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MODIFIED BANACH FIXED POINT RESULTS FOR LOCALLY
CONTRACTIVE MAPPINGS IN COMPLETE G,-METRIC LIKE
SPACE

ABDULLAH SHOAIB, ZUBAIR NISAR, AFTAB HUSSAIN, OZEN OZER AND
MUHAMMAD ARSHAD

ABSTRACT. In this paper we discuss unique fixed point of mappings satisfying
a locally contractive condition on a closed ball in a complete G4-metric like
space. Examples have been given to show the novelty of our work. Our results
improve/generalize several well known recent and classical results.

1. INTRODUCTION

The notion of metric spaces is one of the useful topic in Analysis. The study of
metric spaces expressed the most important role to many fields both in pure and
applied science such as biology, physics and computer science. Some generaliza-
tions of the notion of a metric space have been proposed by some authors, such
as rectangular metric spaces, metric Like Space, quasi metric spaces. Mustafa et.
al. [27] introduced the notion of a G-metric space as generalization of the metric
space.

A point a € X is said to be a fixed point of mapping I' : X — X, if a =
la. Karanpimar et. al. [17] proved fixed point theorems for globally contractive
mappings in G-metric spaces. Recently, many results appeared related to fixed point
theorem for mappings satisfying different contractive conditions in complete G-
metric spaces and metric like spaces/dislocated metric spaces (see [1]-[38]). Arshad
et. al. [5] proved a result concerning the existence of fixed points of a mapping
satisfying a contractive conditions on closed ball in a complete dislocated metric
space. For further results on closed ball (see [6, 9, 10, 11, 31, 32, 33]).

In this paper we have obtained fixed point theorems for a locally contractive self
mapping in a complete G-metric like space on a closed ball to generalize, extend
and improve some classical fixed point results. We have used weaker contractive
condition and weaker restrictions to obtain unique fixed point. We give the following
definitions which will be needed in the sequel.
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Definition 1 [27] Let X be a nonempty set, and let G : X x X x X — [0,00), be
a function satisfying the following properties:

(G1) G(a,b,c) =01ifand only if a = b= ¢;

( G2) 0 < G(a,a,b), for all a,b € X, with a # b;

( Gs) G(a,a,b) < G(a,b,c), for all a, b, ¢c € X with b # ¢;

( G4) G(a,b,¢) = G(a,c,b) = G(b,a,c) = G(b,c,a) = G(c,a,b) = G(c,b,a),
(symmetry in all three variables);

( Gs) G(a,b,c) < G(a,d,d) + G(d,b,c), for all a,b,c,d € X, (rectangle inequal-
ity).

Then the function G is called a Generalized Metric, more specifically a G-metric
on X and the pair (X, Q) is called a G-metric space. It is known that the function
Gy(z,y,z) on G-metric space X is jointly continuous in all three of its variables.
Definition 2 [27] Let X be a nonempty set and let G4 : X x X x X — [0,00) be
a function satisfying the following axioms:

(i) If Ga(a,b,c) = Gq(a,c,b) = G4(b,a,c) = Ga(b,c,a,) = Gyq(c,a,b) = G4(c,b,a) =
0, then a = b = ¢;

(i1) G4(a, b, c) < Gqla,a,d) + G4(d, b, ¢), for all a,b,c,d € X, (rectangle inequal-

ity).
Then the pair (X, Gg) is called the quasi G4-metric like space. It is clear that if
Gala,b,c) = Gg(b,c,a) = Gy(c,a,b) = --- = 0 then from (i) a = b = ¢. But

if a = b = ¢ then Gg4(a,b,c) may not be 0. It is observed that if Gy(a,b,c) =
Gyla,c,b) = Ga(b,a,c) = Gy(b,c,a) = Galc,a,b) = Gy(c,b,a) for all a,b,c € X,
then (X, G4) becomes a Gg4-metric like space.

Example 1 Let X = [0,00) be a non empty set and Gy : X x X x X — [0,00) be
a function defined by

Gy(a,b,c)=a+b+e¢, forall a,b,c e X.

