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ON TRIPLE SEQUENCE SPACE OF BERNSTEIN OPERATOR
OF y* OF ROUGH )\-STATISTICAL CONVERGENCE IN
PROBABILITY DEFINED BY MUSIELAK-ORLICZ FUNCTION
OF p— METRIC

N. SUBRAMANIAN AND A. ESI

ABSTRACT. We introduced the triple sequence space of Bernstein polynomi-
als x® of rough A— statistical convergence in probability and discuss general
properties of among these sequence spaces with respect of Musielak-Orlicz
function.

1. INTRODUCTION

The idea of rough convergence was introduced by Phu [12], who also introduced
the concepts of rough limit points and roughness degree. The idea of rough conver-
gence occurs very naturally in numerical analysis and has interesting applications.
Aytar [1] extended the idea of rough convergence into rough statistical convergence
using the notion of natural density just as usual convergence was extended to sta-
tistical convergence. Pal et al. [11] extended the notion of rough convergence using
the concept of ideals which automatically extends the earlier notions of rough con-
vergence and rough statistical convergence.

The Bernstein operator of order (r, s,t) is given by
B, (f7 .7;) _ Z:nzo ZZ:O ZZ:O f (T:tk) (’/T‘L) (’fl) (;;) pmtntk (1 _ x)(m—r)-‘r(n—s)-‘r(k—t)
where f is a continuous (real or complex valued) function defined on [0,1].

Throughout the paper, R denotes the real of three dimensional space with metric
(X,d) . Consider a triple sequence of Bernstein polynomials (Bpnk (f, z)) such that
(Bink (f,x)) € Rym,n, k € N.

Let f be a continuous function defined on the closed interval [0,1]. A triple se-
quence of Bernstein polynomials (B, (f,)) is said to be statistically convergent
to 0 € R, written as st — lim x = 0, provided that the set

K, := {(m,n,k) € N3 | Bk (f, ) — f (2)] > e}
has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence of Bernstein polynomials. i.e., § (K,.) = 0. That is,
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limrst—)oo% {(m,n, k) < (r,s,t) : [Bmnk (f,2) — (f,2)| = €}| = 0.

In this case, we write § — limBynk (f,2) = f () or Bk (f,2) =58 f ().

A triple sequence (real or complex) can be defined as a function z : NxNxN —
R (C), where N,R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence was
introduced and investigated at the initial by Sahiner et al. [18,14], Esi et al. [2-5],
Datta et al. [6],Subramanian et al. [15], Debnath et al. [7] and many others.
A triple sequence & = (Zunk) is said to be triple analytic if

1
SUPm, n,k |:Cmnk| mintk < 00.
The space of all triple analytic sequences are usually denoted by A3. A triple
sequence & = (Zynk) is called triple gai sequence if
((m+n+k)! |xmnk|)m+1”+’€ — 0 as m,n, k — oo.
The space of all triple gai sequences are usually denoted by x>.

2. DEFINITIONS AND PRELIMINARIES

2.1. Definition. An Orlicz function ([see [8]) is a function M : [0,00) — [0,00)
which is continuous, non-decreasing and convex with M (0) = 0, M () > 0, for
x>0 and M (x) — oo as ¢ — oo. If convexity of Orlicz function M is replaced by
M (z+y) <M (z)+ M (y), then this function is called modulus function.

Lindenstrauss and Tzafriri ([9]) used the idea of Orlicz function to construct
Orlicz sequence space.

A sequence g = (gmn) defined by

Imn (V) = sup{|v|u — (frnk) (W) 1w >0}, m,n,k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given

Musielak-Orlicz function f, [see [10] | the Musielak-Orlicz sequence space ¢y is
defined as follows

ty= {x e’ It (|2mmt]
where I is a convex modular defined by

Iy (x) = 201 2ot et frmnk (|$mnk|)1/m+n+k ;@ = (Tmnk) € Uy
We consider ¢ty equipped with the Luxemburg metric

)1/m+"+’C — 0asm,n, k — oo} ,

1/m4n+k )

d (QU» y) = 22:1 Zle 220:1 Jmnk (%

is an exteneded real number.

