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ON SOME SPECTRAL PROPERTIES OF A NONLOCAL
BOUNDARY VALUE PROBLEM

A. M. A. EL-SAYED, ZAKI. F. A. EL-RAHEEM AND N. A. O. BUHALIMA

ABSTRACT. This paper is devoted to study the existence of solution of second-
order differential equation with a nonlocal conditions. The existence of the
maximal and minimal solutions are studied. As an application the existence
of eigenvalues and eigenfunctions are also studied.

1. INTRODUCTION

Nonlocal boundary value problems were first considered by Bitsadze and Samarskii
[1] and later by II'in and Moiseev [8],[9]. We refer the reader to ([2],[3] and [12]) for
recent results of nonlocal boundary value problems. It is well-known that many top-
ics in mathematical physics require the investigation of the eigenvalues and eigen-
functions of Sturm-Liouville type boundary value problems. FEigenvalue problems
with nonlocal conditions are closely linked with boundary problems for differential
equations with nonlocal conditions ([10],[11]). Eigenvalue problems for differential
operators with nonlocal conditions are considerably less investigated than the clas-
sical boundary condition cases.
Recently, in ([4]-[7]) the authors investigated the existence and some asymptotic
properties of the eigenvalues and eigenfunctions of the nonlocal boundary value
problem of the Sturm-Liouville differential equation.
Consider the nonlocal boundary value problem

a”(t) + f(t,z(t)) =0, t € (0,m). (1)
with the nonlocal conditions
z(n) =0, ne[0,7), x(§) =0, £€(0,7]. (2)

under the assumptions.

Now let f satisfies the assumptions:
(1) f:[0,7] x R — R* be Caratheodory function i.e
(i) = — f(t,x) is continuous for all ¢ € [0, 7],
(ii) t — f(t,x) measurable for each x € R,
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(2) there exists m € L'[0, 7] such that
Ftx) < mi(t) + N?|al,

In this work we study the existence of at least one solution for the nonlocal boundary
value problem of the second-order differential equation (1) and (2).

As an application, we study the existence and properties of the eigenvalues and
eigenfunctions of the differential equation

2" (t) +m(t) = =Nz, t € (0,7),

with the nonlocal boundary conditions (2).

2. EXISTENCE OF SOLUTION

Lemma 1 The solution of the problem (1) and (2) can be represent by the
integral equation

= @ ! — S S, TS S M ¢ — S S, TS S
o) = = / (1= 3) (s als))ds + =2 /Oos )f(s,(s))d
— /O(t—s)f(s,;v(s))ds. (3)

Proof. Integral the both sides of equation (1) twice, we obtain

x(t) + x(0) + t2'(0) = —/O (t —s)f(s,z(s))ds, (4)

when x(n) = 0 we get

also from z(§) = 0 we have

13
£(0) = / (€ — 5)f (5. 2(s))ds — £2'(0), (6)

by substituting (5) into (6), we get

, B 1 13 n
v = [ / (€ — 8) (s, 2(s))ds - / (n— s)f(w(s))ds] NG
putting (7) into (5) we get
= L ! — S S, TS S — L ¢ — S S, TS S
20) = 2 [ =) f(s.ae)d Ein/()(s V(s a(s)ds. (8

then we get the required the formula (3).

Definition 1 The function z is called a solution of the integral equation (3), if
x € C[0, 7] and satisfies (3). For the existence of the solution we have the following
theorem.

Theorem 1 Assume f is a Caratheéodory function,

§—n

If)\2<m.
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then the nonlocal boundary value problem (1) and (2) has at least one solution

z € C0,].
Proof. . Define a subset S C C[0, 7] by

S={zeC:|z| <r}

The set S is nonempty, closed and convex.
Let x € S, we have

E—t [ t—n ¢
Fult) = ;;[}wwﬁmﬂm@+;;%keﬂv@ﬂm@
_ /O(t—s)f(s,x(s))ds
= g ! — S S, (S S H — S S, TS S
Fa(t) = 5_n/Om ) + = A(& )f(s,2(s))d
—.A&—sﬁ@w@»mw
E—t, [" t—n
< ol [ =) ftsateasl+ 1= [ 6= 9 o)

