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OSCILLATION CRITERIA FOR SECOND-ORDER NONLINEAR
MIXED NEUTRAL DYNAMIC EQUATIONS WITH NON
POSITIVE NEUTRAL TERM ON TIME SCALES

H. A. AGWA, AHMED M. M. KHODIER AND HEBA M. ARAFA

ABSTRACT. In this work, we establish some new oscillation results for the
second-order nonlinear mixed neutral dynamic equation

(rOE )2 + [tz (1)) + 9(t, 2(72(1))) =0,
where z(t) = x(t) — p1(t)z(n1(t)) + p2(t)x(n2(t)). Our results not only com-
plement and generalize some existing results in [9], but also can be applied

to some oscillation problems that were not covered before, we also give some
examples to illustrate our main results.

1. INTRODUCTION

A time scale T is a nonempty closed subset of the real numbers R. The book
by Bohner and Peterson [5] summarizes and organizes much of time scale calculus.
We refer also to Bohner and Peterson [6] for advances in dynamic equations on
time scales. In recent years, there has been much activities concerning oscillation
and nonoscillation of the solution of various equations on time scales. We refer the
reader to the papers [[2], [3],[7]-[15]] and references cited therein. In this paper, we
deal with oscillation of the second order mixed nonlinear neutral dynamic equation
with negative neutral term on time scales

(r(®)(z2())> + f(t, 2(1a (1)) + g(t, 2(72(1))) = 0, (1)
where
z2(t) = 2(t) — p1(t)z(n1(t) + p2(t)z(n2(t)) (2)
subject to the following hypotheses:

(Hp) T is an unbounded above time scale and ¢y € T with g > 0. We define the
time scale interval [tg, 0o)T by [to, 00)T = [to,00) () T.
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(H3) m, 71 and 75 : T — T are rd-continuous such that ny(¢t) < ¢, 71 (¢) < ¢,
To(t) > t, limy oo 71 () = 00 = limy— 00 M1 (t) = 00 and 79 : T — T is injec-
tive rd-continuous increasing function such that na(t) > t.

(H3) p1 and py are non-negative rd-continuous functions on an arbitrary time
scale T where
0<pi(t) <p1 <1and0<pa(t) < po.
(Hy) 1 is a positive rd-continuous function such that

er(i) - ®)

(Hs) f,9 € C(RxT,R) such that uf(t,u) > 0, ug(t,u) >0, f(t,u) > ¢ (t)u® and
g(t,u) > qa2(t)u” for u # 0 where q; and go are non-negative rd-continuous
functions on an arbitrary time scale T,  and § are quotients of odd positive
integers.

(Hg) 7 is a quotient of odd positive integers.
Through out this paper we assume that

d4 (t) = max{0,d(t)}, d—_(t) = max{0, —d(t)},

bgfﬁ a>p
A(t) : o_Br P 4
(t) b ﬁ[ LAS ] B a< B, (4)
ty 77 (3)
b%ﬂ 8>1
o) "L o) T (5)
= %_1 7 s 51
by [ p]n T Lo,

where by and by are positive constants, o(t) is the forward jump operator which is
defined by o(t) = inf{s € T,s > t}.

By a solution of (1), we mean a nontrivial real valued function x(t) satisfies (1)
for t € T. A solution of (1) is called oscillatory if it is neither eventually positive
nor eventually negative; otherwise, it is called non-oscillatory. Eq. (1) is said to be
oscillatory if all of its solutions are oscillatory. A nontrivial solution x(¢) is said to
be almost oscillatory if either x(t) is oscillatory or 2 (t) is oscillatory.