Then clearly G4 : X x X x X — [0,00) is Gg4-metric like space.
Proposition 1 Let (X, G4) be a G4-metric like space. Then the function Gy(a, b, ¢)
is jointly continuous in all three variables.
Definition 3 Let (X, Gy) be a Gg-metric like space, and let {x,} be a sequence
of points in X, a point z in X is said to be the limit of the sequence {x,} if
limyy, n—y00 Ga(T, Tn, m) = 0, and one says that sequence {z,} is G4-convergent to
x. Thus, if , — z in a Gg-metric like space (X, Gy), then for any € > 0, there
exists n,m € N such that Gy4(z, z,, ) < ¢, for all n,m > N.
Definition 4 Let (X,G4) be a Gg-metric like space. A sequence {z,} is called
G 4-Cauchy sequence if, for € > 0 there exists a positive integer n* € N such that
Ga(zy, xm ;) < € for all n,l,m > n*; ie. if Gg(Tn,Tm,x) = 0 as n,m,l — oco.
Definition 5 A Gg-metric like space (X, Gy) is said to be Gg-complete if every
G 4-Cauchy sequence in (X, Gy) is Gg4-convergent in X.
Proposition 2 Let (X, G;) be a Gg-metric like space, then the following are equiv-
alent:

(1) {z,} is G4 convergent to z.

(2) Ga(zp, Tpn,z) = 0 as n — oo.

(3) Ga(zpn,x,z) — 0 as n — oc.

(4) Ga(zp, Tm,x) — 0 as m n — oo.
Definition 6 Let (X,G4) be a Gy-metric like space then for zop € X, r > 0, the
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G4-closed ball with centre xy and radius r is,

BGd(IO’T) = {y €X: Gd(x()vyay) < T}'

2. MAIN RESULT

Theorem 1 Suppose for a complete Gg-metric like space (X, Gq), if a mapping
I': X — X satisfies,

G4(Ta,IT'b,T'c) < EW(a,b,c) (1)
for all a,ap,b,c € Bg,(ag,7) € X and r > 0, where £ € [0, %) and
Wi(a,b,c) = max{Gq(b,T%a,T'b),Gy(Ta,T%a,T'b),Gy(a,Ta,b),Gy(a,Ta,c),

Ga(c,T%a,T'c), G4(b,Ta,Th), G4(Ta,T%a,Tc), Gy(c, Ta,T'b),
Gala,b,¢),Gy(a,Ta,Ta),G4(b,Tb,Th), Gy(c,Te,Te),
Ga(a,Tb,Tb),Gy(b,Tc,Tc)}. (2)
Also
Gylag,a1,a1) < (1 — p)r, (3)
where p € {£,T = 1%5} and p € [0,1). Then, there exists a unique a € Bg, (ao,)

such that I'a = a.
Proof. Consider a picard sequence {a,} with initial guess ag € X such that

ant+1 = lay,, for alln € N.

Suppose a1 # ay, for all n € N U {0}, for otherwise, if such n exists, then a,, is
the fixed point of T'. From (3), it is clear that

Gylag,a1,a1) < (1 —p)r <.

Then, a; € Bg,(ag,r). Now, consider the relation

Gqlar,as,a2) = Gg(Tag,Tay,Tay)
< &W(ao,a1,a1). (4)
From (2),
W(ag,a1,a1) = max{Gg(ag,a1,a1),Gq(a1,as,az2),Ga(ai,ar,as),

Galao,az,az)}.
In first case, if W(ag,a1,a1) = Gg(a1,as, asz), then, inequality (4) implies

¢Gy(ar,az,az)
0

Galar,as,as)
(1-¢&Gq(a1,as2,a2)

It is contradiction because a; # az. In second case, if W(ag, a1,a1) = Gq(a1, a1, az),
then, we have

<
<

¢Gy(ar,a1,a2)
2(Gq(ai, az,as)
0.

