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HARVESTING OF STAGE STRUCTURED FISHERY MODEL IN
THE PRESENCE OF TOXICITY

SUDIPA CHAUHAN, SUMIT KAUR BHATIA AND SWATI SHARMA

ABSTRACT. In this paper, we have considered a stage structured prey-predator
model in the presence of toxicity and harvesting. We have assumed that only
mature predators can catch the prey and the immature predators depend on
the mature predators for their food. We have discussed the existence of the
equilibrium points, boundedness,local stability of the equilibrium points and
also the global stability using Lyapunov function. Further, bioeconomic equi-
librium has also been analysed for different cases.

1. INTRODUCTION

In recent times, due to increase in human population, demand for food has
increased many fold which has led to increase in harvesting of marine life. The
problem related to harvesting started with the study of authors[6, 7]. The effect of
harvesting of species like fisheries were also studied by authors[5, 6, 10, 19, 20].
Another major factor which is affecting the marine life is pollution from various
sources like industries etc. The great amount of toxicant enter into environment
which effect the earth’s ecosystem. In context of aquatic animals, contaminants like
materials including plastic, paper, glass and chemicals which are released by some
external sources like factories and industries directly affect the marine bio-diversity.
The effect of toxicant on multi species fisheries by mathematical modelling has been
studied by scholars[11, 12, 3, 21, 8, 13, 14]. [18] discussed the effect of toxicity in
two multispecies fisheries by considering that the toxic part may affect the one
species in the presence of other. When a toxic waste harms one organism, it can
end up destroying an entire food chain of aquatic life. Further, [13] discussed the
mathematical model of harvesting of two competing fish which are exploited. For
example, inside Marine Reserves, the aquatic species such as the Snapper fish and
the spiny lobster extinguished because of continuous increase in demands of human
needs. But,in modern era, researchers are taking interest in the stage structured
model of species as in real world, all population have stage structure. The dynam-
ical phenomena of stage structured species model were studied by many authors
[1, 9, 22, 16, 17, 10, 2].
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Keeping in view the above discussion, we have formulated a prey-predator fishery
model with stage structure under the effect of harvesting and toxicity. For the sim-
plicity of our model, we have only considered, stage-structure of predator species.
We have assumed that the plankton denoted by X is logistically growing in the ab-
sence of consumer(fish). We have also assumed that the fish population is divided
into two stage groups: juvenile and adult and are denoted by Y and Z respectively
with the assumption that only adult fish are cable of preying on prey species and
the juvenile predator live on their parents as they are weaker than their parents to
catch the prey.

The paper is organized as follows: In section 2, we give the formulation of harvest-
ing of stage structured predator-prey fishery model in the presence of toxicity. The
existence of equilibrium points and local stability of boundary equilibrium points
of the models have been discussed in section 3. In section 4, we have discussed
the global stability by considering the Lyapunov function. Lastly, in section 5, the
bionomic equilibrium has been analysed with the help of different cases.

2. MATHEMATICAL MODEL

In this section, we discuss the mathematical model describing the stage struc-
tured predator- prey model where each fishery species is effected by toxic material
which is released by some external sources like factories, industries, etc. It is as-
sumed that the prey population is growing logistically.

d
% =rz(l— %) —mx1? — Brixs (1)
dxg
g O3 T g —Taly — Y2l — 02 (2)
dz
d—; = 0Br1x3 — piws — r3T3 — Y373 + 0T (3)

where,

x1 = x1(t) is the size of prey species at time t,

X9 = x2(t) is the size of immature predator species at time t,

x3 = x3(t) is the size of mature predator species at time t,

r1 is the specific growth rate of prey species,

ro is the relative rate at which immature predators die out in the absence of prey,
r3 is the relative rate at which mature predators die out in the absence of prey,
[ is the rate of interaction of prey with mature predator,

« is the growth rate of immature predator because of mature predator,

1 is the death rate of predator species,

0 is the conversion rate from prey to predator,

¢ is the conversion rate from immature predator to mature predator.

~1 is the coefficients of toxicity to the prey species.

v is the coefficients of toxicity to the immature predator.

~3 is the coefficients of toxicity to the mature predator.