In what follows, we provide some background details which motivated our study.
L. Erbe et al. [9] considered the second-order nonlinear functional dynamic equation

(r®)[(2(t) = p(Oz(n(t) )™ + f(t,2(9(t))) =0, (6)
where 7(t) <t and either g(t) >t or g(t) <t and proved that if
o r(s)(82(s)e) ™
Jim sup / (M. T)a(s)a(e) = AT ] s = o, 1)

t—o0

then every solution of (6) is either oscillatory on [tg, c0)r or tends to zero where

1 g(t) >t

ML) = {m(t,T*) g(t) <t
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Qi Li et al. [10] obtained oscillation criteria for the delay differential equation

(r®) () = p@y(r(t)))")" + a(t) f(y(3(2))) = 0.
R. Arul and V. S. Shobha [4] improved the obtained results in [10] and E. Thanda-

pani et al. [14] obtained some results on oscillatory behavior of the second order
neutral difference equation:

Aan(A(zn = pntn—r))*) + @n f(Tn—0) = 0.

This paper is organized as follows: In Section 2, we give some lemmas that we need
through our work. In Section 3, we establish some new sufficient conditions for
oscillation of (1). Finally, in Section 4, we present some examples to illustrate our
results.

2. BAsic LEMMAS

In this section, we give some lemmas that play important roles in the proof of
our results.
Lemma 1 Let conditions Hy — Hg be satisfied and x(¢) is a positive solution of
(1). Then z(t) satisfies one of the following two cases:
(C1) 2(t) > 0,22(t) > 0 and (r(t)(z2()))> <0
(C2) z(t) < 0,22(t) > 0 and (r(t)(22(¢)))2 <0,
for t > t1 where t; > tg is sufficiently large.
Proof. Suppose that there exists t; > tg such that z(¢) > 0, z(7;(¢t)) > 0 and z(n;(¢)) >
0,7 =1,2o0n [t1,00)r. ( when z(t) is negative the proof is similar, because the trans-
formation x(t) = —y(t) transforms (1) into the same form). From (1) and Hs, it
follows that

(r(OE2 ) < —q(t) 2% (1 (1) — g2(t)a’(a(t)) <0 for ¢ € [tr,00)r. (8)

Then, r(t)(z2(t))" is decreasing and of one sign on [t;,00)r. Hence, there exists
ty > t1 such that z2(t) > 0 or 22(¢) < 0 for t > ts.

If 22(t) > 0 for t > t5, then we have (C}) or (Cy). Now we prove that z2(t) < 0
cannot occur.

If 22(t) < Ofort > to, then 7(t)(22(t))Y < —cfort > ty, where ¢ := —r(t2) (22 (t2))? >
0. Thus we conclude that

to 77 (s)
using (3), we have lim;_, 2(t) = —oo. Then we have the following two possiblities
Case(a): If 2(t) is unbounded, then there exists a sequence {t;} such that limy_, ot =
oo and limg_, o0 2(tg) = co. Assume that

x(tr) = max{z(s) : to < s < i}

2(t) gz(tg)fc%ft As

Since lim;_, o 71 (t) = 00, N1 (tr) > to for all sufficiently large k and n;(t) < ¢, then
x(m (tr)) = maz{x(s) : to < s <M (tx)} < max{z(s) :to < s <t} =2x(tr), (9)
therefore from(9) into (2), we have for all large k
2(tk) = (k) = p1(tr)z(m () + p2(te)z(n2(tk))
> x(t) — pr(tr)z(m(te))
> x(ty) —pra(ty) = (1 = p)a(tr) >0,
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which contradicts that lim;_, o, 2(t) = —oc0
Case(b): If z(t) is bounded, then z(t) is also bounded which contradicts lim;_, o, 2(t) =
—00.
Hence, z(t) satisfies one of the two cases (C1) or (Cs). This completes the proof.
Lemma 2 Assume that x(¢) is a positive solution of (1) and z(t) satisfies case (C2).
Then lim;_, o, z(t) = 0.
proof. By z(t) < 0 and z2(t) > 0, we deduce that

lim; 00 2(t) =1 < 0.
As in the proof of Case(a) of the previous lemma, x(t) is bounded, then lim;_, o, 2(t) =
a> 0.
Now, if @ > 0, then there exists ¢, C [t2, 00)7 such that limy_, oo t = 00, im0 2(t) =
a >0 and

x(tr) = max{z(s) : to < s < 1},

then z(t) > x(tr) — pr(tr)z(n(te)) = (te) — pra(te) = (1 — pr)(tr)
thus, 0 > limy o0 2(¢;) > (1 — p1)a > 0, which is a contradiction. Therefore, a = 0
and lims_, o0 2(t) = 0.

