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SOME INEQUALITIES FOR THE RATIO OF CONFLUENT

HYPERGEOMETRIC FUNCTION OF THE SECOND KIND

B. RAVI AND A. VENKAT LAKSHMI

Abstract. In this paper, the authors establish some inequalities for the ratio

of the Confluent hypergeometric function of the second kind using the method

of analysis and theory of inequality and the integral representation. We also
establish some completely monotonic functions involving the ratio of confluent

hypergeometric function of the second kind.

1. Introduction

In this paper, we study the completely monotonic properties for the confluent
hypergeometric functions of the second kind denoted by ψ(a, c, x) also known as
Tricomi confluent hypergeometric functions. This function is a particular solution
of Kummers differential equation [1, p. 504].

xy′′(x) + (c− x)y′(x)− ay(x) = 0,

and for a > 0, c ∈ R, and x > 0 has the following integral representation [1, p. 505]

ψ(a, c, x) =
1

Γ(a)

∫ ∞
0

ta−1(1 + t)c−a−1e−xtdt (1)

We recall that a function f is said to be completely monotonic on an interval I
if f has derivatives of all orders on I which alternate successively in sign, that is,

(−1)nf (n)(x) ≥ 0 (2)

for all x ∈ I and for all n ≥ 0. If inequality (2) is strict for all x ∈ I and all
n ≥ 0, then f is said to be strictly completely monotonic. Completely monotonic
functions play an eminent role in areas like mathematical analysis [5], probability
theory [3], numerical analysis [4], physics [2], and the theory of special functions (see
[6] - [22] and references therein). The celebrated Bernstein-Widder’s Theorem [5]
characterizes that a necessary and sufficient conditions that f should be completely
monotonic for 0 < x <∞ is that

f(x) =

∫ ∞
0

e−xtdα(t) (3)
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where α(t) is non-decreasing and the integral converges for 0 < x < ∞. This
expresses that a completely monotonic function on (0,∞) is a Laplace transform
of the measure α. The Stieltjes-type transforms [19]

F (x) =

∫ ∞
0

f(t)dt

(x+ t)ρ

are completely monotonic for any non-negative function f under the convergence
conditions of the integral. In this paper, we prove our main results based on the
integral representation of quotients of the confluent hypergeometric function of the
second kind [25] and ideas from [23] and [24].

2. Inequalities involving ratio of confluent hypergeometric
function of the second kind

Theorem 1 If a > 0, 2 < c < a + 1 and x > 0 then the following inequality is
valid

ψ(a, c− 1, x) <

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
xψ(a, c, x) (4)

Proof. Consider the integral representation [24] for | arg z| < π

ψ(a, c− 1, x)

ψ(a, c, x)
=

∫ ∞
0

x

x+ t
Φa,c(t)dt (5)

where,

Φa,c(t) =
t−ce−t|ψ(a, c, teiπ)|−2

Γ(a)Γ(a− c+ 2)
, a > 0, 1 < c < a+ 1

by equation (5), we have

lim
x→0

ψ(a, c− 1, x)

ψ(a, c, x)
= 0 (6)

and (
ψ(a, c− 1, x)

ψ(a, c, x)

)′
=

∫ ∞
0

t

(x+ t)2
Φa,c(t)dt (7)

Now,(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
=

ψ(a, c, x)ψ′(a, c− 1, x)− ψ(a, c− 1, x)ψ′(a, c, x)

ψ2(a, c, x)

= a

(
ψ(a+ 1, c+ 1, x)ψ(a, c− 1, x)− ψ(a+ 1, c, x)ψ(a, c, x)

ψ2(a, c, x)

)
and in view of the asymptotic expansion [1, p. 508]

ψ(a, c, x) ∼ Γ(c− 1)

Γ(a)
x1−c, c > 1, x→ 0. (8)

we obtain that(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
∼ a

(
Γ(a)

Γ(c− 1)

)2(
Γ(c)Γ(c− 2)

Γ(a)Γ(a+ 1)
− Γ2(c− 1)

Γ(a)Γ(a+ 2)

)
where a > 0 and 2 < c < a+ 1 are fixed and x→ 0. After some algebra we get(

ψ(a, c− 1, x)

ψ(a, c, x)

)′
∼ Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1
(9)
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where a > 0 and 2 < c < a+ 1 .Now, using (5) we obtain

lim
x→0

(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
=

∫ ∞
0

Φa,c(t)

t
dt

thus we have ∫ ∞
0

Φa,c(t)

t
dt =

Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1
(10)

where a > 0 and 2 < c < a+1 . Now in view of (10) and the inequality (x+t)2 > t2

we have(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
=

∫ ∞
0

x

x+ t
Φa,c(t)dt <

∫ ∞
0

Φa,c(t)

t
dt =

Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

<

((
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
x

)′
thus the function

x→ ψ(a, c− 1, x)

ψ(a, c, x)
−
(

Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
x

is strictly decreasing on (0,∞) for a > 0 and 2 < c < a+1. Thus we have inequality
(4). �

Theorem 2 If a > 0, 2 < c < a+ 1 and 0 < x < 1 then the following inequality
is valid (

Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
<
ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x) (11)

and the inequality (11) reversed if x ≥ 1.

