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ON SOME DOUBLY NONLINEAR SYSTEM IN
INHOMOGENOUS ORLICZ SPACES

A. ABERQI, J. BENNOUNA AND M. ELMASSOUDI

ABSTRACT. Our aim in this paper is to discuss the existence of renormalized
solutions of the following systems:

9b; )
M —div(a(x,t,us, Vui))—oi(z, t,u;))+ fi(z,ur,u2) =0 i=1,2.
where the function b;(z,wu;) verifies some regularity conditions, the term

(a(z, t, uq, Vul)) is a generalized Leray-Lions operator and ¢; is a Carathéodory

function assumed satisfy only a growth condition. The source term f; (¢, u1,u2)
belongs to L1(©2 x (0,7T)) .
1. INTRODUCTION

Let Q be a bounded open subset of RN, (N > 1) with the segment property.
Fixing a final time T > 0 and let Q1 := (0,T) x Q. We prove the existence of a
renormalized solutions for the nonlinear parabolic systems:

(bi(xvui))t —div (G(l’,t, Us, Vul) - q)i(x7t7ui)) + fi(l‘,Ul,UQ) =0 in Qa (1)

u; =0 onT:=(0,T) x 08, (2)
bi(x,u;)(t =0) = bi(z,ui0) in Q, (3)
where i = 1,2. Here, the vector field
a:Qx(0,T)x Rx RY — RY is a Carathéodory function (4)
where A(u) = —div(a(z,t,u, Vu)) is a Leary-Lions operator defined on the in-

homogeneous Orlicz-Sobolev space Wol"”LM(QT), M is a N-function related to the
growth of A(u) (see assumptions (8)-(10)), and to the growth of the lower order
Carathéodory function ¢(z,t,u) (see assumption (11)). b : @ x R — R is a
Carathéodory function such that for every x € Q, b(x,.) is a strictly increasing
C'-function, the source term f; is a Carathéodory function.

In the first time, on the Classical Sobolev space, The existence of renormalized
solution has been proved by R.-Di Nardo et al. in [9] in the case b(z,u) = u, by
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H. Redwane in [12] where b(u) = b(x, u), by A. Aberqi, J. Bennouna and H. Red-
wane, in [2], where |¢(z,t, s)| < ¢(z,t)|s|” and by L. Aharouch, J. Bennouna and
A. Touzani in [3] and by A. Benkirane and J. Bennouna [7] in the Orlicz spaces
and degenerated spaces.

In the second time, the existence of a renormalized solution to a class of doubly
nonlinear parabolic systems, in the classical Sobolev space b;(u;) = u; and ¢; = ¢,
i =1, 2 has been studied by H. Redwane [12] and for the parabolic version of (1.1)-
(1.3), existence and uniqueness results are already proved in [8] (see also [13]) in
the case f;(z,ul,u2) is replaced by f — div(g), by Azroul et al. in [6] has studied
the Problem (1), where the term ¢ is continuous function, who allows to eliminate
it by using the Stockes formula. Recently Aberqi et al. in [2] has treated the same
problem, where the right-side is f — div(g) where f € LY(Q) , g € (L (Q))" and
the term ¢ satisfy the following growth condition ¢(z,t,s) < c(z,t)|s|".

It is our purpose in this paper to generalize the last two results in the Orlicz-
sobolev spaces and with the condition ¢(z,t,s) < c(x,t)ﬂ_lM(%M) and not as-
suming any other condition (no coercivity condition and no Ay condition on the
N-function M). However the uniqueness of solution remains yet open.

To illustrate the type of problems in Orlicz-Sobolev spaces, we cite the model
bellow:

q(z)—2 p—2
% - “’(W log(e +u)) — div(c(z, t)|[ufP~) = f in Qr,

u(z,t) =0 on 00 x (0,7),

where b(z,u) = |u|?®) =2y, where q : Q —=]1, +oo[, with ¢(z) < —|z|? + 2.

Au = —Apu = —div(%.log(e + u)), here the N-functions M associated
to the operator are M(t) = tPlog?(e + t), and P(t) = %, with P <« M.

d(x,t,u) = c(z,t)|u/P~! the term in divergentiel form which is not continuous with
respect to x.

This article is organized as follows: In Section 2, we give some technical lemmas.
In Section 3 we give the basic assumptions and give the definition of a renormalized
solution of (1.1)-(1.3) and in Section 4, we establish (Theorem 4) the existence of
such a solutions.

2. PRELIMINARIES AND SOME TECHNICAL LEMMAS

Let M : RT — R% be an N-function, that is, M is continuous, convex, with
M(t) > 0 fort > 0, M(t)/t - 0 ast — 0, and M(¢)/t - 400 as t — +o0.
Equivalently,M admits the representation M (t) = fot a(s)ds, where a : R™ — R™
is nondecreasing, right continuous, with a(0) = 0,a(t) > 0 for ¢ > 0, and a(t) — +00
as t — +o0o. The N-function M conjugate to M is defined by M(t) = [, a(s)ds,
where @ : RT™ — R™, is given by a(t) = sup{s : a(s) < t}.

We will extend these N-functions into even functions on all R. Let P and @
be two N-functions. P < ) means that P grows essentially less rapidly than @,
that is, for each € > 0 P, 0ast — +oo. This is the case if and only if

N  Qlet)
limt_>+oo Q—ilgg =0.
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The Orlicz class Kp(€2) (resp. the Orlicz space Ly(§2) is defined as the set of
(equivalence classes of) real valued measurable functions v on € such that

/ M(u(z))dz < 400 (resp. / M( ))dx < 400 for some A >0).