We assume that prey species is affected by predator population if the predator pop-
ulation is sufficient to catch the prey species. In the Lotka-Volterra prey-predator
model, the prey population is growing logistically at the rate r; with carrying ca-
pacity L in the absences of predator species. We consider the first term of prey
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species as 7121 (1 — %) in the form of Lotka Volterra form.

The mature and immature predators have distinct growth rates r5 and rg in the
model. In the absence of prey population, both mature and immature predator
population will decline at a rate p. The prey species is consumed by mature preda-
tor at the rate of 5. We suppose that the mature predator attack the prey at the
rate of fz;. Further, we consider different harvesting rates of each species rather
than the same harvesting rate. Therefore, the system of equation can be rewritten

as:
dJ?l

E = 7”1331(1 — %) — 01E1.131 — ’)/1.%‘12 — ,81‘1.233 (4)
dx
7: = ar3 — Uro — CQEQI‘Q — ToZy — Yo — 5%2 (5)
dﬂ]g
E = 0ﬂx1x3 — UTr3 — CQEgl‘g — T3x3 — Y3x3 + 51‘2 (6)

where C7 and C5 are the catching capability coefficients of the prey and predator
species respectively.F1, Fo and Fj3 are the harvesting effort rate of prey, mature
predator and immature predator species.

d(y12?
The term ;22 measures the effect of toxicity on the prey species. Since, M =
1
d*(nizf) : :
2v1z1 > 0 and 0z 27v; > 0 showing the accelerated growth in the produc-
1

tion of toxic substance of the prey species and more of the prey species consume
the toxic substance.

3. BOUNDEDNESS

In this section, we have shown the boundedness of the system by the following
theorem.

Theorem The system will be bounded in the following set:
{(z1,22,23) : S <@y + 22+ 235 < T} where S = ﬁ and T' = ﬁ-&gﬂﬂ)
Proof. :LetV = 1 + x2 + x3. Then,

av T
- = 7“1301(1 - *1) - CiEixy — 712512 — Bxir3 + awy — pxg — CyBoxy — raxy —

Yoo — 5332 + 961‘11‘3 — Ur3 — 02E3$3 — T3x3 — Y3x3 + 5$2

dv
E S rTMxr1 — C’lElxl + ars — CQEQIQ - 5172 + eﬂ.fll‘g - 02E3$3

O <nL— AV + (0 +68L)as

Then7 Vv S #jﬂﬂz)’ where A = min(ClEl, CQEQ, CQEg)

Now consider,

dz,
dt

z

7 ) — C1Eyxy — 1212 — Bryws

= Tll‘l(]. —
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d F

% Z T — %l‘l — ClElF — T1F2 — BFQ
where F' = 7;&-(214?95@

d F

where P = C1E\F + 1 F? + BF?

dxq rmF

- - > P

a T Tz

which implies, z; > T Loy TIFP ) ast — oo
L "

Now let us consider, M = x1 + x5 + x3

aM T
o rir(l — fl) — C1E171 — yi21? — Brias + axs — pwe — CoFoxy — rowy —

Yoo — 5:122 + 961‘11‘3 — Ur3 — CQEgJ?g — T3x3 — Y3x3 + (SLEQ

dM ria?
—— 27T —

dt
where C' = max(C1 Ey,CyE,CoEs) and D = max(y1,72,73)

—CM — DM — Bxixs — p(xe + x3) — rowe — r3x3

dM P rlL 2 7"1L
s L (C+D)M-B(— )29y
a = "mE oy (©+D) ﬁ(Af(oHrGﬂL)) WA~ (a+0pL)
., riL . riL

*A—(a+08L) *A—(a+0BL)

dM
WZH—(C-FD)M

— P L 2 L L
where H = mimr—s = il = Bla=ikopn)” — 2 a—(atopn) ~ T2 A(ar08D)

’l"lL
"3 A= (a+0BL)

dM
(DM =H

M%ﬁast—)oo

Hence, the system is bounded. O
In the next section, we will discuss the existence of the equilibrium points.

4. EXISTENCE OF EQUILIBRIUM POINTS

In this section, we obtain the existence of four equilibrium points. theorem
The system has four equilibrium points.