2.2. Definition. Let X,Y be a real vector space of dimension w, where n < m. A
real valued function dp(z1,...,2,) = [|(di(21,0),...,dn(2s,0))|, on X satisfying
the following four conditions:

(1) I(d1(1,0),...,dn(zn,0))|l, = 0if and only if dq (z1,0), . .., d,(zn,0) are linearly
dependent,

(i) ||(d1(z1,0),...,dn(zn,0))||p is invariant under permutation,

(i) [[(ads (21,0), - dn(@ns ) = o] [(d1(w1,0)- ., du (2, 0)) @ € R

(i) dp (21, 91), (22, 92) (s Yn)) = (dx (21,32, 20)? + dy (g1, 92, y)?) /7
forl < p < oo; (or)

(V) d ((xla Z/l), (3727 92), T (x’ru yn)) ‘= sup {dX(xla L2, mn)a dY(yla Y2, yn)} )
for x1,x9, -y € X,Y1,Y2, - yn € Y is called the p product metric of the Carte-
sian product of n metric spaces (see [16]) .
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2.3. Definition. Let n = (Aspc) be a non-decreasing sequence of positive real num-
bers tending to infinity and A\111 = 1 and Agyprers < Aatbtets+1, foralla,b,c € N.
The collection of all such triple sequences A is denoted by .

The generalized de la Vallée-Poussin means are defined by
tabe () = )\;blc Em,n,kelaM Bpnk (f,x), where Inp. = [abe — Agpe + 1,abc] . Let f
be a continuous function defined on the closed interval [0,1]. A triple sequence of
Bernstein polynomials (By,nk (f,z)) of real numbers of random variables is said to
(V,A) — summable to a number f (z) if tape (Bmnk (f,2)) = f(x), as abc — oc.

2.4. Definition. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (Bpnk (f, 2)) of real numbers of
random variables is said to strong (V, A) summable (or shortly : [V, \] — convergent
to f (x) if

limabcﬁmﬁ Y omer, 2mer, 2oker, | Bmnk (fs2), f (z)] = 0. In this case write
ank (f7 .’L‘) _>[V’)\] f (37) .

2.5. Definition. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (Bpnk (f,2)) of real numbers
of random variables is said to be A— statistically convergent (or shortly: Sy—
convergent) to f (x) if for any € > 0,

limabc%mt {(m,nk) € Iope : |Bmnk (f, ), f ()| > €}| = 0. In this case we write

Sy — limBuuk, (f,x) = f(2) or by Bk (f,2) =5 f(2). Now we introduce the
following main definition:

2.6. Definition. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (Bpnk (f,2)) of real numbers
and a be non negative real number of random variables is said to be rough [V, \] —
summable in probability to X : W x W x W — R x R x R with respect to the
roughness of degree « (or shortly: « — [V, A\] — summable in probability to f (z) if
for any € > 0,

limabcﬁmﬁ Y omer, 2mern, 2oker, £ (1 Bmnk (f,2), f ()| > a+ €) = 0. In this case

we write Bpnk (f, ) —>[O¢V’)‘]P f (x). The class of all rough [V, A] — summable triple
sequence space of Bernstein polynomials of random variables in probability will be

denoted simply by « [V, )\]P .

2.7. Definition. Let f be a continuous function defined on the closed interval
[0,1] . A triple sequence of Bernstein polynomials ( B,k (f, 2)) of real numbers and
a be non negative real number of random variables is said to be rough A— statisti-
cally convergent in probability to X : W x W x W — R x R x R with respect to the
roughness of degree « (or shortly: o — A— statistically convergent in probability to
f(x)ifforanye,é >0, limabcﬂmﬁ {(m,nk) € Inpe : P (|Bmnk (f,2), f(2)] > a+¢€) >} =

P
0. In this case we write Bynk (f, x) S f (x). The class of all & — A— statistically
convergent triple sequence space of Bernstein polynomials of random variables in
probability will be denoted simply by a.S f .

2.8. Note. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein polynomials (B (f,x)) of real numbers and M be
an Musielak-Orlicz function is defined by

HX:JS\/[a (d (331) 7d(x2) [ ad (xn—l))Hp =
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Mok (ke (Bt (£,2)) (d (1), d 2) -+ o (zn-1)], )|
where fimni (X) = (((m+ 1+ &) B ()" f (@)

3. MAIN RESULTS

3.1. Theorem. Let f be a continuous function defined on the closed interval [0, 1] .
A triple sequence of Bernstein polynomials (B,,,k (f, z)) of real numbers of random
variables and M be an Musielak-Orlicz function are equivalent:

i) X3 Bunk (f,2)), (d (z1) ,d (z2) -+ ,d (mn,l))Hp is & — [V, \] — summable in
probability to f (x).