The set Ly (2) is Banach space under the norm

fulln = inf(r> 05 [ ar(ae < 1)

and Kj/(2) is a convex subset of Lp/(2). The closure in Ly () of the set of
bounded measurable functions with compact support in Q is denoted by Ep(£2).
The dual Ep/ () can be identified with Ly7(2) by means of the pairing [, uvdz,and
the dual norm of L37(Q2) is equivalent to |lullz7o. We now turn to the Orlicz-
Sobolev space, WLy (Q)) [resp. WE)(Q)] is the space of all functions u such
that u and its distributional derivatives up to order 1 lie in Lp;(Q) [resp. Epr(Q)].
It is a Banach space under the norm

lullae =Y I1D%ullare

la<1

Thus, WLy (Q) and WLE(Q) can be identified with subspaces of product of
N + 1 copies of Ly (€2). Denoting this product by IILy, we will use the weak
topologies o(ILLys, I1E57) and o(IILps,I1L77). The space Wi En () is defined
as the (norm) closure of the Schwartz space D(Q2) in WIE(Q) and the space
Wi Ly () as the o(ILLys, ILEg7) closure of D(S2) in WLy (€2).
Let W—L7(Q) [resp. W 'E5;(2)] denote the space of distributions on © which
can be written as sums of derivatives of order < 1 of functions in L77(€2) [resp.
Ew7(©)]. It is a Banach space under the usual quotient norm.(for more details see
[1])-
We recall the following Lemma:

Lemma 1 (see [11] and [10]) For all u € WLy (Qr) with meas(Qr) < +o0
one has

M awar < [ vi(valydzar (5)
Qr A Qr
where A = diamQr, is the diameter of Q7.

3. ASSUMPTIONS AND STATEMENT OF MAIN RESULTS

Throughout this paper, we assume that the following assumptions hold true:
Let P and M are two N-functions, such that P << M, and for all t = 1,2:

b; : @ x R — R is a Carathéodory function such that for every x € Q,  (6)

bi(x,.) is a strictly increasing C!(R)-function and b; € L°°(Q x R) with b;(x,0) = 0.
Next for any k > 0, there exists a constant A > 0 and functions A% € L*>°(2) and
B} € Ly() such that:

Ob;(x, s) i Ob;(x, s) i
5 < Ap(x) and ‘Vx(T)‘ < Bi(r) aexeQandV]s| <k.

(7)

A <
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For almost every (z,t) € Qr, for every s € R and every &, n € RY

la(,t,5,€)] < di(w,t) + Bra M P(Bralé]), (8)
a(z,t,8,€)E > aM(|€]) with a >0, (9)
(a(x,t, $,€) — a(x, t, s,n))(§ —n) >0 with £ £, (10)

where dy(x,t) € Eg;(Qr), and B, 1, Bk,2 > 0 are the given real numbers.
Let ¢(z,t,s) be a Carathéodory function such that for a.e (z,t) € Qr forall s € R

|pi(x,t, 8)] < ci(x,t)MflM(aTa\s\), ¢i.,.) € L>®(Qr), where |lc;(., )]oo < a,
(11)

fi: Q2 x Rx R— R is a Carathéodory function with

fi(z,0,8) = fa(z,5,0) =0 ae xz€Q,VseER, (12)
and for almost every x € (2, for every s1,s2 € R,
sign(s;) fi(z,s1,82) > 0. (13)

The growth assumptions on f; are as follows: For each K > 0, there exists ox > 0
and a function Fy in L'(Q) such that

|f1($,81782)| SFK($)+O-K |b2($,$2)|, (14)
a.e. in €, for all s1 such that |s1| < K, for all so € R. For each K > 0, there exists
Ax > 0 and a function G in L*(2) such that

|f2(x, 81, 82)| < G (z) + Ak [b1(z, s1)], (15)

for almost every x € Q, for every sy such that |so| < K, and for every s; € R.
Finally, we assume the following condition on the initial data w; o:
;0 is a measurable function such that b;(.,u; o) € L*(Q2), fori=1,2.  (16)

In this paper, for K > 0, we denote by Tk : r — min(K, maz(r,—K)) the
truncation function at height K. For any measurable subset E of Qr, we denote
by meas(FE) the Lebesgue measure of E. For any measurable function v defined
on @ and for any real number s, x{,<s} (respectively, x{,—s}, X{v>s}) denote the
characteristic function of the set {(z,t) € Qr ; v(x,t) < s} (respectively, {(z,t) €
QT;'U(xvt) = 8}7 {(x’t) € QT; ’U((E,t) > S})

Definition 2 A couple of functions (u1,us) defined on Q7 is called a renormal-
ized solution of (6)-(16)if for i = 1,2 the function w; satisfies

T (u;) € Wy " Lag(Qr)  and  bi(w,u;) € L%(0,T; L' (), (17)
/ a(x,t,u;, Vu;)Vu;de dt — 0 as m — 400, (18)
{ m<|ui|[<m+1}

For every function S in W2°°(R) which is piecewise C! and such that S’ has a
compact support,we have

83%(;’% — div(S" (ui)a(x, t,us, Vug)) + S (ui)a(z, t, i, Vui) Vg
+ div(S’ (u;)pi(x, t,us)) — S” (wi)di(z, t,uwi) Vu; + filx,ur,ue)S (u;)) =0 (19)