The steady state solutions are obtained from the following system of equation:

X
7‘1171(1 — fl) — ClEldfl — ’}/11712 — Bl‘lmg = 0 (

oo
= —

ar3 — Uro — CQEQ.IQ — oy — Yoo — (5$2 =0 (

—~
e
N

95351%3 — Uxr3 — CQEg.Tg — r3x3 — Y3T3 + (51’2 =0
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The four possible equilibrium points are Fy(0,0,0), F; (1, 0,0) in which the preda-
tor species extinct,EQ(mll, 0, mlg) in which the immature predator extinct,the interior
equilibrium point E3(x1*, 2%, 23*). The state in which the prey species exist and
predator species extinct is given by:

-C1F
=y (10)
Ttm

T
which is positive if Fl > B
1

i.e.,the ratio of growth rate to the catching coefficient is greater than the the har-
vesting rate of prey.

The state in which both prey and mature predator species exist and immature
predator extinct is given by:

4 [L+02E3+1"3+’}/3

Ty = o5
oor(l— %) — C1E1 — 7,
373: 6

(11)

(12)

which is positive if r1(1 — %) > ChE; + 'ylx,l The state in which prey species,
mature and immature predator species exist is obtained by solving the equation
(7-9) and we get

« |+ Cols+rs+y3][u+ Cola + 1y + 72 + 0] — 0«

7= 0811 + CoFs + 2 + 72 + 0] (13)

which exists if [u+ CoE5 + r3 4+ v3][n + CoEa 4+ 19 + v2 + 6] > da
(1-2)=CiEr —mm

{E3* = 6 (14)

exists if (1 — E) > C1Ey + 71

ory

T u+ CoBstra st

332* (15)

5. LOCAL STABILITY OF EQUILIBRIUM POINTS

In this section, we discuss the local stability of the equilibrium points: The gen-
eral jacobian matrix for the system of equation (4-6) is:

(7 + 1)) 0 B,
0 —[pu+ CoEy + 1 + 2 + 9] a
0Bz 0 [0Bx1 — p— CoB3 — 13 — 73]

(16)
The eigen values corresponding to Fy(0,0,0) are —(p + CoFy + 19 + 2 + 6),
(u+ CoE5 + r3 4+ v3) and 0. Hence, the equilibrium point Ey(0,0,0) is stable.

The eigen values corresponding to Ey(#1,0,0) are —(3 + 7)1, —(u + C2Ey +
CyFEs5+ 19+ 134+ 72+ 72+ 0) and (0847 — u — CoE3 — r3). Thus Eq(41,0,0) is
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e ptCoEs+rs+vs
stable if 77 < 08

and unstable if &7 > %&”””3.

The characteristic equation corresponding to El(xll, 0, xlg) is given by
)\3+a1)\2+a2)\+a3 =0

where a1 = [(u + CoEy + 12+ 72 +6) + (3 + ’yﬁx;],
az = —[ad + (u+ C2Fz + ra + 72 + ) (5 +m1)zy + 0822, 3],
az = —[ad(F + 1)z + 082z x5 (u+ CoEs + 12 + 72 +0)]

Since, a1 > 0,a2 < 0,a1a2 — az < 0. By Routh Hurwitz Stability Criterion, the
equilibrium point E;(zy,0,z3) is not stable.

The characteristic equation corresponding to Fs(z1*,z2*, z3*) is given by
)\3—|—a1)\2—|—a2)\+a3 =0

T s 1
h — (a8 4522 _ (2 *
where a; [axz + = (L + v1)x7]
a(B 4+ yy)xial 0T + 1) s
az = [~0Baata — (7 ’Zl) 13 4 05— (7 7*1) 1 2]
x4 x4
03227 (x%)? o] . 1 .
ag = [;7;3 + (f +m)zi + 045(f + 1) 7]
..k x5 1
>0ifa=2+6-2> (= x
ay i ax;‘ + = (L + )z}

o3 +)ria | 3% + )i

*

az > 0 if ad > 0Pzx7xh + "
) L3

saiae —ag > 0.

Thus, by Routh Hurwitz Stability Criterion, the equilibrium point Es(x1*, z2*, x3)
is stable if it satisfies the above condition. Hence, E5(x1*, z2*, x3*) is locally asymp-
totically stable. Thus, we can state the following theorem. theorem

(1) The boundary equilibrium point Ey(0, 0, 0) is stable but not asymptotically
stable.