Lemma 3 If f(u) = bu — auWTH, where a > 0 and b are constants, then f attains
its maximum value on R at v* = (%)7, and
ey
maxS =10 = O

3. MAIN RESULTS

Theorem 1 Assume that Hi-Hg hold, m2(t) > n2(t) for all ¢ > tg, and there
exists positive real-valued A -differentiable functions R(¢) and §(t) such that for
sufficiently large T" and ¢;, we have

R(t)

TOL as W (10)
L (s)
and
; 2l r(s) (62 (s))Y 1
s [ 56)606) 0 (51 () A9 55 g ] As =
(11)
where
_ . R(() Ry (n(t)))
L(s) = min{ th) ) R(t)l b
(t) = min 1 1 1 1

(L4 p2(m(£)*7 (L4 p2(72(8)P7 (14 pa(ny (1 () (1 + p2(ny  (12(2))) b

Then, every solution of (1) is almost oscillatory on [tg, co) or converges to zero as
t — oo.

Proof. Assume that 2:(t) is not almost oscillatory solution of (1). Then without loss
of generality, there exists t3 > to such that z(t) > 0, z(7;(¢)) > 0 and z(n;(t)) >
0,7 = 1,2 on [t3,00)r.(when x(t) is negative, the proof is similar). Then from
lemma 1, z(t) satisfies one of the cases Cy or Cy. Also, by the definition of not
almost oscillatory we have the two possibilities:
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(I) 22(t) <0 for t >3
(IT) x2(t) > 0 for t > t3

Casel. Suppose that C; holds and z2(t) < 0, then we have

ARy CUETLN

N
—
~
=
I

r (s)
1 ¢ AS
> 7 (828 (t —
202 [
thus
(Z(t) )A — Z2(OR(L) — z(H)RA(t)
R(t) R(OR (1)
= R@SE? e f]j“(t)l - RA(1)] <0, (12)

r
then z/R is a non-increasing function. From the definition of z(¢), we see that
2(t) < z(t) + pa (D) (n2(t))

< (14 pa(t)z(t) fort > t3

choosing t4 > t3 such that 71(t) > ¢35 for all ¢ > ¢4, then

1 1

z(m(t)) > ————2(m1(t)) and z(7m(t)) >
(11(0) > (1) and a(n(?)

——2(7a(t)), t >ty (13
1 p2(7_2(t)) ( 2( )) 4 ( )
substituting from (13) into (8), we have

r(t)(Z2)N)A —_(h(t) 24T ——qZ(t) 2P(r
COEONT < Tmone” ) T T w20
< N (0 (1) + 0P () fort >t (14)

., 1 1
where N(¢) = min{ tr e mtm oy -
Defining the function w by
r(t)(z2 (1)
= 1
w=o() " (15)

then w(t) > 0 and

2P ()65 (t) — 2A(t)A
— (OGO + o) (o)) I H S,
(16)
Substituting from (14) and (15) into (16), we obtained
w3) < =N O 0T 0 + ()4
3%(t) _(Wr(e®) (=2 (e () (P (1)*
TR E ) B
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=(t)

Since t > 71 (¢) for all t > t4, then integrating using the fact that 6]

function, therefore

is a decreasing

Z(Tl(t)) > R(Tl t

2(t)  — R()

Using z(t) > 0,22(t) > 0 and (r(t)(22(t))Y)® < 0, then there exists t5 € [t4,00)r
and positive constants by and b; such that

)