Bi75(x,ui)(t = 0) = Bi,s(l‘,ui)o) n Q, (20)
where B; s(r) = [y bi(z,s)S'(s) ds.
Remark 3
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Due to (17), each term in (19) has a meaning in W~ Liz(Qr) + L*(Q7).
Indeed, if K such that suppS C [—K, K], the following identifications are made in
(19)

o Bis(e,ui) € L(Qr), since | By s(w, u)] < K[| Al | oo 1]l 1o

o S'(u;)a(x,t, u;, Vu;) can be identified with S'(u;)a(x,t, Tk (u;), VK (u;))
a.e. in @Qr. Since indeed |Tk(u;)] < K a.e. in Qr . As a consequence of
(8), (17) and S"(u;) € L*>(Qr) , it follows that

S'(ui)a(z, T (i), VT (ui)) € (Lag(Qr))™.
o S (u;)a(x,t, u;, Vu;)Vu, can be identified with S’ (u;)a(z, t, T (w;), VI (1)) VT ke (u;)
a.e. in Qr with (7) and (17) it has

S’ (ug)a(z, t, Ti (ui), VT (u;))VTk (u;) € LY (Qr)

o S'(u;)®;(u;) and S (u;) P, (u;) Vu; respectively identify with S’ (u;)®; (T (u;))
and S”(u;)®(Tik (u;))VTk (u;). In view of the properties of S and (11),
the functions S, S” and ® o Tk are bounded on R so that (17) implies
that S’(ul)él(TK(ul)) S (LOO(QT))N and SN(’U,Z)‘I)Z(TK(UJ)VTK(’U,Z) S
(Lar(Qr)N.

o S'(u;) fi(x,uy, ug) identifies with S’ (u;) f1(x, Tk (u1), u2) a.e. in Qp
(or S"(u;) fo(x,ur, Ti (u2)) a.e. in Qr). Indeed, since |Tk (u;)| < K a.e. in
Qr, assumptions (14) and (15) and using (17) and of S’ (u;) € L*°(Q), one
has

S'(wr) fi(a, T (ur),uz) € LY(Qr) and ' (uz) fo(w,ur, Tr (u2)) € L'(Qr).
As consequence, (19) takes place in D’(Qr) and that

3Bz T, U; 1.
% e WM Lyp(Qr) + L' (Qr). (21)
Due to the properties of S and (7)
B; s(x,u;) € Wy Ly (Qr). (22)

Moreover (21) and (22) implies that B; s(z,u;) € C°([0,T7], L*(£2)) so that
the initial condition (20) makes sense.

4. EXISTENCE RESULT

We shall prove the following existence theorem
Theorem 4 Assume that (6)-(16) hold true. There is at least a renormalized
solution (u1,uz) of Problem (1).
Proof. We give the prof in 5 steps.
Step 1: Approximate problem.
Let us introduce the following regularization of the data: for n > 0 and i = 1,2

1
bin(z,s) =bi(z,T,(s)) + s Vs € R, (23)
an(x,t,5,8) = a(x,t,Ty(s),€) ae. in Q, Vs € R, VE € RV, (24)

D, n(x,t,8) = @y (2, t, T(s)) ae (z,t) €Qpr, VselR. (25)
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fin(z,s1,82) = fi(z,Ty(s1),82) a.e. in Q,Vsy,s2 € R, (26)
fon(x,81,82) = fo(x,51,Th(s2)) ae. in Q,Vsy,s2 € R, (27)
Uion € C5°(2), b5 n (@, us,0n) = bi(x,us0) in LY Q) as n — 4o0. (28)

Let us now consider the regularized problem

bi n y Uin . . .
il Uicn) _ i (a0 (2 tims Vit ) =it (@ (1, 1))+ fim (01 s 1) = O i1 O,

ot
(29)
Uin =0 on (0,T) x 0L, (30)
bin (2, Ui n) ([t =0) =b; pn(z,ui0n) in Q. (31)
In view of (23), for ¢ = 1,2, we have
Pinfles) 5 2 Pnls)] < max|biGes) +1 Vs € R

In view of (14)-(15), f1, and fa, satisfy: There exists F,, € L'(Q),G, € L(Q)
and o, > 0, \, > 0, such that

| fin(@, 81, 82)] < F(x) + 0p max |bi(x,s)] a.e. inz € Vs, s2 €R,
<n

Is]

| fon(z,51,82)] < Gp(z) + Ay Imgx |bi(z,s)] a.e. inx €N Vs, sy € R.

|
As a consequence, proving the existence of a weak solution u; , € VVO1 T La(Qr) of
(29)-(31) is an easy task (see e.g. [13]).
Step2: A priori estimates.
Let t € (0,T) and using T (uin)X (0, as a test function in problem (29), we get:

/ BI (@, win(8))da+ / (s 05 Vit ) VT (i) bt [ s (2,105 )V T ()l
Q t

Q1
(32)
+ [ finTe(uin) dedt < / Bl (%, ui 0n)d,
Q: Q
" abz n\4s
where B}y (v,7) = %Tk(s)d&
Due to definition of B} we have:
An
/ Bl (2, ui 0 (t))de > 7/ \Tk(uiwn)|2dx, vk > 0, (33)
Q Q
and
0< / ng(x,uwn)dm < k‘/ |bi,n(x,ui,0n)\dx < k”bi(l‘,ui,o)HLl(Q), vk > 0.
Q Q
(34)

In view of (13), we have th finTk(wipn)dedt >0
Using Young inequality 11 and lemma 5, we obtain