(2) The boundary equilibrium point Fj(z1, 0, 0) is locally asymptotically stable
if 7 < %W and unstable if 77 > %W.

(3) The boundary equilibrium point Es(x1,0,z3) is not stable as a1 > 0,as <
0,a1as —az < 0.

(4) The interior equilibrium point E5(z1,22,x3) is stable as a; > 0,a9 >
0,a1a2 —ag > 0, where,

xh T r
= [a=2+ 62 — (7 +m)x]]
2 3
aZE + )ik O(Z: +~v)atad
ap = [~0Boatat — % Tad— %]
2 3
08yx* (x%)2 r T
as = (22EE” (T4 et 4 as(TE 4 )ad)
x5 L L
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6. GLOBAL STABILITY

In this section, we discuss global stability of Fs(z1*,xz2*, z3*).
We construct a Lyapunov function:

T T T
R, 25) = ey =)~ og T3]t (ra—3)—a log 12 bsal(s )~ log 2
1 2
(17)

where, s; and sy are constants.

dR i dxy x5 dzo x5, dxs

2 (= 2y _ 22Ny a4

dt ( )dt+( >dt+( 3)dt

X
= (1‘1 —.131)[7“1(1 — fl) — ClEl -7 — ﬁ.’l?g,] +31($2 —x;)[af — U= CoEy — 19 —
2

Y2 — 8] + sa(ws — 25)[0Bz1 — 1 — CoBs — 13 — 73 + 6]

T3

T1 *\ 2 *\ 2 * * * I;

= —7 (@1-27)" (e —27) —(xl—x1)(963—xg)(5—9582)—0481($2—xz)(g—
2

T3 T3 T2
—=) —dsg(x3 —23)(— — —=
x2) ( 3)($,§ -
We choose sy = %
_.n _ 2 o2 _ x;_@_é _*ﬁ_ﬂ
= —7 (@ —a1)” = me —a7)” —asi (2 952)(932 x2) g (@ C53)(27§ x3)
= —F(x1 —27)? = y(z1 — 27)? — asi(z2 - xS)(f) + asi(z2 —23)(22) — §(as —
@3)(53)—§ (w3 —a3) 2 —asy(wa—a3) 32 — g (w3 —af) T2 +asi (va—a3) 72 + 5 (23 —25) 72

= [ (21— 29)* + m(er — 27)® + asi(@2 — 23)(3) + §los — 23)(3) + asi (22 —

w3)(E = 2)+ §oa —a3)(E - 2) — asi(e2 —23)(5) — §(as — a5) ()

< =[x —27)? + e — 27)? + asy (22 — fz)(m3) + X — fé)(%) +asi(z2 —

E) (L — ) 4 Sy — 28) (2 — 22) — asy (22 — 3) —H— — § (25 — w5) (5]
ezas) ©+D)
dR
Thus, — < 0.
dt

Hence, equilibrium point E3(x1*,22*, 23*) is globally asymptotically stable.

Now, in the next section, we will be discussing about bionomic equilibrium point
and will discuss different cases.

7. BioNoMIC EQUILIBRIUM

Let g1 be the constant harvesting cost per unit effort for prey species, g2 be
the constant harvesting cost per unit effort for immature predator and g3 be the
constant harvesting cost per unit effort for mature predator. Also, let p1, p2 and p3
be the price per unit biomass of the prey, immature predator and mature predator
respectively.
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So, the economic rent or net revenue at any time is given by

m(z1, 22,73, B1, B2, B3) = (p1C171 — q1) E1 + (p2C272 — q2) B2 + (p3Cars — q3) 3
(18)

The Bionomic equilibrium ((21)co, (22) 00, (£3) 0o, (F1)cos (F2)cos (F3)so) is obtained

by solving the following equations:

Z1

rizy(l — f) — C1Evxy — ma1® — Brizs =0 (19)

axy — pry — CaFoxg — 19we — Yoxg — 09 = 0 (20)

08x1x3 — parg — CoF3xrs — ryxg — y3x3 + dxg =0 (21)