+ |/ (t — )£ (s, 2(s))ds]

" m(s)] + N2la(s)lds b + ) E2 ) |m )]+ X2[a(s)|ds
§—n
+ w{/ m(s)|+)\2|x(s)|ds}

IN

[37r +7(€—n) { 5 }
< —f " /|m )| + A%z (s)|ds
< Bt mCo il o 4 s2popey <

Then Fx € S and is uniformly bounded in S.
In what follows we show that F' is equi-continuous operator.
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For t1,to € (0,7‘()7 t1 < ta such that |t2 — t1| < § we have

Fa(ts) = Fat) = z:t; /On(n —8)f(s,2(s))ds
lo—1n ¢ to
Ty /0 (€= 5)f(s,2(s))ds —/0 (ta — ) f(s,2(s))ds

§—t1
§—n

+ / (b — 8)f(s,2(s))ds,

n t1_77 3
| @=9rtatis = 2= 6= o) s.a(s)is

- / (ty — 8) (s, 2(s))ds — / (2 — 8)f(s. 2(s))ds

+ 2= / E(f—s)f(sw(s))dsﬂg_fj / (0= )£(s, 2(s))ds,
[Fa(ty) — Fa(t)| = | tf2<t2—s>f<s7m<s>>ds—tg:f; /f(n—s)f(s,x(s))ds
< (6~ )5, 2()sl
[Fa(ts) = Fo(t))] < /j(tz—s){|m<s>|+v|x<s>|}ds
w1220 [ s me)] 4 2lato)ds
b [ ) mo) + 2 e(o) s

Hence the class of function F'S is equi-continuous. By Arzela-Ascolis Theorem, we
fined that F'S is relatively compact.

Now we prove that F': § — S is continuous.

Let x,, C S, such that xz,, — x,,

— g ! — 8 S, TnlS S t_J ‘ — S S, In(S S
Fant) = = [m=9fan@)ds+ =2 [ €= 0.,
_ /(t—s)f(S,a:n(s))ds.
0
and
_ im g ! — S S, TnlS S
Jim Pa(t) = Jim (5= [ - (o)
ug—s S, Tp(s s—t—S S, Tp\S))as
b 0 [ stsantonds = [ (6= 9 1(s.als)ds)
Now
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Applying Lebesgue Dominated convergence Theorem, we

4 m
Fm(t):nli_{I;Oan(t) = %/g (n—s)nli_grgof(s,xn(s))ds
i} ‘ — im
+ =2 [ e Jim f(sm(o)s
t
- /(t—s) lim f(s,z,(s))ds.
0 n—oo

_ n 13
Frlt) = f._—; / (n— 8)F(s,zo(s))ds + -1 / (€ — 5) (5, zo(s))ds

- /O(t—s)f(s,a:o(s))ds.

Then Fz,(t) — Fx,(t).

Which means that the operator F' is continuous.

Since all conditions of Schauder Theorem are hold, then F' has a fixed point in S,
integral equation (3) has at least one solution x € [0, 7] consequently the nonlocal
boundary value problem (1) and (2) has at least one solution x € C[0, 7).

3. MAXIMAL AND MINIMAL SOLUTIONS

Here we study the existence of the maximal and minimal solutions of (3).
Definition 2 Let ¢(t) be a solution of the integral equation(3).
Then ¢(t) is said to be a maximal solution of (3) if every solution z(t) of (3) satisfies
the inequality.