IE for all £ > 4. (18)

t

Z(to) = bO SZ(t) Sbl/ 1AS 7t2t57 (19)

rv(s

t1
hence, we have
by~ a>p

2P > A) =4 0 p; b a— 20
()2 A1) = q e ﬁ[tf ?:)] 7 a<s (20)

1 I S

Using chain rule, we get

Bz (1)2P~1(1), B>1
(22 (t))A > (21)
B2 (t)(2(c())P~,  B<1
since, o (t) >t and 7(t)(22(t))? is a decreasing function, then
ZA(t) > (T(G(t))); ZA(O'(t)) (22)

Using (15), (21) and (22), then we have

SOro M)W O B el
B e TR I
where \ = 77“ Then by using (19), we have
ﬁ b 221
o) 2 C0= 3 o ey
! t1 "7 (s) K 7

consequently (23) becomes

d(B)r(e () (2 (a(t) ()2 BIEBC(E)
2B(t)2P(o(t)) T (8(a(8) ()

w(o(t)), t > ts. (24)

Since 75(t) >t and 22 (t) > 0, then z(%t()t)) > 1.

Substituting from the above inequality, (18), (20) and (24) into (17), we obtain

R(n (1), 62 (1)
w(0) < =SON W) (=5 AW + ax(0) + 5 g wle(0)
Bé(t)C(t)

- wo(t), 25
(6(a(t))rr= (1) o)
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using lemma 3 and taking

R SCRN (=0
©(e(1) (59 (£)) 7 (8)
then
B BN )
5o " Gemrern T S Far e enom -
Substituting from (26) into (25), we obtain
w2(t) < ~6ON OO e g 4 gy L TOCEONT

- R(t) Friy+1ptt a@cE)
Integrating the above inequality from t5 to t, we get

t

R((3) v ey
[ 156N ) D 400 4 ga(o)]- - T TN

< w(ts) —w(t) < w(ts)

which is a contradiction with (11).
Case2. Suppose that C holds 22 (t) > 0, then we have

z(t) <z(t) + pa(H)x(n2(1))
< (14 p2(t)z(n2(t)) forall t > ts.

Choosing tg sufficiently large such that tg > t5 and n;l(t) > t5 for all t > tg, then

1
) e (0)

Taking t7 > tg such that 71(t) > tg for all ¢ > t7, then

20y (1)t > te.

z(r1(t)) > (ny 1(m1(t))) and

T T4 (n)

2(al0) 2 s ((0))t > 1)

substituting from (27) into (8), we have

0O o w()
At mee " O T )

(r()(=2()M)* <

2205 (1 (1)
(28)

for all ¢ > t7, then using the same technique we used in Case 1, we obtain

—1 -1
wd() < MO (BT 0 4 o (RO

)
p)C(t) w(o(t)) for all t > tr,

(e ) (8)

(29)
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_ : 1 1
where M(t) = min{ e s e m@?

Since t > ny (71 (t)) for all ¢t > t, then using the fact that IZ;,((?) is a decreasing

function (see (12)), we get
2y () _ R(ny ' (n (1))
2(t) - R(t)
Since 72(t) > n2(t), then
2(ny ' (2(1)))
z(t)
Substituting from (30) and (31) into (29), we obtain

for allt > t7. (30)

> 1 for all t > t;. (31)

w30 < ~SOMOn O ) + o] + 5
BSOCW
(5(a(1))r (1)

Using Lemma 3 and integrating from ¢7 to ¢, we get

RO ) oy o7 (@)
[ 156106 an () P Dy g o)L T

t7

t

< w(tr)

(33)
which is a contradiction with (11).
Finally, suppose that case (C2) holds, then according to lemma 2, we have lim;_, o, 2(t) =
0. This completes the proof.
Theorem 2 Assume that Hq-Hg hold and 12(t) > 7o(t) for all t > ¢y. Furthermore
suppose that there exist positive real-valued A -differentiable functions R(t) and
d(t) such that Eq. (10) is satisfied and for sufficiently large T', we have

t

Y r(s A )+t
h?lsogp/ [5(8)5(8)[ql(S)LQ(S)A(5)+‘I2(S)’Uﬁ(8)]_BV(V;y- 1)+ (51(((36(’7)()8) JAs = oo,
(34)
where
£s) — aain B ROZ A R ()