Gim (Tt Ui ) VI (Ui n)dx dt < Hci||Loo(a6 + 1)/ M (VT (u;p))dzdt.
Q1 Q

We conclude that
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A
7’“/ T (uip)?dz 4o [ M(VTh(us) dedt <
Q Q1

||CiHL°° (CVB + 1) ‘/Q M(VTk(uzvn))dxdt + k(HfHLl(QT) + Hb(.’b, ui,On)||L1(Q))~

Then
A ,
% Betwin) P dot = fellim(@h + 1) [ M(VTi(uin))dede < ik
Q Qt
If we choose ||ci||L= < a and of < a_l”HCi”Lw
Ci|| Lo
we get
M (VTi(uip)) dzdt < Cy.k, (35)

Qt
then, we conclude that T (u; ,) is bounded in WL (Qr) independently of n
and for any k > 0, so there exists a subsequence still denoted by w,, such that

Ty (i) = Vi k (36)

weakly in WOI’I'LM(QT) for o(IIL s, I1Ey;) strongly in Ey(Qr) and a.e in Q.
Since Lemma (5) and (41), we get also,

T .
M(%) meas{ {uin| > K} N B x 0,71 / / ar(Telin) o
{|u, W|>k}NBr A

(uz n)
%)d vdt

< f M (VT (u; p))dxdt.
Qr

Then
C;.

M(

5~

meas{{|ui7n\ >k} N By x [O,T]} < )

>l

which implies that:
limg s 100 meas{{|ui’n| >k} N Br x [O,T]} = 0. uniformly in n.
Now we turn to prove the almost every convergence of i, , b; n(x,u;,) and con-
vergence of a; (2, t, Ti(win), VIk(uin)).
Proposition 5 Let u;, be a solution of the approximate problem, then:

Uip — Uy A€ in QT, (37)

bim(z,uin) = bi(z,u;) aein Qp. bi(z,u;) € L=(0,T, L1 (Q)), (38)

an @, Tt ), V(i) = Xox in (Dyp(@r)Vor  o(TlLyy, TEy), (39)
for some X 1 € (LM(QT))N

lim lim ai (X, Ui, V) Vg pdzdt = 0. (40)

m——+oo n——+oo m<|u;, n|<m+1

Proof
Proof of (37) and (38):
Now, consider a non decreasing function g, € C?(R) such that gi(s) = s for |s| < %
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and gi(s) = k for |s| > k. Multiplying the approximate equation by gj.(u;n), we
get
f)Bl (T, uin)

8t —div (an (37’ t; Ui, vuz,n)g;g (uz,n)) +an ($7 t; Ui, vui,n)glg(ui,n)vui,n

(41)
+ div (¢i,n(33, t, Uzn)g;g<uln)) =9 (Wi ) Pin (@, t, Ui ) VUi A fi n e (Un) =0 in D’ (Qr),

; ® Ob; n(,8)
h Bz;n _ RS / ds.
where By’ (, 2) /0 — s gr(s)ds

Using (41),we can deduce that gj (u; ,,) is bounded in Wol’wLM(QT) and W
is bounded in L'(Q7) + W1 L17(Qr) independently of n.

thanks to (11) and properties of gy, it follows that

| d)i,n(Lt,un)g%(uz‘,n)dl”dtlSllgélloc(/ agM (VT (uin))dwdt+ [ M(|lci(x, 1)l o) dadt
Qr

QT QT
S Czl,ka
and
| G (Win)Pin (T, Ui )V pdzdt] < gy ||oo(||cz|\Loo a0+1 /M VT (u;, n))dzdt) < 02 ks
Qr

where C}, and C7, constants independently of 7.
We conclude that % is bounded in L'(Qr)+W 1% Li7(Qr) for k < n. which
implies that gx(u; ) is compact in L*(Qr). Due to the choice of g, we conclude
that for each k, the sequence T} (u;,) converges almost everywhere in Qr, which
implies that the sequence u;, converge almost everywhere to some measurable
function u; in Q7.
Then by the same argument in [5], we have

Ui — Ui a.e. Qr, (42)
where u; is a measurable function defined on Q7. and

bin(T,uin) = bi(z,u;) ae in  Qr,
by (36) and (42) we have
T (i n) — Tr(u;) (43)

weakly in Wy'* Ly (Qr) for o(TIL s, TIEs;) strongly in Ey(Qr) and a.e in Qr-.
We now show that b;(z,u;) € L>(0,T; L*(2)). Indeed using 17.(u;,) as a test
function in (29),

1
/b (@, Uin) )dx—l—f/ n (X, Wi m, VUi ) VT (s 0) do dt
€ JQr
,,/ (2,1, w50 ) VT (um)ddel Fin (@ s )T (i) d i
T

Qr

1 £

= — [ b ,.(z,u50n) dr,
€Ja

(44)
for almost any ¢ in (0,T), where, b, (r) = [ b}, .(s)T.(s) ds.
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Since a,, satisfies (9) and f; ,, satisfies (13), we get

/ bf,n(x7 uz,n)(t) dx S / (I)i,n (33, ta ui,n)vTe (ui7”) dx dt + / bf,n(x’ ui70") dJ?,
Q T Q

(45)
By Young inequality and (11), we get

/ ¢i7n(x7t7ui,n)ng(Ui7n) dz dt < /

T [uin|<e

M(®; p(z,t,u;,)) dx dt—|—/ M (VT (uin)) dzdt

|uim/‘55

< leill Lo (ad + 1)/ M (VT (ui))dadt. (46)

|ui,n‘SE

Using the Lebesgue’s Theorem and M (VT (u;,)) € Wy Ly (Qr) in second term
of the left hand side of (46) and letting e — 0in (45)we obtain

/ i (2, ti.0) ()] de < b (@ 0100 2362 (47)
Q

for almost t € (0,7'). thanks to (28) , (37), and passing to the limit-inf in (47), we
obtain b;(x,u;) € L>=(0,T; LY(Q)).