(w1, 2, 23, B, B2, E3) = (p1C121—q1) E1 + (p2Caz2 — q2) Eo + (p3Cax3—q3) 3 = 0

(22)
Here, equation (22) refer as Zero Profit Line. Now, in order to find the bionomic
equilibrium ((21) oo, (22)cos (23)00s (E1) oo, (E2) 0o, (E3)s0), We have to consider the
following case:

Case 1: F1 >0, Es =0and F3=0
The harvesting cost of the both mature and immature predator are greater than the
revenue (i.e., ga > paCaxo and ¢z > p3Caxs). So, the harvesting of both mature
and immature predator will not be beneficial and hence, it will be terminated.
Therefore, harvesting of prey population remains functional (i.e., ¢1 < p1Ciz1).
From equation (22) , we get
a1

(@) = 2 (23)

Substituting the value of (x1) in equation(11), we get

L —T1 ng“’ —CiEy —n(71)

(73)00 = 8 =y
ryo— (T q1 —CE, — 41
) L (L)(plcl) . 11 (plcl)’h (25)
_ o iy @ a
hich ts if ry > (— + C1E; +
which exists 1f 7y (L)(p101) =1 <p1C1)’Y1

Now, put the value of (z3) in equation (12), we get

a(x?))oo
o= — )0 2%
(w2) L+ T2+ +0 (26)

Now, put the value of (z1)o and (z3)eo in equation (11), we get
ri(L = E2) = 91(31)00 = B@1)oo (w5)o0

(E1)oo = 3 (27)

(xl)oo
L

Case 2: F1 =0, E5 >0and E3=0

The harvesting cost of the both prey and mature predator population are greater
than the revenue (i.e., ¢ > p;Cix1 and g3 > p3Caxsz. So, the harvesting of both
prey and mature predator population will not be beneficial and hence, it will be

exists if r1 (1 —

) > ’71(1'1)00 + 5(x1)oc(x3)oo
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terminated. Therefore, harvesting of immature predator population remains func-
tional(i.e., ga < paComs).

from equation (22), we get

42

T = 28
(1) = 2 (28)
Substituting the value of (x2) in equation(12), we get
CyE ) o
(5)o0 = (n+ CaE + 7“2;- Y2 + 0)(x2) (29)
Now, put the value of (z2)o and (z3)eo in equation (13), we get
p(23) 00 + 73(73) 00 +73(73) 00 — 6(72) 0
T1)oo = 30
) OB (s) 30
exists if (1(23)00 + (73)00 + 73(23)0c > 0(22) 0o
Put the value of (22)s and (z3)e in the equation (12), we get
oo T oo T e oo T 6 00
(Ea)oo = a(73)o0 — p(T2)00 — T2(T2) 00 — Y2(72) (z2) (31)

Co(22)00
exists if a(23)00 > 1(T2)o0o + 2(22) 00 + 12(22) 00 + 0(22) o

Case 3: F1 =0, EFs =0and F3 >0

The harvesting cost of the both prey and immature predator population are greater
than the revenue (i.e., g1 > p1Ciz1 and g2 > paCaxe. So, the harvesting of
both prey and immature predator population will not be beneficial and hence,
it will be terminated. Therefore, harvesting of mature predator population remains
functional(i.e.,g3 < p3Csx3). from equation (22), we get

a3
T3)oo = 32
() = 1 (32)
Substituting the value of (23)s in equation (12), we get
a(23) 00
= Ao 33
(@2)e pHTe 472+ 6 (33)
Now, put the value of (22)s and x3)s in equation (13), we get
(14 C2E3 413 4+ 73)(23)00 — 0(22) 0
T1)oo = 34
1) OB (rs)oc (34)
exists if (u+ C2E3 4+ r3 + v3)(23)0o > 0(22)00
Put the value of (21)c0, (#2)00 and (23)s in equation (13), we get
(Fs)oo = 0B(21) 00 (73) 00 — 1(T3)00 — T3(T3) 00 — 13(T3) 00 + 0(72) 0 (35)

02(333)00
exists if 08(21) o0 (23)o0 + 0(22)00 > 1(23)00 + 73(23) 00 + 73(73) o0

Case 4: F1 =0, Es =0and F3=0

If the harvesting cost of the prey, mature predator and immature predator popula-
tion are greater than the revenue (i.e., g1 > p1Ci21, g2 > p2Caz2 and g3 > p3Caxs),
then the harvesting of prey, mature predator and immature predator population
will not be beneficial and hence, it will be terminated.