R(s) © R(s) R(s)

Then, every solution of (1) is almost oscillatory on [tg, o)t or converges to zero as
t — o0
Proof. Assume that 2(t) is not almost oscillatory solution of (1). Then without loss
of generality, there exists t3 > to such that z(t) > 0, z(7;(¢)) > 0 and z(n;(¢)) >
0,7 = 1,2 on [t3,00)r (when x(t) is negative, the proof is similar). Then from
lemma 1, z(t) satisfies one of the cases Cy or Cy. Also, by the definition of not
almost oscillatory we have the two possibilities:
(I) x2(t) < 0 for t > t3

(IT) 22(t) > 0 for t > t3
Casel. Suppose that C; holds and 22 (t) < 0, then the proof is similar to that of
Theorem 1. So, it is omitted.
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Case2. Suppose that C; holds and 2 (t) > 0, then using the same technique that
used in Case 2 of Theorem 1, until we reach to (29). Hence

wA() < MO (T 0 4 (RO

- z(t)
3(t)ro (8) (=27 (1) (P ()2

57 (0) w(o(t)) — B0 (0®) for all ¢ > t7.

(35)

Since, no(t) > To(t) > t1, then t > 15 *(7o(t)) for all t > t,. Using the fact that Iz%((?)
is decreasing, hence

z<n2:g§<t>>> . Rmz;g)z(t))) for all £ > tr. (36)

Substituting from (20), (24), (30) and (36) into (35), we obtain

WA (1) <~ M Ofgr () (F T ya g 1y 4 g 1y Bl (2ED) g5

- R(t) 0
SR 00y - —POCW (s
(o (t)) (o) (5(g(t)))xﬁ(t)( (@(®))), (37)

Using Lemma 3 and integrating from ¢; to ¢, we get

t R (1 (5)) Rz (2(5))
[ 1566136t () B A ) 4 o) (P

SO C-0)
FO+ D S(E0)

which is a contradiction with (34).

Finally, if case (C2) holds, then according to lemma 2, we have lim; o z(t) = 0.
This completes the proof.

Theorem 3 Assume that H;-Hg and (10) hold, mo(t) > no(t) for all t > tg and there
exist functions H, h such that for each fixed t, H(t, s) and h(¢, s) are rd-continuous
with respect to s on D = {(¢,8) : t > s > o} such that

H(t,t)=0,t>ty, H(t,s) >0, t >s>t, (39)

| Sw(tr) —w(t) <w(ty) (38

and H has a non-positive continuous A-partial derivative H®: (¢, s) satisfying
I2(t) _ h(t,s)
g7 (t) — oo(t)
Assume that there exists a positive real-valued A -differentiable function §(t) such
that for sufficiently large T' > t; > tg, we have

H®s(t,s)+ H(t,s) (H(t,s))71. (40)

[ O H 9l ()2 () A() + aas)

T

1
i
e HE, T)

IR AR O/ USC0) L N

Yy -+t 6 (s)C7(s)
(41)
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Then, every solution of (1) is almost oscillatory on [tg, o)t or converges to zero as
t — oo.

