Vo (to) )= > G-
Again, the use of (23) leads to
E(to) = g (IVu(to) o + [V (to) [5) > 9 (¢2) = E(0).
This is impossible since E (t) < E (0), for all ¢ € [0,7) . Hence, (21) is established.
To prove (22), we make use of (13) to get

1 o [e% 1 2(P+2) +2
o (IVuolla + 1Ve0ll2) < B(0) + 5 [llu-+ ol ) + 2wl 5]
Consequently, (21) yields
1 2 2 1 e «
5o e+ OB + 2wl = S (9ug+ 9ol - £ )
1
> =G —-E(
> L p
1
> o S A(S)) (24)
— B2e+?) 2(p+2)
20427
Therefore, (24) and (19) yield the desired result. O

Proof. Proof of Theorem 3
We suppose that the solution exists for all time and set
H({t)=E,—E(t). (25)
By using (13) and (25) we get
H' (1) = Va3 + [IVorll3 + Va5 + (V0|52 + anllully + asllve];-
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From (18) , It is clear that for all ¢ > 0, H' () > 0. Therefore , we have
0 < H(0)<H(t)
= B 5 (el + o) = — (IVals + 19o)2)
L
2(p+2)
From (13) and (21), we obtain, for all ¢ > 0,

2 2
[llu+ I3 13 + 2ol 3] (26)

1 1 N N 1
E, — B (luell3 + llvell3) — o (IVully +Vollg) < Er — agf = —mC? <0.
Hence,
1 2(p+2) P2
O<HO) SH O S 50— [Hu + 05652 + 2wl M} V> 0.
Then by (12), we have
€1 2(p+2) 2(p+2)
0<H(0)<H(t)< 20 +2) [||“||2(p+2) + HU||2(/)+2):| ; Vi > 0. (27)
‘We then define
L(t) = H" () + & / (utty + vo,))d, (28)
Q
for € small to be chosen later and
0 < < min { 1 a—m a—r
o ) 9 )
B 2" 2(p+2)(m—-1)" 2(p+2)(r—1)
(a —2) a— a— fy } (29)
2(0+2)" 2(p+2) (B —1)" 2(p+2)(B2—1)

Our goal is to show that L (¢) satisfies the differential inequality (4). Indeed, taking
the derivative of (28), using (9)and adding subtracting ekH (t), we obtain

o k
L0 = (=) B 8 @)+ ekt () +2 (14 5) (g + o)
te(1— k) / F(u,v) — kB (30)
Q

—E/ VuVutdx—a/ VoVudr

Q Q

k « «
te 1 ([IVull, + IVoll,)
—6/ \Vut|’81_2 VutVudm—e/ \Vvt|52_2 Vv Vudz

Q Q

—6a1/ Jug |2 utuda:—sag/ lve|" "% vyvda.
o Q

We then exploit Young’s inequality to get for u;, A;,0; > 01=1,2

1
[ VuTude < o [l + i [Vl
Q H1
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1
[ VeTuds < 2 V0l e [V (31)
Q 12
and
[ v + BT O g
Q
_ -1 _ _
! B oL oy (3
) B2 o
and also
—m/(m—1
b e < Sl P
r— 05 T r—1 —r/(r— T
/Q\vtl Podr < 22 oy + =87 | (33)

A substitution of (31)-(33)) in (30) and using (12) yields

C0) = (-o)H W8 O+ ek ()4 (1475 ) (Hul + ol

- by (p+2) 2(p+2
e (2 (p+2) 2 (p+ 2)) (” H2(p+2) + [l ||2(p+2)) —ekE;

g 2 2 2
— |Vl = e [V |3 — — | Vol|3 — epa |V
I IVull; — pe [V f3 4u2 IVolly — epz [Vl

k o @ o 51 -1, - -1
re (2= 1) A9l + 9ol - <3 —em g AT Il

_ P
B2

1 __ _ 04 r—1 _/(r— m
57D a7~ aze 2 o]} a5 . (34)

57’71,
2 >—1)
B = L\ /Gt g 1 —are u,

falsm
Let us choose 91, 62, p1, p2, A1, and As such that
s = My H (1)
&Y = MyH (1)
= M3H 7 (¢)

(35)
= MH° (t)

)\1*51/(5171) = MsH~° (t)

)\2*52/(52*1) — MGH—J (t)

for My, My, M3, My, M5 and Mg large constants to be fixed later. Thus, by using
(35),and for
M = M3 +M4 -+ (51 — 1)M5/ﬂ1 -+ (ﬂg — 1)M6/62 + (m — 1)M1/m+ (’)" — ].)MQ/’I‘
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then, inequality (34) takes the form

L0 2 (@=0)- M) H OF @)+ ki 0 +2 (145 ) (luld + luld

Co . kcy 2(p+2) 2(p+2)) B
+€ <2 (p+ 2) 2 (p—|— 2)) (” H2 P+2 + || ||2(P+2 f‘:kEl

k @ @
+e <a - 1) (IVully +11Vll) )
€ 2 _¢€ 2
—_ Ho@ - H
o5 OIValy = 2 @) Vol
=B A D (1)l — 20 D (0o,
p D Mg Y
—e g H" OV (&) |Vullf) — e=2— B (1) | Vull3;
1 2

We then use the two embedding L2(°2) (Q) < L™ (Q), Wp® — L2**+2) (Q) and
(27) to get

o _ m 2crm 1 +2 20m 1 +2 m
HO D @)l < e (Il O 4 ol Dl ) )

< oo (IVulfr DA g 2D )

A

Similarly, the embedding L2(°t2) (Q) < L™ (), W™ < L2*+2)(Q) and (27)
give

o(r— r 20(r—1 2)+r 20(r—1 2) T
HOOD @) lolly < es (Mollagsey @ + gy ol
< e (WUl TTREEIE L w2V g ) (38)