2(t) < q(t), t € [0, 7). 9)

A minimal solution s(¢) can be defined by similar way by reversing the above in-
equality i.e

x(t) > s(t), t € [0, ] (10)

Consider the following lemma
Lemma 2 Let f(t,z) be a continuous function on [0, 7] satisfying

f—t n £
o) < = / (=) (s ()ds + =2 / (€ - 8) (s, 2(s))ds

_ /O(t_s)f(s,x(s))d& t €0, 7]

fft n _ £
W) = i / (n— 5)f(s,2(s))ds + -1 / (€ — 5)f (s 2(s))ds

~ [t=9rtats te
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and one of them is strict.
If f are monotonic nondecreasing in z, then

x(t) <y(t), t>0 (11)
Proof. Let the conclusion (11) be false, then there exists ¢; such that
x(t1) =y(t1), t1 >0
and
z(t) <y(t), 0 <t <t.
From the monotonicity of f in x, we get

f—t n t— 13
o) <t / (=) (s a()ds + =2 / (€ — 8) (s, 2(s))ds

N /O(t_s)f(&m(s))ds, t € [0, 7]

f—t n _77 13
(0 < = / (n— 5)f(s,2(s))ds + =1 / (€ — 8)f(5,2(s))ds

_ /O(t_s)f(s,x(s))ds, t € [0, 7]

w(t) < ylt)
which contradicts the fact that z(¢1) = y(t1).

Then
z(t) <y(t).

For the existence of the maximal and minimal solutions we have the following
theorem.

Theorem 2 Let the assumptions (1) and (2) of Theorem 1 be satisfied. If f(¢,x) is
monotonic nondecreasing in z for each t € [0, 7], then (3) has maximal and minimal
solutions.

Proof. Firstly we shall prove the existence of the maximal solution of (3).

Let € > 0 be given, and consider the integral equation

E—t (7 t—mn [*
st < g / (1= (s, 2c(5))ds + e / (€ — 5)fu(s,e(5))ds
—/O (t — $) L. (5,2 (s))ds, t € [0, 7], (12)

where

fe(tyxe(t)) = f(tvxe(t)) +e
In the view of Theorem 1, it is clear that equation (12) has at least one solution
x(t) € C[0,7]. Now, Let €1, €3 be such that 0 < ex < e < ¢, then

_ n _ 13
S / (1= 8) fun(5, 50y (5)) ds + =1 / (€= 8) fua(s,ea(s)) ds

Telt) =y =

- / (t = 5) fun(, 2en(5)) ds
0



310A. M. A. EL-SAYED, ZAKI. F. A. EL-RAHEEM AND N. A. O. BUHALIMA EJMAA-2017/5(1)

*g ! — S S. T S € S H g — S S. T S € S
*g—n/o (1= ) (fur (5 2es(5)) + €2) d +§_n/0<s ) (fer (5, 2ea () + €2) d
- / (= 8) (Fun (5, 2 () + 2) ds (13)
also
fgn—s szsst;g—s S,Tey (S)) as
zﬂ(t)—f_n/O(n ) fur (5,20 (5)) d +§_n/0<s ) for (5,20 () d
- / (t = 8) fur (5,20, (5)) ds
_g ! — S S, T S € S t_J ¢ — S S. T S € S
- —n/o (1= 8) (for (5,26, (5)) + 1) d +€,n/0<§ ) (o (5220 (3)) + 1) d
- / (t— 8) (fur (5,201 (5)) + 1) ds
gft n t— £
2 ) > £ / (= 5) 5.0 (9) ds 4 / (€~ 5) f(5,20,(5)) ds
- / (t— 5) (5,20 (s)) ds (14)

Applying Lemma 2 on (13) and (14) we have
Ty (1) < x(, (t) for t €]0,7].

As shown before, the family of functions z.(t) is equi-continuous and uniformly
bounded. Hence, by Arzela-Ascoli Theorem, there exists a decreasing sequence €,
such that €, — 0 an n — oo, and lim =z, (f) exists uniformly in [0, 7] and denote

nk—m
this limit by ¢(¢).
From the continuity of the functions fe(¢,z.(t)), we get

fe(t,z(t)) — f(t,z(t)) as n —

and

n 13
a(t) = lim x, (t) = 2L / (n— ) qls,x(s)) ds + -1 / (€ — 5) q(s,2(s)) ds

—/ (t—3s) q(s,z(s)) ds
0

which implies that ¢(t) is a solution of the integral equation (3).
Finally we shall show that ¢(t) is the maximal solution of (3).