Proof. For a > 0, 1 < c < a+ 1 and x > 0 we have

ψ(a, c− 1, x)

ψ(a, c, x)
=

∫ ∞
0

x

x+ t
Φa,c(t)dt (12)

For a > 0, 2 < c < a+ 1, x > 0, (10) and the inequality (1 + t) > t we have

lim
x→1

ψ(a, c− 1, x)

ψ(a, c, x)
<

∫ ∞
0

Φa,c(t)

1 + t
dt =

∫ ∞
0

Φa,c(t)

t
dt =

Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1
(13)

For a > 0, 2 < c < a+ 1, x > 0,and the inequality (x+ t)2 > 2xt we have(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
=

∫ ∞
0

t

(x+ t)2
Φa,c(t)dt <

∫ ∞
0

tΦa,c(t)

2xt
dt =

(
1

2
ln(x)

)′
(14)

thus the function

x→ ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)

is strictly decreasing on (0,∞) for a > 0 and 2 < c < a+ 1.

lim
x→1

(
ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)

)
<
ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)

Thus for in view of (13) and for a > 0, 2 < c < a+ 1 and 0 < x < 1 we have(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
<
ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)

which is same as the equation (11). �
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3. Completely Monotonic functions involving ratio of confluent
hypergeometric function of the second kind

Theorem 3 If a > 0 and 2 < c < a+ 1 then the following function is(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
x− ψ(a, c− 1, x)

ψ(a, c, x)
(15)

is strictly completely monotonic on (0,∞).

Proof. Let

fa,c(x) =

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
x− ψ(a, c− 1, x)

ψ(a, c, x)

using the integral representation (7) we have

(−1)nfa,c(x) =

∫ ∞
0

n!tΦa,c(t)

(x+ t)n
dt > 0

for all x > 0, a > 0 and 2 < c < a+ 1. Thus the function

fa,c(x) =

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
x− ψ(a, c− 1, x)

ψ(a, c, x)

is strictly completely monotonic on (0,∞) for a > 0 and 2 < c < a+ 1. �

If a > 0, 2 < c < a+ 1 then the following function is

ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)−

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
(16)

is strictly completely monotonic on (0, 1).

Proof. Let

ga,c(x) =
ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)−

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
then we have,

g′a,c(x) =

(
ψ(a, c− 1, x)

ψ(a, c, x)

)′
− 1

2x
< 0

implies that

(−1)1g′a,c(x) > 0, for all 0 < x < 1, a > 0 and 2 < c < a+ 1.

It is easy to see that the function 1
2 − tΦa,c(t) is positive on (0,∞). using the

integral representation (7) and

1

x
=

∫ ∞
0

1

(x+ t)2
dt, x > 0

we have

g′a,c(x) =

∫ ∞
0

t

(x+ t)2
Φa,c(t)dt− 1

2

∫ ∞
0

1

(x+ t)2
dt

differentiating n− 1 times and for all 0 < x < 1, a > 0 and 2 < c < a+ 1 we have

(−1)ng(n)a,c (x) =

∫ ∞
0

n!( 1
2 − tΦa,c(t))
(x+ t)n+1

dt > 0

thus the function

ψ(a, c− 1, x)

ψ(a, c, x)
− 1

2
ln(x)−

(
Γ(c)Γ(c− 2)

Γ2(c− 1)
− 1

a+ 1

)
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is strictly completely monotonic for all 0 < x < 1, a > 0 and 2 < c < a+ 1. �
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[8] L. Maligranda, J. E. Pečarić, and L. E. Persson, Stolarsky’s inequality with general weights,

Proc. Amer. Math. Soc. 123 (1995), 2113-2118.

[9] L. Gordon, A stochastic approach to the gamma function, Amer. Math. Monthly 101 (1994),
858-865.

[10] A. Z. Grinshpan and M. E. H. Ismail,Completely monotonic functions involving the gamma

and the q-gamma functions , Proc. Amer. Math. Soc, 134 (2005), 1153-1160.
[11] Feng Qi, Bounds for the ratio of two gamma functions, Journal of Inequalities and Applica-

tions 2010, Article ID 493058.

[12] Feng Qi, Bounds for the ratio of two gamma functions:from Gautschi’s and Kershaw’s in-
equalities to completemonotonicity, Turkish Journal of Analysis and Number Theory 2 (2014),

no. 5, 152–164.

[13] Feng Qi and Qiu-Ming Luo, Bounds for the ratio of two gamma functions: from Wendel’s
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