Proof. Assume that () is not almost oscillatory solution of (1). Then without loss
of generality, there exists t3 > to such that z(¢t) > 0, z(7;(¢)) > 0 and x(n;(¢)) >
0,7 = 1,2 on [t3,00)r.(when x(t) is negative, the proof is similar). Then from
lemma 1, z(t) satisfies one of the cases Cy or Cs. Also, by the definition of not
almost oscillatory we have the two possibilities:

(I) 22(t) <0 for t > t3
(IT) x2(t) > 0 for t > t3

Casel. Suppose that C; holds and z®(¢) < 0, then Proceeding as in the proof of
Case 1 in Theorem 1 until we get (25), therefore

Multiplying both sides of the previous inequality by H(t,s) and integrating from
ts tot, we get

t

/ (1, 5)6(s)N (3)[an ()

< j H(t, s)w™ (s)As+ j H(t,s)

62(s) BH(t,$)0(s)C(8), 5, v
w?(s)As— 5 (w?(s))"As
/ 6°(s) JrT(s)7 ()
o [ HE )R [ BH(S)SE)C0)
< H(t.ts)u(ts) + / = N A
v [ DE T EHESAECE)
< H(t.ts)u(ts) + / = e [ o e
(42)
Using lemma 3, with
o BHE9))C(s) 0 he(s)(H(E )3
"7 (5)(8% (s))> 67(s)
we get:
h—(t,S)(H(t,S))iwg(S) _ BH(t,5)3(s)C(s) (w7 (s)* < ol r(s)(h—(s, )"+
47 (s) r (s)(67(s))> A ()T 8(s)C(s)

(43)
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Substituting (43) into (42), we get
¢
R(11(s
[ 36N @ () TS A + A
ts

t

r(s)(h—(s,t)"*!

ry’Y
< Hitts)ults) + [ G g G A
which implies
Lo R(ri(s))
H(t,ts)/[6(8)N(8)H(t75)[Q1(5)(T8)) (s,t1)A(8) + g2(s)]—

ts
ol r(s)(h—(s,t))"
Priy+ 107+t 6(s)C (s)
this is a contradiction with (41).

Case2. Suppose that C; holds and z®(¢) > 0, then Proceeding as in the proof of
Case 2 in Theorem 1 until (32), we get:

sy M(B)fgr (1) (D)

|As < w(ts),

)*A(t) + g2(t)]

R(1)
_ut )+ 2Oy - BIOCW)
< —wt0)+ o) - o s wle®),

Multiplying both sides of the above inequality by H(t,s), integrating from ¢7 to ¢
and following the same proof as in Case 1, we obtain

t

1
———— | [6(s)M(s)H (¢ —= A —
i | M sl ()T () + (o)
tz
7 r(s)(h—(s,1))"*"
Br(y+ 1)t 67(s)C ()

which is a contradiction with (41).
Finally, suppose that case (C3) holds, then according to lemma 2, we get lim;_, o, z(t) =
0. This completes the proof.
Theorem 4 Assume that H;-Hg hold, n2(t) > 72(t) for all t > ¢y. Also, assume
thst there exist functions H,h and § defined as in Theorem 3 and satisfying Eqgs.
(39), (40) and

|As < wi(tr)

imsup o [ (B0 H(19) [ (9L (9)A(5) + 07 (9)a()]
T
IR O R ) i PN
FO+DT 9()0) ’
(44
(45)

Then, every solution of (1) is almost oscillatory on [tg, co) or converges to zero as
t — oo.
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Proof. Assume that () is not almost oscillatory solution of (1). Then without loss
of generality, there exists t3 > to such that z(t) > 0, z(7;(¢)) > 0 and z(n;(¢)) >
0,i = 1,2 on [t3,00).(when z(¢) is negative, the proof is similar). Then from
lemma 1, z(t) satisfies one of the cases Cy or Cy. Also, by the definition of not
almost oscillatory we have the two possibilities:

(I) 22(t) <0 for t > t3
(IT) x2(t) > 0 for t > t3

Casel. Suppose that C; holds and 22 (t) < 0, then the proof is similar to that of
Case 1 Theorem 3. So it is omitted.