Proof of (39) :

Following the same way in([4]), we deduce that an(z,t, Tk (uin), VIk(uin)) is a
bounded sequence in (L37(Qr))Y, and we obtain (39).

Proof of (40) :

Multiplying the approximating equation (29) by the test function 8, (u; n) = Tyn+1(Win)—
T?n(ui,n)

/ Bi7m(x,ui7n(T))dx+/ an (T, t, Wim, VUi n) VO (w5 )dx dt+ Gin (@t Ui ) VO (U )dx dt
Q T Qr
(48)

+ fi,nam(ui,n) dx dt < / Bi,m(xy ui,On)dxv
Qr Q

where B; ,(x,7) :/ Om(8)
0
By (11),we have

0b; n(x,s)

s ds.

Gin (@, t, Ui ) VO (U )da dt < ||| oo (af) + 1)/ M (V0. (u;.))dzdt
Qr Q

Also finOm (ui n)dzdt > 0in view of (13). Then, the same argument in step 2

Qr,
, we obtain,

M(V@m(uz’n))dxdt S Cl/ Bi?m(:c,uiv()n)d:c
Qr Q

passing to limit as n — 400, since the pointwise convergence of u; , and strongly
convergence in L*(Qr) of B m(x,uion) we get

Q

n—-+oo Qr
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By using Lebesgue’s theorem and passing to limit as m — 400, in the all term of
the right-hand side, we get

lim lim M (V8 (u;n)dzdt = 0, (49)

m—+00 n—+00 m<|u; | <m+1

and on the other hand, we have

i Gim [ Gun(@s b uin) Vo (ugn)dedt < lim  lim / MV, (1s.))ddt
m—+oon—+o0 Jo M=o =400 Jon < lu; | <m+1
+ lim lim M(¢in(2,t,uin))dxdt

m—-+o0o0 n—-+oo m<|us | <m+1

Using the pointwise convergence of u;, and by Lebesgue’s theorem, in the second
term of the right side, we get

lim M (s n(,t,u;p))dedt = / M(¢i(z,t,u;))dxdt

n—+oo m< i | <m+1 m<|u; |[<m+1
and also, by Lebesgue’s theorem
lim M(¢i(z,t,u;))dxdt = 0 (50)
M=o S fug | <mA1
we obtain with (49) and (50),
lim lim / Gin (@, t, Ui ) VO (U )dadt =0
Qr

m——+oo n—-+oo
then passing to the limit in (48), we get (40).
Step 3:
Let v;; € D(QT) be a sequence such that v; ; = u; in Wol’wLM(QT) for the
modular convergence.
This specific time regularization of Tj(v; ;) (for fixed k > 0) is defined as follows.
Let (), be a sequence of functions defined on Q such that

ally € L¥(Q) N W Ly(Q) forall p>0 (51)

”aﬁoHL”(Q) <kforall p>0.
and

1
af'y converges to  Ty(uip) a.e. in Q  and —||af|la,0 converges to 0 p — +oo.
: pl

For k > 0 and p > 0, let us consider the unique solution (T%(v; ;)), € L=(Q) N
Wy Lpr(Qr) of the monotone problem:

(T (vij))

5 E ot p(Tho(vig)p — Tio(viy)) = 0 in D'(Q), (52)
(Tk(vi j))u(t = 0) = ai’fo in Q. (53)

Remark that due to
5(Tkgfti,j))u € W Ly (Qr) (54)

We just recall that,

(Ti(vij)y = Tk(u;) ae in Qp, weakly* in L(Qr) and (55)
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(Tk(vig))u = (Te(wi)), in Wy Ly(Qr) (56)

for the modular convergence as j — +0o0.
(Th(ui)e = To(ui) in Wy Lar(Qr) (57)
for the modular convergence as p — +o00.

oDl < Tl Nolim) S ¥ >0 ¥ >0
58

Now, we introduce a sequence of increasing C*°(R)-functions S, such that, for any

m > 1.

S (r) =7 for [r| <m, supp(S,,) C [—=(m+1),(m+1)], [|SnllLer <1. (59)
Through setting, for fixed K > 0,

Win TK(Ui,n) — TK(UZ'J)“ and Wn = TK(Uz,n) — TK(ui)M (60)

g T [N

we obtain upon integration,

3bi, m(ui’n) n
/ (TP W) dacd

+ Sy (i) an(z,ul, Vu; o )VW. dxdt + Sy (Wi )W an (@, U gy Vi)V, da dt

N N
Qr Qr
+ / D (@, t, Ui ) Sy (Wiin ) VW, dac dt + / S (i )W @i (2, Ui ) Vg di dt
T T
+ . fin (@, 01 0, U2,0) Sy, (Wi )WY, dac dt = 0.
T
(61)
We pass to limit, as n — +00, 7 — +00, 4t — +00 and then m tends to +o0, the
real number K > 0 being kept fixed. In order to perform this task we prove below
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the following results for fixed K > 0:

. . . 8bi,Sm (u',n) n
ngl%l}g ]ETOO ngr}rloo /QT <T$ ’S:”(ui’”)wivjvu> drdt >0 for any m > K,
(62)
. . . ’oo ' , n _ S
ngfoojgr_il_loo ngr}rloo o, Sy (Ui n) i n (2, 2, Uz,n)VWw,u drdt=0 for any m > 1,
(63)
lim lim lim S;;L(ui,n)Wi”#@im(sc, t,uin)Vu;ndedt =0 for any m,
p—>+00 j—-+00 n—+0o0 Qr ’
(64)
lim lim lim lim | S (i )W (2,1, Ui s Vi ) Vit di dt‘ =0,
m—+00 u—>+00 j—400 n—++00 Qr o
(65)

ngfwjgrfm nETw /QT fin(z, ULn?UQ’n)S,;n(Ui’n)WZ}j’u drdt =0 for any m > 1.
(66)

lim sup/ al(z, t, Ui n, VI (Wi0)) VT (Ui n) dedt < Xi kVTx (u;) dx dt.
n—+oo JQr Qr
(67)

/Q [a(z,t, T (win), VI (uin))—a(z, t, Tk (win), V()] [V (win)— VT (u;)]de dt — 0.