(i) [|x3 (d(21) ,d (z2) -+ d (2p—1)) ||p is & — A— statistically convergent in prob-
ability to f (z).
Proof: Similar to the proof of Theorem (3.1) in (see [18] ).

3.2. Theorem. If ||X?\4 (Brnk (f,2)), (d(x1),d (x2), - 7d($n—1))||p —>§P [ ()
and

HX?W(ank(fay))v(d(fl)vd(xZ)a"' d(zn-1) H f(

P (| [Mmne (i () (d (@1) . (2) -+ (r0-1)
Proof: Similar to the proof of Theorem (3.1) in (see [17] ).

) then
> a ) —0.

3.3. Theorem. Let f be a continuous function defined on the closed interval [0, 1] .
A triple sequence of Bernstein polynomials (B,,,k (f, z)) of real numbers of random
variables and M be an Musielak-Orlicz function. If A € § is such that (aablg) =
then osz C asS”?.

Proof: Let 0 < n < 1 be given Since lzmabcﬁoo(abc) = 1, we can choose

(u,v,w)

( 2 for all (a,b,c) > (u,v,w) . Now, for

oty < 0 ([ 5000 s )220 26] -

c(mnk) < (abe) — Agpe : P (‘ [fmnk (||ank (X),(d(z1),d(z2),- - ,d(xnfl))Hp)} ’ > oz—i—e) > 5}‘
{mnk) € Lo : P (|[fount (s (X) (@ (21) 1 (w2) -+ d a1, )] | 2 @+ €) = 6}

1
abc

vz | {mnk) € Luse + P (| [Fonne (Moo (X, (@(@1) s d @2) - d (@), )] | 2 )
<1-(1-3)+ )

(mnk) € Lune : P (| frvnsc (1t (X0, (d @1) (22, d @a)], ) || Z @+

5]
S|
—

:bz o [{0mnk) € Luve P (| oo (i (X) (@ (22) A (@2) -+ sd (), )] | 2 @+ €) = 8}
<Z+

o {mnk) € Luse s P (| [t (I1tmne (X) (@ (1) d (@2) -+ s d (@), ) || 2 0+ €) = 6
holds for all (a,b,c) > (u,v,w).
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3.4. Theorem. Let f be a continuous function defined on the closed interval [0, 1] .
A triple sequence of Bernstein polynomials (B, (f,2)) of real numbers of ran-
dom variables and M be an Musielak-Orlicz function and aS¥ C aS{ if and only
if limabe—soo {eit5 > 0.

Proof: Let limgpe_s oo 2225 by > 0. Then for €,6 > 0, we have

abc

vz | {mnk) < (@be) P ([[Fawns (It (X0, (@ @1) (2, d @) )|
> b |({mnk) € e P (| [fonn (Wit (X), (@ 20) 22, d 1))

— Z2abc

:al:bc{(mnk:) € Lave : P (|[fonnt (ltmni (X) (@ (21) ,d (w2) -+ s d (a1, )] | 2 @+ €) = 6}

Taking limit abc — oo we get HX% (Bnk (f,2)),(d(x1),d(x2), -+ ,d (xn_l))H —
(@) = .

X3 (Brani (f,2)), (d (21) ,d (22) , -+ d (za-1))]], —a f ().

Conversely, let limabcﬁoo ()\;Tb(fj = 0 then we can choose a subsequence (a,,, by, ¢y)

such that “”bi

Aoy 5,00 ,Cw

u, v, weENXNXN

stein polynomials of ank (f,z) of random numbers of random variables whose
probability density function is

(X) = 1, f0<X <1
Habe 10, otherwise ,where (abc) € Iopeforsome (uvw) € N

Let 0 < ¢, < 1. Then

P (|[ Mok (l1tmne (X) (@ (1) d (w3) -+ d @)l ) || 2 1+ €) =
1, if (abe) € Iypeforsome (uvw) € N
(1 - g)n , otherwise .

W hawv

o \{<mnk> € Lune : P (| [ Mo (o (X) (@ (1) d (@) - d (@aea))l, )] | 2 14 €) = 6} | =
1, if (abc) € Iupeforsome (vvw) € N

{0, otherwise .

Hence ||x3; (Bmnk (f,2)), (d (1) ,d (z2) ,- - 7d(ﬂcn—l))Hp if '

4. CONCLUSIONS AND FUTURE WORK

We introduced triple sequence space of Bernstein polynomials of random num-
bers of random variables of rough A\— statistical convergence in probability with
respect sequence of Musielak-Orlicz function. For the reference sections, consider
the following introduction described the main results are motivating the research.
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