Case2. Suppose that C; holds and z®(¢) > 0, then Proceeding as in the proof of
Case 2 in Theorem 2 until (37), we get

5010 (022 a0 g (A2 2D
—wA §$<t) w(o — M wlo A
< (t>+6(0(t)) (o(t)) (5(0(0)%(0( (o(t)),

Multiplying both sides of the above inequality by H(t,s), integrating from t7 to ¢
and following the same technique as in Case 1 Theorem 3, we obtain

1 R(ny " (1(5)) . R(ny (r2(s)))
H(t’tﬁt/[6(5)M(3)H(t,8)[Q1(5)(R(s)) A(s) + g2(s)( RGs) )% (s,1)]
(AR O[S C)) S PRSI

B+ 5(s)0(s)

which is a contradiction with (44).
Finally, suppose that case (C2) holds, then according to lemma 2, we get lim;_, o, z(t) =
0. This completes the proof.

4. EXAMPLES

In this section, we give some examples to illustrate our main results.
Example 1 Take T = [t; 4+ II, 00)g where ¢; > 0 and consider the equation

1 IT IT IT
[:c(t)—ix(tf§)+2x(t+§)]"+32x(t—5)+8x(t+1’[) =0 for all t > to+II. (46)
Here

a=B=y=1,r() =L m(B) =) =t~ 5, mlt) = t+ 5, ) =1+ 1L pa(e) = 5,

2
p2(t) = 2,q1(t) = 32 and go(t) =8

then substituting in (4) and (5), we obtain A(s) = C(s) = 1. Also

oo

/rﬁsg): 7Aszmand”21<ﬁ(t>>=t—ﬂ~

t1+I1 t1 411
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t 1
hence t; < 1y ' (m1(t)) < 71(t), taking i s we get Rn, (ri(s) (R(Tl(s))).

2o (s R(s) R(s)
Consequently
t—T1
. | As
La(t) _ R(UZ (Tl(s))) _ t1 _ t—1l—1%
R(s) ¢ t—ty
[ As
t1

Also &(s) = 1. Since 12(t) < 2(t), then subistituting in (11) with §(t) = 1, we get

1 —1I -
lim sup / 5[32¥ + 8]As = o0 (47)

t—00 s—1

using Theorem 1, we obtain that every solution of (46) is almost oscillatory or
converges to zero as t — oo. Note that x(t) = sin4t is an almost oscillatory
solution to Eq. (46).

Remark 1 The results of [4], [9] and [10] can not be applied to (46) as p2(t) # 0
and f(t,x(m1(t))) # 0 # g(t,x(m2(t))), but according to Theorem 1 we obtain that
every solution of (46) is almost oscillatory or converges to zero as t — oc.

Example 2 Take T = [2¢1, 00)r where ¢; > 0 and consider the equation

(e(t) — 2e(m(t) + ~2@DPA + @ (B2°(0) + ()@t +1) =0, (48)

2 4
Here
a=9, ﬁ =3, Y= 4, T(S) =1, Ul(t) <t, 772(t) = 2t, Tl(t) =1t, TQ(t) =2t+1,
1 1 29t —t1)° 2
pl() 27?2() 47(]1() (t—ztl)gbot an qZ() t
then substituting in (4) and (5), we obtain A(s) = C(s) = by,
/;78 - /Aszooand ' (ra(t) = 5
r7(s) 2
2t 2t

t

hence t; < n; '(m1(t)) < 7i(t), taking R(t) = [ —£5, hence w <
(s) )

( R(JQES()S)) ), consequently

Rz ) o A0,
Lo(t) = (IR = () = (2= > 0
R(t) fAs t—1t1

Also &(s) = (£)?, since n2(t) < 72(t), then substitute in (11) with §(¢) = 1 we have
¢
4.43
limsup/(f)ngs =00 (49)
t—00 5" s

T

using Theorem 1, we find that every solution of (48) is almost oscillatory or con-
verges to zero as t — oo.
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Remark 2 The results of [9] can not be applied to (48) as p2(t) # 0, £ B8 £y

and both f(t,x(11(t))) # 0 # g(t, x(72(t))). But according to Theorem 1, we obtain
that every solution of (48) is almost oscillatory or converges to zero as t — co.
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