To do this let z(t) be any solution of (3), then

*g ! — S S xS S t; E — S S, (S S
x(t)fg_n/()(n ) f(s: A a(s)) d +§_n/0<s ) f(s,2(s)) d

—/O (t— ) f(s,(s) ds (15)
also

= — ! — t_J ¢ — S S, Tl S S
a(t)——/o (n—s) fu(s,2:(5)) ds+€_n/0 (€~ 8) fu(s.ze(s)) d
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t
~ (=9 1.55) ds
0

! e
0 tJ (5 - 8) (f(S, "EE(S)) + 6) ds

_g — S S, TS € S
rit) = =5 [ =) () +) s+ =2 |
_/0 (t—5) (f(5,2e(5)) +€) ds

n t— £
() > 2L / (1= 5) (s,e(s)) ds+ / (€ — 5) (s, 2e(s)) ds

—/O (t—3s) f(s,zc(8)) ds./ (16)

Applying Lemma 2 on (15) and (16) we get

z(t) < x(t), forte [0,7].

From the uniqueness of the maximal solution, it is clear that z.(¢) tends to ¢(t)
uniformly in [0,7] as e = 0 .

By similar way as done above we can prove the existence of the minimal solution.
We set

fE(t,we(t)) = f(t,xe(t)) — €,

which completes the proof of Theorem 2.

4. EIGENVALUES AND EIGENFUNCTIONS

Here we study the existence and some general properties of the eigenvalues and
eigenfunctions of the second-order differential equation

a"(t) + f(t,x(t)) = 0,
with
ft,z(t) = m(t) + Nz,

where the function m(t) is non-negative real valued function, A is a spectral pa-
rameter. Then we have the the Sturm-Liouville differential equation

2" 4 mt) =Nz, 0<t<7 (17)
with the nonlocal boundary conditions

$(77) =0, ne [O,ﬂ'), 33(5) =0, € (0,7‘(’]. (18)

5. GENERAL PROPERTIES

Here we prove some results concerning the eigenvalues and eigenfunctions of the
non-local problem (17)-(18).
Lemma 3 The eigenvalues of the non-local boundary value problem (17) and (18)
satisfy the inequality

o _ dy LloP = m@yz]dt
= .
JE Jwol? dt
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Proof. Let xo(t) be the eigenfunction that corresponds to the eigenvalue A\ of the
problem (17) and (18), then

zg +m(t) =Nz (0<t <), (19)
and
zo(n) = 20(§) =0 (20)

Multiplying both sides of (19) by 2y and then integrating form 7 to & with respect
to t, we have

3 13 13
%o To |g—/ o 2 dt+/ m(t) 2dt = —)\3/ o2 dt.
n

n n

using the nonlocal boundary conditions (20), we have

\2 Sy Llzol* — m(t) a‘:]dt.

0
JE |wol? dt
Corollary 1 let m(¢) = 0 then, we have
I
N2 = Jy 1l ¢
JE |wol? dt

Therefore the eigenvalues of the non-local boundary value problem (17) and (18)
are real.

Lemma 4 The eigenfunctions that corresponds to two different eigenvalues of
the non-local boundary value problem (17) and (18) satisfy the inequality

13 13
(A2 = A2) / 21(t) To(t) dt = / m(t)(z1(t) — Za(t))dt.

Proof. Let A\; # Ay be two different eigenvalues of the non-local boundary value
problem (17) and (18). Let x;(t), z2(t) be the corresponding eigenfunctions, then

o +m(t) = A3 x; (0<t <), (21)
z1(n) = 21(§) =0 (22)
and
zy+m(t) = —A3 a0 (0<t <), (23)
wa(n) = x2(§) =0 (24)

Multiplying both sides of (21) by Z2 and integrating with respect to ¢, we obtain

3 § §
/ ZL’”l To dt+/ m(t) To dt = 7)\%/ T To dt. (25)
n n n

By taking the complex conjugate of (23) and multiply it by x; and integrate the
resulting expression with respect to ¢, we have

3 3 3
/ X1 53”2 dt+/ m(t) T dt = 7)\%/ X fg dt. (26)
n n n
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Subtracting (26) from (25) and using the nonlocal boundary conditions of (22) and
(24) we obtain

§ 13
(A2 = 22) / 21 (8) Bo(t) dt — / m(t) (21 (8) — B (£))dt.