Proof of (62):
Lemma 6
abi,n(xa ui,n) n .
[ () s )W dede > clnggnm) (69)
T
Proof This follows from the proof in [13].

Proof of (63):
If we take n > m + 1, we get

¢i,n(x7 ta ui,n)S;—n(ui,n) = (]51(1', ta Tm+1 (uz,n))S;n(uz,n)
Using (11), we have:
M(qbi,n(xa t) Tm-i—l(ui,n)S;n (uz,n)) S (m + 1)M(¢z (.’E, t7 Tm-l—l(“/i,n)))

< (m+ DM (|les(@, )l (@ M M(S2(m +1))

Then ¢; n(x,t, un)Sm(uirn) is bounded in Ly7(Q7), thus, by using the pointwise
convergence of u;, and Lebesgue’s theorem we obtain ¢; ,,(x,t, i n)Sm(win) —
¢i(z,t,u;)Sm(u;) with the modular convergence as n — 400, then ¢; (2, t, w; n)Sm (Ui n) —
d(x,t,ui) S (ui) for o(I] Lyz, [T Lar)-

On the other hand VW, = = VTj(u;n) — V(Tk(vi;)), for converge to VTj(u;) —

5,01

V(T (vi ), weakly in (La(Qr))Y, then

gbi,n(:z:,t,ui,n)Sm(uLn)VWi" dx dt — ¢i(I,t, Ui)Sm(Ui)VWi,j# dx dt

2t
Qr Qr
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as n — +00.
By using the modular convergence of W; ;, as j — 400 and letting ;v tends to
infinity, we get (63).
Proof of (64):
For n > m+1 > k, we have Vu; , S/ (u;n) = VInt1(uiyn) ae in Qp. By the
almost every where convergence of u; , we have W,  — W;; , in L>(Qr) weak-
* and since the sequence (¢ (z,t, Trny1(win)))n converges strongly in Ey7(Qr),
then

Gin (@, t, T (i) Wil = Gil@, b, Tinya(ui)) Wi

converge strongly in E;(Qr)as n — +o00. By virtue of VI, 41 (un) = VT4 (u;)
weakly in (Lp(Qr))YN as n — +oo we have

/ Gin (@, t, Ton1 (Wi ) ) Vi n Sy, (i )WY, di dt — / oz, t,u)) Vu; W,
m<|u; n|<m+1 m<|u;|<m+1

as n — +00.

With the modular convergence of W; ; , as j — +oo and letting u — 400 we get
(64).

Proof of (65):
For any m > 1 fixed, we have

| S’” (Win)an (T, t, i n, Vi n)Vu; W da dt}

idp
S ||S':‘:LHL°° (R) HW;}],MHLDO(QT) / an(x7 tv Uj,n, Vui,n)vui,n dx dt7
{m<|ui,n|<m+1}
for any m > 1, and any p > 0. In view (58) and (59), we can obtain
lim sup | Sy (Win)an (@, ty Wi, Vs 0) Vs W, da dt‘

%
n—+oo Qr T

(70)
< 2Klim sup/ an(x,t, Uim, VUi n)Vu,; , dzdt,
{m<|u;,n|<m+1}

n—+4o0o
for any m > 1. Using (40) we pass to the limit as m — 400 in (70) and we obtain
(65).
Proof of (66):
For fixed n > 1 and n > m + 1, we have

fl,n(xa U1 n, u2,n)S7/n (ul,n) = fl (:Bv Tm+1 (ul,n)a Tn (u2,n))57ln (ul,n)7

f27n (l’, U1 n, u2,n)S;n,(u2,n) = f2(x7 Tn (ul,n)a Tm+1 (u2,n))S;n,(u2,n)7
In view (14),(15),(43) and Lebegue’s the theorem allow us to get, for

lim / fimn (T, 01,00, u2,0) Sy, (Wi )WY, da dt = fi(w, ur,u2)Sy, (w)W; ;. de dt
T

n——+oo QT

Using (56), we follow a similar way we get as j — 400

. hrn fz(I,Ul,UQ)S;l(uZ)WZJ# dl‘dt = fl(l‘,’LL17UQ)S;n(’U,Z)(TK(Uz)fTK(ul)“) dl‘dt
=t JQr Qr

N

dx dt
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we fixed m > 1, and using (57), we have

#EIJIrloo o fil@,ur,u2)S,y, (wi)(Tr (u;) — T (ug),) dedt =0

Then we conclude the proof of (66).
Proof of (67):

If we pass to the lim-sup when n ,j and u tends to 400 and then to the limit as m
tends to +oo in (61). We obtain using (62)-(66), for any K > 0,

lim limsup lim sup lim sup Sy (Win)an (@, t, Wi, Vuiyn)(VTK(ui’n)—VTK(Ui’j)#) dxdt <0.