74 SUDIPA CHAUHAN, SUMIT KAUR BHATIA AND SWATI SHARMA EJMAA-2018/6(1)

Case 5: F1 =0, F5 >0and F3 >0
If the harvesting cost of the prey is greater than the revenue (i.e., g1 > p1Cix1),
then the harvesting of prey will not be beneficial and hence, it will be terminated.
Therefore, the harvesting of mature and immature predator population remains
functional(i.e., go < paCoxs and g3 < p3Caxs).
from equation (22), we get

q2

T2)oo = 36
(w2) 22Cs (36)
and
a3
T3)oo = 37
(w2 = 2 (37
Now, put the value of (z2)o and (z3)eo in equation (13), we get
p+ CoEs +r3+73, ,p3Cs 0 g3p2
T1)oo = - —(—= 38
(=1) ( 08 ) q3 ) 08" gops (38)
oo M+ Co2E3 + 13+ 73, p3Co 0 g3p2
exists if > —(——
( 06 ) a3 ) 95((12293)
Put the value of (21)c0, (22)0o and (3)eo in equation (13), we get
0B8(x1)0c —p—13 — 73 0\ @ps3
(B L (G (39)
exists if PPEe RT3 =Y | (0 dabay
CQ CZ 2
Put the value of (23)c and (z3)s in the equation (12), we get
« q3p2 [L+7'2+'72+5
Eo)o = (— — 40
(B = () (B02) - (220200 (40)
..., Q. q3p2 p4+re+y2 496
exists if (— >
( 2)(QQP3 Co )

Case 6: FE1>0,Es=0and E35 >0

If the harvesting cost of the immature predator is greater than the revenue (i.e.,
g2 > p2Caxs), then the harvesting of immature predator will not be beneficial and
hence, it will be terminated. Therefore, the harvesting of prey and mature predator
population remains functional(i.e., ¢1 < p1Ciz1 and g3 < p3Cazs).

from equation (22), we get

a1
T1)oo = 41
() = 2 (a)
and
43
T3) oo = 42
(@) = 2 (42)
Substituting the value of equation (z3) in equation (12), we get
aqs
T9)oo = 43
(w2) (1 +72 + 792+ 0)(p3C2) *3)

Now, put the value of (1) and (23)s in equation (11), we get

q1 q1 q143
Fi)oo =71(1 — — — 44
(E1) 1( plclL) vl(plcl) 6(p1p30%02) (44)
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! 4193
> +

C1 ) i 101) <P1p301202)

Put the value of (21)00, (T2)oo and (z3)ee in equation (13), we get

08¢ LT3 3 529302(362)

exists if 71 (1 —

Byl = 20 H T3 B 45

(Es)oo T pCiC, G Gy G q3 (45)
... BBq p3Ca(®2)oe _ 1 T3 Y3
exists if +0 > — 4 — 4+ —
* p1C1Cs q3 Cs Cs Cs

Case 7: F1 >0, F5 >0and F3=0

If the harvesting cost of the mature predator is greater than the revenue (i.e.,
qs > p3Caxs), then the harvesting of mature predator will not be beneficial and
hence, it will be terminated. Therefore, the harvesting of prey and immature
predator population remains functional(i.e., g1 < p1C121 and gz < p2Cas).

from equation (22), we get

Q1
= 4
(1) = (46)
and ¢
2
= 47
(1) = 2 (47)
Substituting the value of equation (z2)e in equation(12), we get
(1 + C2Ey + 12 + 72 + 0)(g2)
T3) oo = 48
(z3) opsCs (48)
Now, put the value of (1) and (23)s in equation (11), we get
a1 a1 a1
Bl)eo =rmi(1 — —8 - (L 49
( 1) T']_( CL) ’yl(plcl) ﬂ(‘r?)) <plcl2) ( )
exists if 71 (1 — —2 ) > ~y( q ) + Blxs) oo (—)
p1CiL pCh p1Cq
Put the value of (22)c and (23)s in the equation (12), we get
(ap2Co)(x3)oc T2 2 0
Eop=""F7"""—-—— = — — — — 50
(E2) Cagqo Cy Cy Oy C (50)
. .o (ap2C2)(23)00 H T2 Y2 d
exists if ————— > — + — 4+ — + =
Caq2 Cy Cy Co (O