Corollary 2 Let m(t) = 0 then, we have

13
(2 22) / r1(t) Z2(t)dt = 0, A2 # A2,
n

Therefore the eigenfunctions that corresponds to two different eigenvalues of the
non-local boundary value problem (17) and (18) are orthogonal.

6. THE ASYMPTOTIC FORMULAS FOR THE SOLUTION

Here we study the asymptotic formulas for the solutions of problem (17) and
(18).
Lemma 3 deals with the nature the eigenvalues. Let be ¢(¢, A) the solution of
equation (17) and (18) satisfying the initial conditions

o(n,A) =0, ¢'(n,A) =1 (27)
and by (¢, A) the solution of the same equation, satisfying the initial conditions
79(77’ )‘) =1, 19I(777 )‘) =0 (28)

We notes that ¢(t, ) and 9(¢, A) are linearly independent if and only if w(\) # 0.
W(A) = ¢(t7 )‘)ﬂ,(ta )‘) - ¢,(ta )‘)ﬂ(t7 )‘)

The characteristic equation will be

w(A) = ¢(&,A) (29)
Lemma 5 The solution ¢(¢, A) of problem (17) and (18) satisfy the integral equa-
tions ,
in \(t — in \(t —
o(t, ) = A=) / SME=T) yar. (30)
py LA
Proof. First we obtain formula (30) Indeed,with solution of the form m(t) = 0.
(17) becomes z” = —\2x by means of variation of parameter method, we have
d(t, A) = C1(t, A) cos At + Ca(t, A) sin At (31)
and the direct calculation of C;(t,s) and Cy(t, s), we have
. )\ t . )\
Ci(t,\) = _sinAp +/ sin Tm(T)dT,
A n A
(32)

t
Colt,\) = COSAA” _ / COSAATm(T)dT.
n

substituting from (32) into (31) equation (30) follows. Second we show that the
integral representation (30) satisfies the problem (17) and (18). Let ¢(¢, A) be the
solution of (17), so that

7m(t) = ¢N(tv >‘) + )‘2¢(t7 )‘)



314A. M. A. EL-SAYED, ZAKI. F. A. EL-RAHEEM AND N. A. O. BUHALIMA EJMAA-2017/5(1)

We multiply both sides by
sin \(t — 1)
A
and integrating with respect to 7 from 7 to x we obtain

_/77 Sm}\(# m(7) dr 2/77 Sm}\(# (15//(7—’ A) dr (33)

t .
5 [V sinA(t —71)
+A /n — (7, A) dr.

Integrating by parts twice and using the condition (27), we have

bsinA(t—1) ,,
/?7 AT g, 0) dr (34)

= o(t,\) — W — A/nt sin A\(t —7) ¢(7, \) dr.

By substituting from (34) into (33) we get the required formula (30).

Lemma 6 If A = 0 4+ is. Then the following inequality for the solution ¢(¢, ) of
the nonlocal boundary value problem (17) and (18) holds true

(f — | TmAl(t=n)
sin A(t — n) 40 <e ) ’

o, ) = 22 3 (35)

Proof. we show that

o (€

where the inequality is uniformly with respect to ¢. Form the integral equation (30)

we have
. . t
W n Ti\ |sin A(t — 7)[|m(r)| dr. (36)
n

By using the notation ¢(t, A\)e~I$It=m) = F (¢, \), equation (36) takes the form

lp(t, A)] <

1,1 [ )]s
|F(t,)\)|§m+m/o |m(7)|e=T=Mlsl g7, (37)

Lety = [nax F(t,\), we have from (37) that for |A| > 1, ¢t € [0, 7]

C

|A| (
and consequently

elslt=n)

From (30) and (39) it follows that, ¢(¢, A) has the asymptotic formula (35).
Therefore we obtain the following equation for the determination of the eigenvalues:
Equation (35) is the characteristic equation which gives roots of A

nm

An = Hv

n==+1,42, ... (40)
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