M—=+00 400 j—doo n—+oo JQp

Since S;n (ui,n)an (Ia i, Ui, Vui,n)VTK (Uz,n) = an(xv L, Ui, vuz,n)VTK(uz,n)
for n > K and K <m.
Then, for K < m,

lim sup / an (2, t, Ui m, VUi ) VI (Ui ) de dt
T

n—+oo

< lim limsuplimsuplimsup/ St (Wi ) an (@, Wi ny Vi ) VT (05 5) da di

T Mm—=400 3400 j+oo n—s+oo -
(71)
Thanks to (59), we have in the right hand side of (71) for n > m + 1 that,

Sy (i) @ (T, Ui s VUi ) = S»:n(ui,n)a(l'vtmi+1(ui,n)7 va-i—l(ui,n)) a.e. in Qr.
Using (39), and fixing m > 1, we get
S;n(u,;m)an(ui,n, Vuiyn) — S,'n(ul)X,7m+1 weakly in (LH(QT))N

when n — 400 .
We can pass to limit as j — 400 and p — +00, and using (56)-(57)

lim sup lim sup limsup/ Sy (Win))an (2, t,ui ), Vi ) VT (05 5), d dt

p—>+00 j—4o00 n—r+oo T

= Sy (13) X 41 VT (u;) da dt (72)
Qr

= Xi’m+1VTK(Ui) dx dt
Qr

where K < m, since S/ (r) =1 for |r| < m.
On the other hand, for K < m, we have
a(a:, t, Tm+1(ui,n)v VTm+1(ui,n))X{\ui,n|<K} = a(x, t, TK(U'L',7L)7 vij(ui,n))Xﬂuim|<K}7

a.e. in Qr. Passing to the limit as n — 400, we obtain

Xime1X{|w| <k} = Xi, K X{jui|<k} a-e in Qr — {|u;| = K} for K <n. (73)
Then
X1 VTk(u;) = XgVTk(u;) ae. in Qp. (74)
Then we obtain (67).
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Proof of (68):
Let K > 0 be fixed. Using (10) we have

/ [a(x,t,TK(uLn), VTg(tin)) —a(z,t, Tk (U n), VTK(’U,Z'))] [VTK(UML) - VTK(UZ')} dx dt >0,
) (75)
In view (4) and (43), we get
a(x,t, T (uin), VI (u;)) = a(z, t, Tk (u;), VIk (u;))  a.e. in Qr,

as n — 400, and by (8) and Lebesgue’s theorem, we obtain

a(x,t,TK(uiyn), VTK(uZ-)) — a(:v,t,TK(ui), VTK(’U,Z')) strongly in (LM(QT))N.
(76)
Using (67), (43), (39) and (76), we can pass to the lim-sup as n — +oo in (75) to
obtain (68).
To finish this step, we prove this lemma:
Lemma 7 For i =1,2 and fixed K > 0, we have

Xk = a(at,, T (w;), VTk(v;)) ae. in Q. (77)
Also, as n — 400,
a(x, t, Tr (Uim), VTK(ui)n))VTK(ui,n) — a(w, t, Tr(u;), DTK(ui))VTK(ui), (78)

weakly in L'(Qr).
Proof

Proof of (77):

It’s easy to see that

Qn, (JC, t7 TK (ui,n)y g) = CL(ZIJ, t7 TK (ui,n)7 E) =aK (.T, tv TK (ui,n)v 5) a.e. in QT

for any K > 0, any n > K and any & € RV,
In view of (39), (68) and (76) we obtain

lim ax (x £, T (win), VTK(um))VTK (i) da dt
n—-+oo QT

(79)
= / Xi’KVTK(’LLZ‘) dx dt.
T
Since (4), (8) and (43), imply that the function ag(z,s,£) is continuous and
bounded with respect to s. Then we conclude that (77).
Proof of (78):
Using (10) and (68), for any K > 0 and any 77 < T, we have

[a(x,tTK(uLn, VT (uin))—a(x,t, Ti (uin), VTK(u))] [VTK(ui,n)—VTK(ui)} -0
strongly in LY(Qr/) as n — +o0 . 0
On the other hand with (43), (39), (76) and (77),we get

a(x,t,TK(ui,n),VTK(um))VTK(ui) - a(m,t,TK(ui), VTK(ui))VTK(ui)
weakly in L'(Qr),

a (x, t, T (wim), VTK(ui)) VTk(uin) —a (a:, t, T (u;), VTK(ui)) VTk (u;)
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weakly in L'(Qr),
a(a:, t, Tr (Wim), VTK(ui))VTK(ui) — a(x, t, T (us), VTK(ui))VTK(ui),

strongly in LY(Q), as n — +o0.
It’s results from (80), for any K > 0 and any 7" < T,

a(x, £, Tx (win), VTK(ui,n))VTK (i) — a(:z:, £, T (u7), VTK(ui))VTK(ui)

(81)
weakly in L'(Q7) as n — +oo.then for 7" = T, we have (78).

Finally we should prove that u; satisfies (18).
Step 4: Pass to the limit.
we first show that w satisfies (18)

/ a(x, b, Ui, Vin) Vi, de dt
m<|uj n|<m+1}

= / an (2, t, Ui, Vi p) {VTmH(um) — VTm(ui,n)} dx dt

T

= / Qp (‘T, ta Tm+1 (ui,n)7 vT‘m-‘,-l (uz,n)) VT’WL+1('Ufi,n) dx dt
T

— / an, (m, ty Do (Wi ), VTm(ui)n)) VT, (wip) dz dt

T

for n > m+ 1. According to (78), one can pass to the limit as n — +oo ; for fixed
m > 0 to obtain

lim an (T, t, Ui, VUi n) VU, p de dt
20 Jon<u | <mA-1}

z/ a(x,t,TmH(ui),VTm+1(ui)>VTm+1(ui)da:dt
Q
—/ a(:ﬂ,t,Tm(ui),VTm(ui)>VTm(ui)dxdt
Q

= / a(x,t,u;, Vu;)Vu, do dt
m<|ui|<m+1}

Pass to limit as m tends to +oo in (82) and using (40) show that u; satisfies (18).
Now we shown that u; to satisfy (19) and (20).