Case 8: F; >0, E5 >0and E3 >0

The harvesting of prey , mature predator and immature predator population re-
mains functional(i.e., g1 < p1Ci21, g2 < p2Coxs and g3 < p3C3x3)

From equation (22), we get

Qi
Z1)oo = 51
() = 2 (51)
q2
Z2)oo = 52
() = 2 (5)
and
43
Z3)o0 = 53
() = (5)
Now, put the value of (1) and (z3)c in equation (11), we get
q q 4193
Fi)oo =71(1 — — — 54
( 1) 1( plclL) 1(p101) 6(p1p301202) ( )



76 SUDIPA CHAUHAN, SUMIT KAUR BHATIA AND SWATI SHARMA EJMAA-2018/6(1)

! q1 4143
> +

P101L) 71(29101) (P1p301202)

Put the value of (z2) and (z3)s in the equation (12), we get

exists if 71 (1 —

Qaq3p2 BT 72 0

B)oo = S . 55

(B2) g2p3Ca  Cy Co Oy G (55)
. aqspa poora Y2, 0
exists if —t+ =+ =+ —
@p3Cy = Cy  Cy Oy Oy

Put the value of (21)c0, (2)0o and (23)s in equation (13), we get
0 )
() = 200 A 75 73 Opsds (56)

+
p1CiCy  Co Co  Cy  paCags

081 0p3q2 >£ 3
p1C1C2  paCagqs = Cy  Ch

exists if

8. CONCLUSION

In this paper, we have studied the combined effect of harvesting and toxicity
on stage structured predator-prey system.We have obtained the boundedness of
the system and existence of boundary and interior equilibrium points. We have
also obtained the local stability of boundary and interior equilibrium points .It is
observed that Ej is always stable, E is stable if 21 < 2] and unstable if 1 > 27,
E5 is always unstable and E* is locally asymptotically stavle.We have proved the
global behavior of the system constructing a suitable Lyapunov function. Further,
we have also obtained bionomic equilibrium points and discussed different cases
when the prey and predator fish population should be harvested. The harvesting

is functional or not functional has been discussed as follows:

e Case 1: The harvesting of prey population remains functional.

e Case 2: The harvesting of immature predator population remains func-

tional.

e Case 3: The harvesting of mature predator population remains functional.
e Case 4: The harvesting of prey, mature predator and immature predator

population will not be beneficial and hence, it will be terminated.

Case 5: The harvesting of mature and immature predator population
remains functional.

Case 6: The harvesting of prey and mature predator population remains
functional.

Case 7: The harvesting of prey and immature predator population remains
functional.

Case 8: The harvesting of prey , mature predator and immature predator
population remains functional.

REFERENCES

[1] Aiello, W.G. and Freedman, H.I., A time delay model of single species growth with stage

structure, Math. Biosci, 101, 139,1990.

[2] Bosch F. and Gabriel, W. Cannibalism in an age-structured predator-prey system, Bull.

Math. Biol.,59,551, 1997.



EJMAA-2018/6(1)HARVESTING OF STAGE STRUCTURED FISHERY MODEL IN THE PRESENCE OF TOXICITY

3

Chattopadhyay J., Effect of toxic substances on a two-species competitive system, Ecol.
Modell. 84, 287, 1996.

[4] Chaudhuri K.S. and Saha Ray S., Bionomic exploitation of a Lotka Volterra prey predator
system, Bull. Cal. Math. Soc. 83, 175-186, 1991.

5

Chaudhuri K.S. and Saha ray S., On the combined harvesting of a preypredator system, J.
Biol. Syst. 4, 373-389, 1996.

[§

Clark C.W., Bioeconomic Modeling and Fisheries Management, New York: Wiley, 1985.