Ga(ai,az,as)

VANVARR VAN

(1-2)Gqla1, a2, a2)

It is again a contradiction because a1 # ag. In third case, if W(ag,a1,a1) =
G4(ag,a1,a1), then, we have

Ga(ar,az,az) < EGqalag,ar,ar). (5)
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In fourth case, if W(ag,a1,a1) = Gqao, az, as) then,
< €Galao, az, az)
< &Galag, ar,a1) +EGq(ar, az,az)
(1-¢)Galar,a2,a2) < EGq(ao,ar,ar)
< TYGy(ag,a1,a1). (6)
Hence, by combining (5) and (6), for p € {&, T}, we have

Ga(ar,asz,a2)

Ga(ar,asz,az)

Gal(ay,as,a2) < pGy(ag,ar,ar).
Now, by rectangle property, we have
Galag,az,a2) < Galao,a1,a1) + Ga(ay, az,az)
< (1+p)Galao,ar,ar)
< (A+p)A=pr=>0-p)r<r

Hence, as € Bg,(ag,r). Now, let as, a4, .a; € Bg,(ag,r), for some i € N. Now,

from (1), we have

Galai,aiq1,0i41) = Gg(Ta;—1,Ta; Ta;) < EW(a;—1, a;,a;).

From (2),
W(ai—1,a;a;) = max{Gqg(a;, ai+1,a;41), Galai—1,aiy1,0i+1), Galai—1,a;,a;),
Ga(a;,a;,a;41)}
In first case, if W(a;—1,a; a;) = Ga(a;, ai41,a;+1) then, we have
Galai,aiq1,0i+1) < EGalai, Git1,ai41)
(1-¢)Ga(as,a41,0i41) < 0.

It is contradiction because a; # a;+1. Insecond case if W (a;_1,a; a;) = Ga(a;, a; ait1)
then,

de(ai,ai,aiH)
EGalai, aiy1,aiv1) + EGal@itr,as, ajyr).

Gd(ai, ai+1,ai+1)

IN A

By symmetry property of G4-metric like space, we have Gg(a;, ai11,0;41) = Ga(ait1,ai, Git1).
Therefore
Galai, air1,0i41) < 28Gg(ai, Git1,0i41)

(1-2)Ga(ai,aiv1,0i41) < 0.
It is again a contradiction because a; # a;+1. In third case, if W(a;—1,a;a;) =
Ga(a;—1,a;41,ai+1), then
EGa(a—1,ai41,0i+1)
EGalai—1,a;a;) + EGglai, ait1,0i41)
de(ai—l,CLi,ai)
YTGy(ai—1,aia;). (7)

Ga(ai, iv1,0i4+1)

(1 - f)Gd(CLi, ai+1,ai+l)
Ga(ai, aiy1,0i41)

VAN VAN VAN VA

In fourth case if W(a;—1,a;,a;) = G4(a;—1, a;,a;), then

Galai, aiy1,0i+1) < EGqlai—1,a:,a;) (8)
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Hence, from relations (7) and (8), we have

Gala;, ai+1,ai+1) < pGa(a;-1, aiﬁ'i)
< p*Galai—,ai-1,a;-1)
Gd(ai,ai+17ai+1) < piGd(G’Oaalaal)7 (9)

where p € {£,T = 1%5} Now from rectangle property, we have

Ga(ao, ait1,0i+1) < Gglao,ar,a1) + Gglar,az,a2) + ..... + Ga(as, aip1,ai41)
Galag,aiv1.ai11) < Ga(ao,ar,a1) + pGalag, a1, ar) + p*Galag, ar,ar)
+..... —&—p’Gd(aO,al,al)

< (T+p+p*+ . +0)Galag, a1, a;)
1 _pi+1
< (Tp)(l—P)Tﬁr-

Hence, a;+1 € Bg,(ag,r). Therefore, picard sequence {a,} € Bg,(ao,r), for all
n € NU{0}. Now, to show that picard sequence {a,} is Cauchy sequence, consider
for m,n € N, such that for n < m,

Gd(anaamvam) S Gd(a/n7a/n+laa/n+l) + Gd(an+17an+27an+2) + ...