Let S be a function in W2°°(R) such that S’ has a compact support. Let K be a

positive real number such that supp S’ C [- K, K]. the Pointwise multiplication of

the approximate equation (1) by S’(u;,,) leads to

8335(7‘%7”) . / "
— g —div (S (Wi n)an (2, Wi, Vui,n)) + 8" (Wi n)an (T, Wi ny Vi n) Vg
—div (Sl(ui,n)¢i,n(x7 ta uz,n)) + S/,(ui,n)(pi,n ($, t7 ui,n)vui,n - fi,n(zy Ul,n, ul,n)S/(ui,n)

(83)
in D'(Qr), fori=1,2.
Now we pass to the limit in each term of (83).
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9B s (uin)

Limit of —-5—">: Since Bl”S(u”L) converges to B; g(u;) a.e. in Qr and in
L>(Qr) weak x and S is bounded and continuous. Then %ﬁui’") converges to
al’%t("i) in D'(Qr) as n tends to +oo.

Limit of div(S’(ui,n)an(x,t,uim,Vuim)): Since supp S’ C [-K, K], for n > K,

we have
S (win)an (@, t, Ui n, Vi n) = S (Ui ) an (a:,t,TK(ui,n), VTK(ui7,L)) a.e. in Q7.
Using the pointwise convergence of u; ,, , (59),(39) and (77),imply that

8" (tin)an (2., Tie (i), VT (wi,0) ) = S (wi)a (0,8, Tic (i), VT (1))

weakly in (L37(Q7))Y, for o(ILL57, IIE)) as n — +o0, since S'(u;) = 0 for |u;| >
K ae. in Qr. And

Sl(ui)G’(z? tv TK(ui)a VTK(U‘?)) = Sl(ui)a(xv ta Us s vul) a.e. in QT'

Limit of S”(u; n)an(x,t, Wi n, VUi n) VU, n. Since supp S” C [-K, K], for n > K,
we have

S//(ui,n)an(xv L, Ui, vui,n)vui,n = Sl’(ui,n)an (xa t, Tk (ui,n)7 VTk (Ui,n)) VTK(UZ'JL) a.e. in Qr.

The pointwise convergence of S (u; ) to S”(u;) as n — 400, (59) and (78) we
have

S" (Wi n)an (2, by Wi my Vi ) Vg, — S'/(Uz‘)a(% t, Tr (u;), VTK(Ui))VTK(Ui)
weakly in L'(Qr), as n — +oo. And
S”(Ui)a(%t,TK(Ui)vVTK(W)) VTk (ui) = 8" (ui)a(z, t, ui, Vu)Vu;  ae. in Qr.

Limit of S"(w; n)®; n(x, t,u;n): Wehave S (w; n)Pin (2, 6, Ui 0) = S (Ui n)Pin (2, t, Tk (Uin))
a.e. in Qr,Since supp S’ C [- K, K].Using (11), (45) and (37), it’s easy to see that

S (i) Pin(x,t, usn) = S (u;)®i(x,t, Tk (u;)) weakly for o(IILy7, IILys) as n —

+oo. And S (u;)®;(x, t, Tk (u;)) = S (u;)Pi(x, t,u;) ae. in Q.

Limit of S (u; ) ®i n(z,t, u;n) Vi, 2 Since S € Wh*°(R) with supp S’ C [- K, K],

we have S” (u;n)P; (2,6, Ui n)Vuin = @ pn(x,t, Tk (u;n)) VS (Tk (u;n)) ae. in

Q7. The weakly convergence of truncation allows us to prove that

S" (Wi ) @i (@, t, Wi ) Vg — (2, t,u;) VS (u;) strongly in LY(Qr).

Limit of f; ,(x,u1 n,u2n)S (uin): Using (14), (15), (26) and (27), we have

fin (T, u1 0, u20)S (Uin) = fi(z,u1,u2)S" (u;) strongly in Ll(QT)v as n — +0o0.

It remains to show that Bg(x,u;) satisfies the initial condition (20) for i=1,2.

To this end, firstly remark that, in view of the definition of S}, we have Bas(x, u; )
is bounded in L*(Qr).

Secondly, by (62) we show that is bounded in LY (Q7)+W ~1* Li(Q7)).

As a consequence, an Aubin’s type Lemma (see e.g., [14], Corollary 4) implies that

B (z,u; ) lies in a compact set of C°([0,T]; LY(Q)) .

It follows that, on one hand,Bs(x,u;,n)(t = 0) converges to Bys(z,u;)(t = 0)
strongly in L'(€). On the order hand, the smoothness of By imply that Bas (@, u; ) (t =
0) converges to By (z,u;)(t = 0) strongly in L (), we conclude that By (x, u; ) (t =

OBy (x, u; p)
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0) = Bu(z,ui0n) converges to Bp(z,u;)(t = 0) strongly in L'(2), we obtain
B (z,u;)(t =0) = By (x, ui0) a.e. in Q and for all M > 0, now letting M to +o0,
we conclude that b(z,u;)(t = 0) = b(z, u;0) a.e. in Q.

As a conclusion, the proof of Theorem (4) is complete.
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