[7

Clark C.W. Mathematical Bioeconomics:The Optimal Management of Renewable Resources,
New York: Wiley,1976.

[8] Dubey B. and Hussain J., A model for the allelopathic effect on two competing species, Ecol.
Modell. 129, 195-207,2000.

[9] Freedman, H.I. and Gopalsammy, K., Global stability in time-delayed single species dynam-
ics, bull. Math. Biol. 48,485,1986.

[10] Gambell, R., Birds and mammals-Antarctic whales, In Antarctica,(Edited by W.N. Bonner
and D.W.H. Walton), Pergamin, New York, 223-241, 1985.

[11] Hallam T.G. and Clark C.W., Non-autonomous logistic equations as models of populations
in a deteriorating environment, J. Theor. Biol. 93, 303-311,1982.

[12] Hallam T.G. and De Luna T.J., Effects of toxicants on populations: a qualitative approach
11, environmental and food chain pathways, Theor. Biol. 109 , 411-429,1984.

[13] Kar T.K. and Chaudhuri K.S., On non-selective harvesting of two competing fish species in
the presence of toxicity, Ecol. Modell. 161, 125-137,2003.

[14] Kar T.K., Pahari U.K. and Chaudhuri K.S., Management of a preypredator fishery based on
continuous fishing effort, J. Biol. Syst. 12 (3), 301-313,2004.

[15] Kar T.K., Stability and optimal harvesting of prey-predator model with stage structure for
predator interactions, Canadian Applied Mathematics Quarterly,14(4), 385-399, 2006.

[16] Kar T.K and Pahari, U.K., Modelling and analysis of a prey-predator system with stage-
structure and harvesting, Nonlinear Analysis: Real World Applications, 8, 601-609, 2007.

[17] Matsuda H. and Nishimori K., A size-structured model for a stock-recovery program for an
exploited endemic fisheries resource. Fisheries res., 1468,1-14, 2002.

[18] Maynard Smith J, Models in Ecology. Cambridge University Press, 146,1974.

[19] Mesterton-Gibbons M., On the optimal policy for the combined harvesting of predator and
prey, Nat. Resour. Model 3, 63-90,1988.

[20] Mesterton-Gibbons M., A technique for finding optimal two species harvesting policies, Ecol.
Modell. 92, 235-244,1996.

[21] Mukhopadhyay A., Chattopadhyay J. and Tapaswi P.K., A delay differential equations
model of plankton allelopathy, Math. Biosci, 149, 167-189,1998.

[22] Rozen, G., Time delays produced by essential non-linearity in population growth models
Bull. Math. Biol. 49,253,1987.



78 SUDIPA CHAUHAN, SUMIT KAUR BHATIA AND SWATI SHARMA EJMAA-2018/6(1)

(23] T.K. Kar, S. Misra, A Resource Based Stage-Structured Fishery Model With Selective
harvesting of Mature Species, Appl. Appl. Math. Vol. 5, Issue 1 pp. 4258,2010.

[24] K. Chakraborty, S. Das, T.K. Kar, Optimal control of effort of a stage structured preypreda-
tor fishery model with harvesting, Nonlinear Analysis: Real World Applications 12(6),
34523467, 2011.

[25] K. Chakraborty, S. Jana, T.K. Kar, Global dynamics and bifurcation in a stage structured
preypredator fishery model with harvesting, Applied Mathematics and Computation 218(18),
92719290,2012.

[26] Y. Qua, J. We, Bifurcation analysis in a predator prey system with stage-structure and
harvesting, Journal of the Franklin Institute, 347, 7, 10971113,2010.

SupipA CHAUHAN
AMITY INSTITUTE OF APPLIED SCIENCE,AMITY UNIVERSITY, SECTOR-125, NOIDA,INDIA
E-mail address: sudipachauhan@gmail.com

SUMIT KAUR BHATIA
AMITY INSTITUTE OF APPLIED SCIENCE,AMITY UNIVERSITY, SECTOR-125, NOIDA,INDIA
E-mail address: sumit2212@gmail.com

SWATI SHARMA
AMITY INSTITUTE OF APPLIED SCIENCE,AMITY UNIVERSITY, SECTOR-125, NOIDA,INDIA
E-mail address: ss290893@gmail.com