+Ga(am—2, @m-1,0m—-1) + Ga(tm-1, Gm, Gm)

< p"Galag, a1, a1) + p" ' Galag, a1, ar)
+p" 2 Gy(ag, ar,a1) + ... +p™ 1Gy(ag, a1, a)
< (L+p+p+ 4+ p™ )" Galag, ar, ar)
< (%)P”Gd(ao’ahal)
—p
< @=p"M)p"r < ptr

As p €]0,1), then p™ — 0, if n — oco. Hence p"r — 0, if n — co. So, we have
Ga(an, am,am) — 0, as n — oo.

Therefore picard sequence {a,} is a Cauchy sequence in closed ball Bg,(ag, ). As
closed ball Bg, (ao, ) is closed subset of set X, then the sequence {a,, } is convergent
in closed ball Bg,(ag,r) and the point of convergence is a € Bg,(ao, ). Hence
an — a as n — o0o. In general it is clear that,

LimGgy(an,a,a) = LimGg(a,an,a,) =0 (10)

n—oo n— oo
To check either a € Bg,(ag, ) is a fixed point of T : X — X or not, consider

Ga(a,Ta,Ta) Gala,ant1,an+1) + Galanyt1,La,Ta)

<
S Gd((l, an+1;an+1) +§W(anvaaa) (11)
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From (2),

W(an,a,a) = max{Ggy(a,T%a,,Ta),Gq(Tan,%a,,Ta), Gy(an,Tan,a),
Galan,Tan,a),Gq(a,T?a,,Ta), Gy(a,Ta,, Ta),
Gq(Tan,T%ay,,Ta),Gyla,Ta,,Ta), Gylan, a,a),
Galan,Tan,Tay),Ga(a,Ta,Ta), Gy4(a,Ta,Ta),
G4(an,Ta,Ta),G4(a,T'a,Ta)}

W(an,a,a)

max{Gq(a,ani2,Ta), Ga(ant1, ani2,Ta), Galan, ani1,a),
Ga(an, any1,a),Gala, ania,Ta), Gy(a, ant1,Ta),
Ga(ant1,anta,La),Gyla,ans1,Ta), Galan, a,a),

Galan, ani1,ant1), Ga(a,Ta,Ta), G4(a,Ta,Ta),
Galan,Ta,Ta),Gy(a,Ta,Ta)}

W(an,a,a) = max{Gq(a,ani2,Ta),Ga(ant1,an+2,Ta),Ga(an, ani1,a),
Ga(a,ant1,la),Galan, a,a), Ga(an, ani1, i),
Ga(a,Ta,Ta),Gy4(an,Ta,Ta)}. (12)

After applying limit n — oo on (11), for every selection of W (ay,a,a) from (12),
we get

Gy(a,Ta,Ta) <0.
Hence,'a=aora € W is a fixed point of I'. For uniqueness of fixed point,

consider a,b € Bg,(ao,r) are two distinct fixed points of I : X — X. So consider
the relation,

Ga(a,b,b) = Gq(Ta,Tb,Tb) < W (a,b, b). (13)
Where
W (a,b,b) = max{Gq(a,b,b), G4(a,a,b),Gala,a,a),Gy(b,b,b)}. (14)
Now,
Gyla,a,a) = G4(Ta,Ta,Ta) < EW(a,a,a) = £Gy(a,a,a).

So G4(a,a,a) = 0. Similarly G4(b,b,b). If W(a,b,b) = G4(a,b,b) in (14), relation
(13) gives, Gg4(a,b,b) = 0. If W(a,b,b) = G4(a,b,b) in (14), relation (13) gives,

Gd(avbv b) < de(avavb)
S ng(lL bv b) + EGd(ba a, b)
(1—26)Gala,b,b) < 0.