Furthermore, the two embedding Wy '® < L2(°12) (), L*(Q) — L?(), yields
o 2 o(p+2 o 2
He @) [Vally < e (Jull7 5 1Val + o305 190l3)

20 2)42 20 2
ea (IVulr % 4 oo val?)  (39)

IN

and

IN

es (IVull2 2 902 + [0o)2@*2 | wo)2)  (40)

= o5 (IVul2 @ V|2 + Vol 27?42,

H? (1) [Vl

Since max (51, f2) < « then we have

HO O () |[Vullf < eo (IVulZ DO vul 2 + vl 700 w2

and

HOE=D (1) [V

c6 (Hvul|iff(ﬁ1—1)(f'+2)+ﬁl + vaniﬂ(ﬁl—l)(l’-‘r?) ||VUH§1) (41)

20(B2—1 2 2 20(B2—1 2 2
er (IVulZr =002 9] 22 4 [ 7o) 20O gy) 22)

er (IIVullyr =002 o) 4 vl 22D E R ) (49
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for some positive constants ca, c3, ¢4, ¢5, ¢g and ¢7. By using (29) and the algebraic
inequality

z”g(z—&—l)g(l—i—%)(z—l—a), V>0, 0<v<1, a>0, (43)
we have, for all ¢ > 0,
[V 270D < g (|| + H(0) < d(|Vu]|& + H (1)),
[V 270D < g (| Vo2 + H (1)),
Va2 < a (| Vul|® + H (1)),

(44)

Vo272 < 4 (||| & + H (1)),

|V 20 P00 < g (| V|| + H (1))

|Vo||22 P2 D@25 < g (||| + H (1)),

where d =1+ 1/H (0). Also keeping in mind the fact that maxz(m,r) < a , using
Yong’s inequality, the inequality (43) togrther withe (29), we conclude

[V 27D g™ < O (V|2 + V) 2),
[Vaul22 D2 wo|n < O (V) + [[Vol|),
Vo272 | vu|? < C (V]2 + | Vul2),
(45)
IVl 272 |2 < C (|Val2 + IVo]2)

[V 27 E D2 g5 < O (| Vol|S + [|Vull2),

[Wul|20 P2 DE2 gy |52 < O (Va2 + Vo]0,

where C' is a generic positive constant. Taking into account (37)- (45) , then, (36)
takes the form

L@ 2 @)= H O O+ (1+5) (ud+ lulf)

2

+e ([k/a 1= kB Y] - oMy Y — oy Y (46)
C C . e

=t = Sa ey Y a7 < 1) (19l + 190l

+e (k —coMm; Y —omy Y - %Mgl - %Mgl

_C«MS*(Blfl) _ CMG*(/J’zfl)) H(t)

co key 2(p+2) 2(p+2)
i <2 (p+2) 2(p+ 2)) (”“H2<p+2) + ||””2(p+2>) ’
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for some constant k. Using k = ¢g/c1, we arrive at

o / c
L'@t) > (1-0)-cM)H <t>H<t>+s(1+2;) (el + llerl13)
Cyu_ ¢
4 4
—eM; O — o Y 1) (| Vullg + 19012

r—1 C — C —
)_ZM31_ZM41

+e (c —oM; Y —ony Y - 2t - 2t (47)

+e (co Jer — My ™Y — oyt
_CM;(ﬁlfl) _ CMG*(BQ*U) H (t),

where ¢ = k/a— 1 — k‘E1C2_2 =co/ (c1a) =1 — (co/c1) E1§2_2 > 0 since (o > (3.
At this point, and for large values of My, My, M3, My, M5 and Mg, we can find
positive constants A; and Ay such that (47) becomes

() > (L-0)— Me)H (1) H (1) + (1 T 2) (Tuell3 + el2)

el ([Vullg + [Vollg) +eAH (). (48)
Once My, Ma, Ms, My, Ms and Mg are fixed (hence, A1 and As), we pick € small
enough so that ((1 — o) — Me) > 0 and

L (0) _ Hl*d (O) _|_/ [U0~Ut —+ ’Uo.Ut] dr > 0.
Q

From these and (48) becomes
L (t) > el (H (1) + [Juell3 + o3 + [ Vullg + 1V0]13) - (49)

Thus, we have L (t) > L(0) > 0, for all ¢ > 0. Next, by Holder’s and Young’s
inequalities, we estimate

( /Qu.ut (2, 1) da + /Q vy (1) dx>1i”

< C (nun;(;ig) Tl + ol + ||vt||;—“)

< ¢ (nwné—“ Tl T7 4 Vol + ||vt||;—“) (50)
1 1 T 2 .
for — +— =1. We take s = 2(1 —0), to get —— = . By using (29) and
T S 1—0 1—20
(43) we get
2
1— 20 a
vl =27 < aqvae + B ),
and
2
(1-20)

IVlla < d(|[Vollg + H(t), vt > 0.
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Therefore, (50) becomes

( /Q woy (1) d + /Q vy (2, 1) d:c>11"

C (IVulla + IVollg + lluel3 + llvell3 + H (¢)) , V¢ > 0. (51)

IN

Also, since

1
(1-0)
(uu + v.ovy) (2, 1) dm)

Lﬁ (t) (Hl—” (t) +g/

Q
(1-0)
< C|H@W+ (uug (z,t) + vy (2,t)) do (52)
Q
< CH @) +[IVullg + Vol + lludll3 + llvell3] vE >0,
combining withe (52) and (49), we arrive at
/ 1
L (t) > agL1-c (t), V£ > 0. (53)
Finally, a simple integration of (53) gives the desired result.This completes the
proof of Theorem (3) O
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