Hence in each case G4(a,b,b) = 0. It is contradiction to our assumption, that is
a # b. So our supposition is wrong. Hence fixed point of I' : X — X is unique.
Example 2 If for a set X = [0,2], a mapping G4 : X x X x X — X, for all
a,b,c € X defined by,

Gala,b,c) =a+b+c
then (X, Gy4) is complete Gg-metric like space. Let mapping I' : X — X are defined
by,

2 if g €10,1]

= g ! ’

La { a+ g ifac(1,2).
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Let ag = % and r = % such that Bg,(ag,) =[0,1]. Also let p € {{ = %,T =5 =

£} € [0,1) such that,

1 16
f =— (1—- = —
orp=g, (I—p)r 5
and ) A
forpzi, (1—p)r= 3
Also as 5 5 5
Gqlag,a1,a1) = 3 +2F(§) =5
Clearly

11
Galag,a1,a1) < (1 — p)r, for every p € {g, 5}

To show contractive condition is locally contractive, for first case let a,b,c € [0,1]
then,

a b c
Gd(PQ,Fb,FC) = Gd(g,g,g)
1
G4(Ta,Tb,Tc) = g(a—i—b—i—c)
Also let
9a+8b a+72b 9a+8b a+ 9b
W(aa b’ C) - ma‘X{ 8 9 64 9 64 I 8 )
9a+8c a+72¢c 9a+8c 8c+a-+b atbte
8§ 7 64 7 64 8 ’ ’

5a 5b 5¢ 4a+0b 4b+c

474747 4 7 4 }

If a,b,c € [0,1], then
9a+8b 9a +8c 17 <a+72b a+72c 73

O < 9 = L = 9 Si
- 64 64 64 64 64 6
0 < a+9b 80+a+b57a57b@4a+b 4b+c<§
- 8 7 8 474747 4 7 4 — 4
0 < 9a +8b 9a+ 8 17

<—,0< b <3
s ' 8 =% <a+0+c<
Clearly above inequalities shows that maximum value for W(a, b, ¢) is
W(a,b,c)=a+b+c
As,

(a+b+c)

Wl =

1
g(a,"_b"_C)g

So,
Ga(Ta,Tb,Tc) < EW(a, b, c)
Hence contractive condition is locally satisfied on Bg, (ag, ) = [0, 1]. For the second
case if a,b,c € (1,2] then,
1

2)

1 1
Gd(Fa7Fbv FC) = Gd(a + é, b+ g, c+ 3

G4¢(Ta,Tb,Tc) = (a+b+c)+%
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Also, let
3 1 1 1
W(a,b,c) = max{a+2b+§,2a+b+§,a+2b+z,2a+b+§
2+t L +2+§2+ LIV .
a-+c 8,@ c 8 a—+c 2,a c %
1 1
a+b+c3a+ 3b+ 3c+4a+2b+1,
b+2 -
+ c+4}
If for all a, b, ¢ € (1,2] then
) 1 1 49 13 1 25
3 < 2a+b+§72a+c+§§ g 3<a+b+c<6, T <a—&-b—i—c—|—4<Z
B ot it by Laer +2b+ b2t <
4 “ T T e 4“ 1=
2 3 3 51 7 1 1 13
— 2b 2c < —, =<2 b ,2 < —
3 < a+ +8a+ +8_82<a—|—+ a+c+2_2

Clearly above inequalities shows that maximum values for W(a, b, ¢) are,

1 1
W(a,b,c):2a+b+§ and W(a,b,c):2a+c+§

Now as
3 1 1
- > = -
(a+b+c)+8 > 3(2a+b+2)
Gq(Ta,Tb,Tc) > EW(a,b,c)
or
3 1 1
Z > Z(2 Z
(a+b+c)+8 > 3(a+c+2)

Ga(Ta,Tb,Tec) > EW(a,b,c)

Hence, contractive condition is failed outside of Bg, (ag,r) = [0, 1]. Therefore fixed
point of T : X — X exists and is 0 € Bg,(ag, r) such that T0O =0

In above theorem, interval for contractive condition can be extended to [0,1) as
shown by following corollary.
Corollary 1 Suppose for a Gg4-metric like space (X,Gq) if a defined mapping
I': X — X satisfies,
G4(Ta,Tb,Tc) < EW (a,b,c),
for all ag, a,b,c € Bg,(ag,7) € X and r > 0, where £ € [0,1) and
W(a,b,c) = max{Gq(b,T?a,Tb),Gq(Ta,T?%a,Tb),Gy(a,Ta,b),Gy(c,T?%a,Tc),
Gd(Fa7 FQCL, FC), Gd(a7 Faa 0)7 Gd(av ba C)v Gd(aa Fa7 FCL),
Ga(b,Tb,Tb),Ga(c,Te,Te),Ga(b,Te,Te)}.
And
Galag,a1,a1) < (1= &)r.
Then, there exists a unique a € Bg,(ao, ) such that I'a = a.
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The prior bound can be used at the beginning of the calculation for estimating
the required number of iterations to obtain the assumed accuracy. While poste-
rior estimate can be used at intermediate stegosaur at the end of the calculation.
Posterior estimate is at least as accurate as prior estimate. Now, we discuss error
approximations and their related example.

Corollary 2 (Iteration, Error Bounds) From Theorem 1, picard iterative se-
quence, with arbitrary initial guess ag € Bg,(ag, ) C X, converges to unique fixed
point @ € Bg,(ag,r) of mapping I' : X — X. Then, the error estimates are the

prior estimate
n

Gylan,a,a) < 1'0_ Gylag,a1,a1), (15)
and the posterior estimate
Galan,a,a) < %Gd(an,l,aman). (16)
Proof. As from Theorem 1,
1—pm-n

Ga(an, am,am) < p"( )Galag, a1, a1)

L—p
As sequence {a,} is convergent to a € Bg,(ag,7) € X, then by taking m — oo
gives a,, — oo and p™~™ — 0. Therefore, above relation leads to the prior estimate

ie.,
V2

Gd(ana a, Cl) S 1p

de(amahal)-
Setting n = 1 and write b, for ag and b; for a; in (15) gives,
Ga(bi,a,a) < %Gd(bmbl,bly

Letting b, = a,_1 then by = I'b, = T'ap,_1 = a, in above relation leads to the
posterior estimate i.e.,

Gd(af’ruafa a) S %Gd(an—la Ap,y an)'

Example 3 If for a set X = [0,2], a mapping G4 : X x X x X — X, for all
a,b,c € X defined by,

Gala,b,c)=a+b+c
then (X, G4) is complete G4-metric like space. Let mapping I' : X — X are defined

by,
2 if g € ]0,1]
_ g 1 )
ta= { at+ i ifae(1,2)
Let ag = % and r = % such that Bg,(ag,r) = [0,1]. Also let p € {¢ = %,T = 1% =
1} C[0,1). Construct the picard iterative sequence taking ag = % € [0, 1] as initial
guess as,
an =Ta,_1 = g—g, for alln € N U {0}

Also as 5 5 5

Ga(ao,a1,a1) = 37T ZF(g) =5
and

Galan,a,a) = a, + 2a
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As picard sequence {a,} satisfies all the conditions of Theorem 1 as in Example 2,
then if n — oo, we have a, — a i.e. a,, = a. Then
3a0 2
Galan,a,a) = 3a, = = &
As from prior estimate
pn
Ga(an,a,a) < 17Gd(a0,a1,a1)

If p = 5 then, we have

3
2 3 5
2 < =z
g = 23" 6
ln(%)
5 < n=047919<n
ln(g)
n = 1,2,3,.... being integer
If p = % then, we have
2 2 5
2 <« 2=
g T 2" 6
ln(g)
3 < n=0.1315172 < n
111(5)
n = 1,2,3,.... being integer
In either case if p € {%, %}, picard sequence {a,} converges for n = 1,2,3,..... If
n=2
as = Tay = % = 0.0104166667
If n = 3, then
as = Day = % = 0.0013020833
Therefore,

0.0013020833 ~ I'0.0104166667

This suggests, when integer n > 1 goes on increasing, picard sequence moves to-
wards fixed point of T' which is a = 0 € [0, 1], i.e., T0O = 0.
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